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Abstract

Although eigenvectors belong to the core of linear algebra, relatively few closed-form expressions
exist, which we bundle and discuss here. A particular goal is their interpretation for graph-related

matrices, such as the adjacency matrix of an undirected, possibly weighted graph.

1 Introduction

The eigenvectors x1,xa,...,xy of an N x N symmetric matrix A, belonging to the real eigenvalues
AL > Ag > --- > Ay respectively, are orthogonal. The classical proof (see e.g. [1], [2, p. 88-90], [3,
art. 237, 247]) is elegant and a pearl in linear algebra. The proof relies on the eigenvalue equation
Az = Apxp and on geometry, in particular, on the notion of independent vectors that span an N-
dimensional space. One of the most powerful properties of the set {x}}, .,y of eigenvectors is that
they form an orthogonal coordinate frame [3, Sec. 1.3, art. 191] that re;_)re_sents any vector into the
eigenbasis of the symmetric matrix (operator) A. Orthogonality is a powerful property, that also
appears in the theory of functions (e.g. Fourier series and orthogonal polynomials), as overwhelmingly
shown in Lanczos’s beautiful book [2]. Here in Section 3, we give another demonstration of the
orthogonality of eigenvectors, that does not rely on “geometry nor spaces”, but only on the Caley-
Hamilton theorem, Cramer’s method and Taylor’s theorem.

A main motivation, that started with [4] almost a decade ago, is to understand what eigenvector
components of graph-related matrices, such as the adjacency matrix, mean. The manuscript starts
in Section 2 with a couple of representations of the j-th component (zy) ; of the eigenvector xj, of
2
J

a symmetric matrix A belonging to eigenvalue \; with multiplicity 1. The elegant formula (zy)

—w for 1 < j,k < N in (6), which was reviewed in [5], is extended in Section 4 to an
A

eigenvalue \; with multiplicity my > 1. The closed-form formulae in Theorem 3 in Section 4 improve
Hagos’s result [6] and are applied to strongly regular graphs [7]. We proceed in Section 5 with the
interpretation of (:Ek)? in terms of walks in graphs and concentrate in Section 6 on the stochastic,

asymmetric matrix = = X o X with elements (:z:k)i, because = allows us to construct co-eigenvector
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graphs, as demonstrated in [8], provided rank(Z) < N—1. An open question remains the determination
of the rank(Z) or, equivalently, the multiplicity of the zero eigenvalue of the stochastic matrix = of
an adjacency matrix. Alternatively, what are the conditions imposed on the matrix X or = in order
to construct from them co-eigenvector graphs? The final Section 7 proposes to consider the squared
eigenvector component (z )2- as a graph metric, but also points to the weakness of the dependence
among those graph metrics (mk) Section 8 summarizes and poses open questions. Most proofs are

deferred to the Appendices.

2 Eigenvector components as determinants

The characteristic polynomial c4 (\) = det (A — AI) of an N x N matrix A has, like any polynomial,

a product and a series representation [3, art. 235]
N N
ca () = det (A — ) H (A=A =D e (1)

Differentiation of logcy (A) = Z;Vzl log (Aj — A\) with respect to X yields

from which

N N
dm)=— ] Cw—=2Am)=DY H — i) (3)

The derivative ¢4 (A\y,) will play an important role in our story on eigenvector components, which is
a development of [4].

For simplicity and computational elegance, we limit the computation of eigenvector xj here in
Section 2 by assuming that the eigenvalue A of the symmetric matrix A is single, thus with mul-
tiplicity one, my = 1. A multiplicity my > 1 is considered in Section 4. If the multiplicity my of
eigenvalue A\ equals one, then rank(A — A\yI) = N — 1. This means that the eigenvalue equation
(A — A\gI) z, = 0 contains only N — 1 linearly independent equations to determine the N unknowns
(k)1 ,(@k)g, .., (xk)y. There are basically two approaches to determine the N unknowns: (i) one
of the N equations/rows in A — A\ can be replaced by an additional linear equation as explored in
Section 2.1 and (ii) the set is rewritten in N — 1 unknowns in terms of one of them, whose derivations
are in Section 2.2. These two approaches are complemented in Section 2.3 by a third method, based

on the adjoint matrix adj(A — AI) = ¢4 () (A\I — A)~!, whose columns are eigenvectors.

2.1 Replacement of an arbitrary row in A — ),/ by a new linear equation b”z;,

We replace an arbitrary equation or row in the set (A — A1) 3 = 0 by a new linear equation b’z =
Z;V 1 bj (a:k) , where b is a real vector and the real number 3 = b’'z; is non-zero. Let A\ 4y denote
the (N — 1) x (N — 1) symmetric matrix, deduced from the N x N symmetric matrix A after removal

of row j and column j.



Theorem 1 Let the eigenvalue A\ of the N X N real, symmetric matrix A possess multiplicity 1. For

any vector b with B, = blxy, # 0, the j-th component of eigenvector xj, of A belonging to eigenvalue

A can be written as
_ Brdet (A — M)

(78)3 = Gt (A= M) @)

row j=b
o det (A — AI)
€ = Akd Jrow j=b
(l'k)] = - I o (5)
Brcy (Ak)

where det (A — Akl)rowj:b is the N x N matriz obtained from (A — A\gI) by replacing row j by the
vector b. The square of the j-th component of eigenvector xp of A belonging to eigenvalue A\ with

multiplicity 1 equals

2 1 ca gy (Ar)
20)2 = ————det (A — M) = ——d TR
(@r); ENEYS (A\gy = M) 7 O)
dea(N)

where ¢4 (A) = det (A — X) is the characteristic polynomial of A and ¢y (X) = =4

(6)

The proof of Theorem 1 is presented in Appendix A.1. In particular in graph theory, the symmetric
matrix A and A\ y;) denote the adjacency matrix of undirected graph G and of the graph G\(;; in
which node j and all its incident links are removed from G, respectively. Theorem 1 also holds for

any Hermitian matrix. Recently, a survey of formula (6), written for a Hermitian matrix A as

N N— 1

el JT O (4) - = i (Avgzy)
i=1;i#£k i=1
has appeared in [5], after a sequence of versions on arxiv1908.03795, in which “our” formula (6) also
plays a role in its history!.

The second proof of (6) in Appendix A.2 has appeared earlier in Cvetkovic et al. [9, Theorem 3.1],
who referred to Hagos [6], who in turn mentioned that Mukherjee and Datta [10] (using a perturbation
technique) and Li and Feng (only for the largest eigenvalue) have preceded him. Hagos [6] mentioned
rightly that “Eq. (6) is probably not as well known as it should be”, as witnessed by the appearance
of the survey [5].

2.2 The set is rewritten in N — 1 unknowns in terms of one of them

The second approach avoids the addition of a supplementary linear equation b’ ) = Z;V 1 b (xk)

Br-

Theorem 2 Let the eigenvalue A\ of the N X N real, symmetric matriz A possess multiplicity 1. The
etgenvector xy, belonging to the eigenvalue A\, and normalized as :U;‘gxk =1, contains, for any integer

1<m < N, as j-th component

det <(A )\kl)\rowm\colj) .
(z1); = for1<j <N (7)

\/El 1 det? A - A’CI)\rowm\coll>

'The story on 14 November 2019 in https://www.quantamagazine.org/neutrinos-lead-to-unexpected-discovery-in-

basic-math-20191113 contained a pointer to (6) in [4] which is now omitted.



which can also be written as
det ((A - )‘kI)\row m\ colj)
\/*014 ()\k) det (A\{m} — )\kl)

Two proofs of Theorem 2 are given in Appendix A.3. The second proof in Appendix A.3 illustrates

(8)

(a); = (=17

that Theorem 1 is more general than Theorem 2. On the other hand, when the multiplicity mj; >
1, then the approach of reducing the number of equations is more straightforward and followed in

Appendix C. A slight variation on the second proof in Appendix A.3 leads to?

Corollary 1 The product of the j-th and m-th component of eigenvector xy of A belonging to eigen-

value A\, with multiplicity 1 equals

(_1)j+m+1
(k) (Tk)y = 0w det (A\ yow \ colm — Akl ) 9)

Proof: We expand the determinant in (5) in the cofactors of row j and obtain, with 8y =
N
Zmzl b (xk)ma

N (_1)j N
Z bm (xk)m (xk)j = 7 Z <_1)m b, det (A\rowj\colm - )\kI)
m=1 €A (Ak) m=1
Since this relation holds for any vector b = (b1, b, ...,bx), equating the corresponding coefficient b,,
at both sides yields (9). O

When m = j in (9), we arrive again at (6). Hence, (9) generalizes (6).

In a similar vein, choosing m = j in (8) reduces to
det (A\gjy — \i)
(ﬂfk)j _ \{i}
\/—C;‘ (k) det (A\{j} - )\kf)

indicating that the sign of (zy), is determined by det (A\{j} — XeI). We deduce from (6) that

(); _ det (Aygy — M) ey () (10)
(w);  det (Aygy — Aed) e,y (M)

illustrating that det (A\{i} — )\kI) and det (A\{j} — )\kI) have the same sign for any pair of nodes (4, j)
for a given frequency \x, but, by (40), opposite to the sign of ¢, (A\;) (as verified from Fig. 1 below).
Applying (8) illustrates, for any 1 < m < N,

(ﬂfk)i . (_1 i—j det (A\rowm\coli - Ak-[)
det (A\ rowm\ colj — Ak-[)

(:Bk)j

and choosing m = j,

(xk)l _ (_1)i_j det (A\rowj\coli - AkI)
(@x); det (A5 — M)

shows that generally not much about the sign of the determinants can be concluded.

(11)

2 Assuming the appropriate dimensions of the identity matrix I to obtain a square matrix in the brackets, we use both
equivalent notations: det ((A — )\kI)\row m\ Colj) = det (A\ row m\ colj — /\kI).
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2.3 The adjoint matrix

Let us define

N
(P];;L = Z det A\rowm\coll )‘kI))2 = \/_614 ()‘k) det (A\{m} - )‘kI) (12)
=1

Formulae (7) and (8) show that ¢, is a non-negative scaling of the eigenvector zj. With the definition
of the adjugate of matrix A in [3, eq. (A.38) on p. 323],

(adjA);; = (—1)" det (A\ row 7\ col )
the eigenvector component (7), for any integer 1 < m < N, becomes
(zk); = @rm (adj (A — Akl)) i, (13)
We add [3, p. 339] that the adjoint matrix,
adj (A= X)) =\ —A)tea (V)

rewritten as (A — Al)adj(A — A\I) = —ca () shows that our starting equation (A — A\gI)zp = 0 is
indeed satisfied by (13). Incidentally [11, Chapter IV], we have given a third proof of the eigenvector
component (x); in (7) or (13).

We recall formula [3, (A.92) on p. 343] and its combination with (3),

A-NI (= )
N !
ka{:nlzl;l;ﬁk e — N EAeY )Hz 11# (A—N\T)

N

H (M — A) (14)
l:l,l;ﬁk
which is a consequence of the Caley-Hamilton theorem and Taylor’s theorem [3, art. 228]. Appendix
B provides an operator calculus of the eigenvalue equation and deduces in an entirely algebraic way,
without involving the theory of functions and Taylor’s theorem, formula (14) in Section B.2. The

. . _ N

matrix element in (14), (xka:%)]m = (z); (Tk),, = c’A(i)l\k) (lel;l#k (NI — A))jm, compared to (9),

leads to

N
(—1)7™ det (A\ yow prcotm — M) = (adj (A = X)), = | [ NI = A4) (15)
I=1;lk .
jm
2.4 Consequences of the theory
Since the matrix A = AT is symmetric, the matrix (A — A\ vowm\cott = (A= /\I)\rowl\colm =

(A—XI) is asymmetric and the zeros of the polynomial det ((A — M) ) with real

\ row [\ colm \ row m)\ col |

coefficients can be complex conjugate. The polynomials of the set {det ((A — )\I)\row m\ coll) }1< N
m

with highest degree are those on the diagonal, i.e. when m = [ and det ((A — /\I)\mwm\ c01m> =
det (A\{m} — Al ), because the resulting matrix after the removal of row m and column [ contains
two A entries less than the original matrix A — Al if m # [, whereas only one A entry less if m = [.

Moreover, the polynomials det (A\{m} — Al ) have real zeros, because Ag\ () — Al is symmetric.
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Since the cofactor expansion of the determinant det (A — A\xI) along row m is
N .
det (A= M) = (ams = Aedym) (~1)™ det (A =MD son it cos ) (16)
7j=1
we find from (8) that

N
det (A — M1
(4 J) = 3 (g — Moy (a2,
\/—C;l (Ak) det (A\{m} — )\kf) j=1

which is the row m of the eigenvalue equation Azj = Apzg, because det (A — A\gI) = ca (Ag) = 0.

Furthermore, the cofactor expansion (16) expresses, for any 1 < m < N, the k-th eigenvalue as

Zj’vzl Gmyj (_1)m7] det ((A - Akl)\rowm\colj)

M= det (A\ny — Ael)
ot 3 g 1) et (A= MeT) o co )
j=Lij#m det (A\fmy — M)
With (11), we find, for any 1 < m < N, that Ay — Gmm = Y jey.jim Gmj (<xk))m. Now. we choose

m such that |(zg),,| > )(l’k)J’ for any 1 < j < N. After taking the absolute value, we arrive at

A — Qmm]| < Z;-V:l; j#m |@m;|, which proves Gerschgorin’s Theorem [3, art. 245] and, in addition, that

det((A*)\kI)\ row m\ COlj)
det(A\{m}*/\kI)

det (A\{m} - )\I) with highest degree among the polynomials {det ((A — )\I)\rowm\ Colj) }1§m,j§N

also numerically exceeds or equals in absolute value all others (with 1 < j < N) for a particular value

there? is a value of m for which <1 for any 1 < j5 < N. Thus, the polynomial

of m at a zero A = A\ with multiplicity my = 1 of the polynomial det (A — \I).

\ row m)\ col j does not easily lead to an

The cofactor expansion of the determinant det ((A — )
expression for the eigenvectors of the N x N matrix A in terms of those of an (N —1) x (N —1)
submatrix of A, which would be helpful in graphs, because the addition or removal of a node frequently
occurs. Such a recursive relation is derived in [3, art. 259], but it is actually a spectral decomposition.

Another interesting observation from (8) and (15) is that the matrix X (A) with elements

(=1)7*™ det (A= ML)\ g cots ) ) (adj (A — AD)),,
\/*C;‘ (M) det (AG\{m} — )\I) \/*C;l (M) det (AG\{m} — )\I)

that are ratio’s of polynomials in A over the squareroot of polynomials in A have different rows in m.

(@ (M) nj =

However, if A = Ay is an eigenvalue of A and all eigenvalues are different, then all rows are the same
by (8), because (z (Ax)),,; = (x); is independent of m.

Example For the matrix

det ((A=Ak D\ vow m)\ colj)
det( A\ () —il)
value of m for which |rm,;| <1 for 1 < j < N, but different eigenvalues Ay and A\; may possess that same value m.

3Numerical checks on the N x N matrix R with elements r,,; = show that there is only one
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0

with eigenvalues A = {2.30278,0.618034, 0., —1.30278, —1.61803}, the corresponding matrix X () is

[ A —4aX2—2)+1 A+1 M 4a—1 A3 — 2 PLIEDY
A+1 M 4N 20 +1 A2+ a1 PUINED A3 — 2\
X(\) = A 4+A-1 A 4A-1 M _3A2 1 M2 AN+ A2\ | diag(p)
A3 — 2\ PLINEDY S LD CIED WD L D A3 A2
A2+ A A3 — 2 MEAN—X AN M -2

where the diagonal elements of diag(y) are the components of the vector

1
V(A —4X2—2X+1)(5A* —15X2—4)+3)
1
V(M —4X2—2X+1)(5A1 1512 —4)+3)

1

V(A =3X2+1)(5A4—15)A2—42+3)
1

/(A1 —2X2) (5A1 1572 —4A+3)
1

/(A4 —2X2) (5A4—1522—42+3)

Evaluating the above matrix X (\) for A\; = 2.30278 reduces to

[ 0.245399
0.245399
0.245399
0.245399

| 0.245399

0.245399
0.245399
0.245399
0.245399
0.245399

0.490799
0.490799
0.490799
0.490799
0.490799

0.5651
0.5651
0.5651
0.5651
0.5651

0.5651
0.5651
0.5651
0.5651
0.5651

with the eigenvector x; in each row.

3 Orthogonal eigenvector matrix X

The N x N orthogonal eigenvector matrix X with the eigenvectors x1,z2,...,zy in the columns

follows from (13) as

(adj (A = AnT))
(adj (A — ANT))

1mo Impn

2mo 2mpy

diag ()

(adj (A = M1)) yp,  (adj (A = A2D)) (adj (A — AnT))

where the vector ¢ = (V1my, P2mys - - -

Nmpn

,PNmy)- In fact, we observe that X is a part of a three-

dimensional matrix (or tensor) with elements (adj (A — AgI)),,, in the integers k,! and m. However,

Im

m can be chosen at will and X is thus everywhere the same in the third m dimension.



In the sequel, we will show that double orthogonality [3, art. 248] arises as a consequence of the
Caley-Hamilton theorem, Cramer’s method and Taylor’s theorem. Clearly, the particular scaling of
eigenvector x by i, in (12) plays an essential role in the orthogonality relations. Admittedly, the

proof is more complex than the classical, geometric proof.

3.1 The first orthogonality relation x]z; = Z;VZI (z1); (71); = O

With (zx); = km (=1t det ((A = Mo\ vowm\ COU) in (13), the first orthogonality relation xfz; =
Z;-V:l (xk)] (wz)j = 0 translates to

S = (— )mk+ml¢kmk<plmlzc1et(A D) s cot ) 908 (4= MDD\ oo col )
7=1

where the sum is a non-trivial determinantal property that vanishes if & # [. Substitution of (15)

gives
N N
Okl = Phmy Pimy Y (A — A) I (I-4)
j:1 n=1; n;ék: . q:l;q;&l mlj
Invoking symmetry and matrix multiplication yields
N N N
Okl = Pl Plmy Z H (Al — A) H (Al — A)
J=1 \n=Lin#k q=1;q#l jmy
N N
= rmperm | [ OnI—=A4) T I -A4) (17)
n=Llin#k q=1;q#1

mEmy

The Taylor series f (A) = ch\[ L F Q) 2zl in [3, (A.88) on p. 342], applied to f (z) = (wé)% in-

dicates that [TY_,. nk (And — A) Hq 1.4 (Agl — A) = 0if k # [, because f (Ag) = limy 5, #((?*M =
0. For k =, the right-hand side bracket of (17) becomes

N N N
IT Oul=4) I (AI-4) = JI nl-4)y7
n=1;n#k q=1;q#l My n=1;n#k R

The general polynomial formula f (A) = S0, f (\) TIA,. otk % in [3, (A.90) on p. 342] indi-
2
cates with f (z) = <Z{(;2) that

N N ) N
[T nl=4)°= (W) H Y] =—dy() [ aI-4)
n=1;n#k n=1;n ;ék n n=1;n#k

n=1;n#k

(
N N
( H ()‘nI - A)2 = _024 (Ak) H ()‘nl - A)

mgm; mgm;

:( 1)mk+ml+1 ! ()‘k) det (A\rowmk\colml )‘kl)



the Kronecker delta in (17) becomes with the definition (12) of g, for k =1,

N

Pkmy, Pkmy H ()\nI - A)2 = Pkmy Pkm,; ( 1>mk+mz+1 ! ()‘k) det (A\ row myg\ colm; — Akl)
n=1;n#k S

. ( 1)mk+ml+1 ! ()‘k) det (A\rowmk\colml Ak‘-[)
—Ci4 ()\k) \/det A\{mk} — )\kI) det (A\{ml} — /\kI)

which is indeed equal to 1 if we choose m; = m; = m.

3.2 The second orthogonality relation 3", , (), (z1); = dij

Formula (9) in Corollary 1 indicates that the second orthogonality relation Z]kV:1 (zk); (zK); = 6ij is

det (A )
]+m+1 \row j\colm — Nk 'y 18
Z y (M) o 1)

Substitution of (15) into (18) yields

Ny N NN 4D
> gow AL =) =12 11655

=1 A (Ak =131k im k=1 1=1:1£k im
The general polynomial formula f A= FORTIY,. Aotk (f\lk )‘f\l)) [3, (A.90) on p. 342] indicates

for the above that f () = 1 = 2°, which indeed demonstrates the second orthogonality relation (18).
Using (2); = ¢rm (—=1)7T™ det ((A - )‘kI)\rowm\colj> in (13) results in the more complicated

variant of the second orthogonality relation

iy = Z o (—1)7™ det ((A - )\kl)\rowm\colj) (1) gy det <(A - AkI)\rowm\Coli)

N det ((A - )\kf)\rowm\colj) det ((A - )‘kI)\rowm\Coli>

— (_1)Z+J+1 Z
1 C:4 ()\k) det (A\{m} — )\kj)

But, since we can choose m at will, the choice i = m leads again to (18), because A is symmetric.

4 Eigenvalue )\; has multiplicity m; > 1

Appendix C extends the first proof of Theorem 2 to an eigenvalue Ar with multiplicity m; = 2. Al-
though computations with higher-order multiplicities are known to be more involved, especially in the
computations of residues of a complex function, Appendix C illustrates that the increase in complexity
is considerable. Hence, closed formulae for eigenvector components belonging to an eigenvalue A; of
multiplicity my > 1 are rare and, perhaps, undesirable as they lack insight as well as mathematical
beauty. For the square of the eigenvector components, on the other hand, the situation is different.
Hagos [6, Theorem 4.1] has attempted to extend formula (6) and proposed (in our notation) that

m

Z (xl)JZ - (Ak) det (A\{J} Ael)

=1



where A; is an eigenvalue with multiplicity my and z; is one of the my orthogonal eigenvectors
belonging to eigenvalue A;. However, the above result of Hagos is only partially correct, because both
det (A\{j} — Ml ) = ¢y (A\x) = 0 if my, > 1, resulting in an undefined right-hand side. Here in Theorem
3, we extend the theory on eigenvector components in Section 2 to eigenvalues with multiplicity higher

than one and give in (23) the exact, closed formula of Hagos’ result.

4.1 Preliminary consideration

If \j, is an eigenvalue of A with multiplicity of two, then it holds that c4 (A\x) = ¢4 (\x) = 0. Moreover,
the derivative & det (4 — \) = — SN det (A\(ny — M) in (40) and the fact that det (A\ g,y — Axd)
must have the same sign due to (6) shows that all det (AG\{n} — it ) must vanish, implying that Ay is
then also an eigenvalue of all A\(,y, i.e. for each node n removed from the graph G. This observation
agrees with the Interlacing Theorem [3, art. 263] that tells us that all eigenvalues of A\ (ny for each
1 <n < N are lying in between the eigenvalues of A. If two eigenvalues of A coincide (e.g. A\x = A\g+1),
the corresponding eigenvalue of each A\ (3, i.e. Ap > A (A\{n}) > Ak+1, is squeezed to that same value
Ak Appendix C shows for an eigenvalue A; with multiplicity mj; = 2 that we can always find two
orthogonal eigenvectors xj and xp; belonging to eigenvalue A\, where at least one eigenvector has at
least one zero component, for example, (xy),, = 0.

If eigenvalue Ax has multiplicity my = 1, then it is possible that det (A\{n} — )\kI) = 0 for a single
n, which implies that (zx), = 0 by (39). The eigenvalue equation Axjy = A\pxj reduces then for row
n to (Azy), = Z;VZI anj (z1); = 0, i.e. the n-th row a, or n-th column al’ of the symmetric matrix
A is orthogonal the eigenvector, thus alx, = 0. If A is the adjacency matrix of a graph G, then
(Azg), = > ien, (¥k); = 0, where N, is the set of direct neighbors of node n, means that the sum
of the eigenvector components of xj over all neighbors of node n vanishes. The Perron-Frobenius
theorem [12, Chapter XIII] for a reducible non-negative matrix A states that the principal eigenvector
x1 belonging to the largest eigenvalue A\; has non-negative components, implying that > JEN, (1) ;=0
is possible only if all (xk)] = 0. Hence, if Zje/\/n (xl)j = 0, then all nodes of a disconnected subgraph
containing node n possess a zero eigenvector component (xy) ; =0, but there must be subgraphs of
G whose nodes have positive eigenvector components (xj), > 0, because the zero vector is never an

eigenvector.

4.2 Eigenvector components belonging to an eigenvalue with multiplicity exceed-
ing 1

Theorem 3 Let the eigenvalue A\, of the N X N real, symmetric matriz A possess multiplicity my > 1,
50 that A\, = A\gy1 = =+ = Mgmy—1- LThe sum of the squared j-th component of all eigenvector x,, of
A belonging to eigenvalue A with Kk =k, k+1,...,k+myp — 1 equals

T DY !
Z (z); = A <Hl:l;l;é{k,k—i—l,...,k-‘,—mk—l} (A— )\lI))jj (19)
r=k dATk ‘,\z,\k
or
Mot o (H{V:Ll;é{k,kﬂ ..... fpmp—13 (A — )\lf))jj N A— NI
p— o)y = ijzl;#{k,kﬂ,...,mmk—l} (A —Aj) - <Hl:1;l¢{k’k+1"“’k+mk_1})‘k_>‘l>J’j 20
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where
d™kcy (A
FAN | N ) T s psn ooty O = Ag) (21)
dA™E 5y

Alternative forms are

Febmg—1 (=1t Nl N2 N o (A | - )\kI)
= - mp—1— \ ) ) e ltmp, —
Z (Jfﬁ)? _ 1 2 . k=1 {] ni,n2 Ny, 1} (22)

K=k (me = N2t g1, by —13 (A — Ak)
and
k+mg—1 N—-1 N-2 N—mg—1
2 _
Z (xli)j - dkaA()\) Z Z Z det (A\{j’n17n2’“_7an71} — )\kl> (23)
rk=k A"k A=Ay ni=1no=1 Ny —1=1

Formulae (19)-(21) in Theorem 3 are proved in Appendix B.3, formulae (22) and (23) are proved

in Appendix B.4. If matrix A is the adjacency matrix of a graph G, then A\ {jm } is the

2505 Mimy —1
adjacency matrix of the graph obtained from the graph G, by first deleting the node j (and all its
incident links) to create the graph G\ ;) and subsequently in G\y;; any possible combination of set

of mg — 1 nodes is removed. Instead of specifying a single eigenvector component (wn) Theorem 3

only allows us to compute the average nTk Zﬁi;n’“ ! (:c,ﬂ)j2 over all my, squared eigenvector components
belonging to the same eigenvalue A.
For example, if my, = 2 and ¢} (A\;) = %‘/\:/\k, then (23) reduces to
(l’k)? + ($k+1)32‘ 1 ply
5 = ch ()\k) Z ‘det (A\{j,n} — )\kI) (24)
n=1n#j
while (19) returns
(24)] + (wr11)] 1 N
’ 2 L= C% ()\k) (Hl:l;l;ﬁ{k,kJrl} ()‘lI - A))jj (25)

The right-hand side of (24) sums over all the characteristic polynomials det (A\{j’n} — Ml ) of graphs
G\ {jn} obtained from the original graph G where first node j is removed and in the resulting graph

G\ (), subsequently every node is removed.

4.3 Strongly regular graphs

In this subsection, we apply Theorem 3 to strongly regular graphs. A strongly regular graph [3, art. 56]
is a regular graph (where all nodes have the same degree r), whose adjacency matrix has three distinct
eigenvalues, A\ = r, A9 with multiplicity mg and A3 with multiplicity ms. The largest eigenvalue \;
of the adjacency matrix A of a connected graph has multiplicity m; = 1 by the Perron-Frobenius
Theorem [3, art. 269]. Hence, following the recent book [7] of Brouwer and Van Maldeghem, it holds
that 1 + mgy + m3 = N and, from the property trace(A) = Z;Vﬂ Aj = 0 for any adjacency matrix A,
it follows that r + maoAg + m3gA3 = 0. Solving the positive integers mgo and mg from these two linear
equations yields

_ _(N*l))\3+7" _ (N*l))\2+7‘
my = — 5, and mg = e ven v

If mg # ms, then Theorem 10 in [3, art. 269] states that the number of common neighbors of adjacent

nodes equals n; = r + Ao + A3 + Ao, while no = 7 + A2 A3 is the number of common neighbors

11



of non-adjacent nodes. Hence, ny — ny = Ao + A3 and, combined with r + moXs + m3A3 = 0 from

trace(A) = 0 allows us to solve the eigenvalue Ay and A3 as

Ay = (ni—ng)mstr .4 A3 = _ (ni—ng)ma+tr
m3—mso m3—msa2

Since eigenvalues of the adjacency matrix are either integer or irrational [3, art. 45|, we conclude

that all adjacency matrixz eigenvalues of strongly reqular graphs are integers, provided the multiplicity

ma # ms. If mg =mg = %, then we arrive at the so-called “half case” [7, p. 3], where Ao = @
and A3 = %

We rewrite (20) for strongly regular graphs, by denoting k =2 if k =3 and k = 3 if k = 2,

<HN A—Aﬂ) B <A—/\1[ <A—)\kj>mk)
1=1;1#{k,k+1,....k+mp—1} )\k _ /\l i )\k - )\1 )\k _ AE i

Since the matrices (A — \;/) and (A — A\, I) commute (as explained in Appendix B) and A\; = r, we
find

A_AJ(A—%ﬁm“—“‘“JZz@mm«Amm4
)\k — )\1 )\k — )‘E N ()\k — 7") ()\k - /\E)mk
At L () (<2 T = () (<ap) " A= (<)
B e —1) (e —Ap)™

which leads, for the j-th eigenvector components belonging to eigenvalue A\; with multiplicity my, to

bt AR () (a7 { SR (g
,; (xﬁ)j - e —7) ()\k: _ )\E)mk

where (Al)jj are the number of closed walks with [ hops starting and ending at node j.

An example of a strongly regular graph with ms = N — 2 and mg = 1 are regular bipartite graphs
with N = 2m nodes, where \y = m = —\3 and A2 = 0, so that (20) for k¥ = 2 simplifies, with
(A42).. =rand (4);; =0, to

Jj

’@%3 ) — (A=MD) (A=), (A= (\+ ) A+ MdgD) r g
< kJj (Ak — A1) ()\k - )\E) B (A — A1) ()\k — )\E) N (A —1) ()‘k — )‘E)

After evaluation, we find Zi\[;; (x,{)z =1-

SOV (z)? = 1 suggest that (xl)jQ = (wN)i = &, which indeed is correct [3, (6.28) on p. 213].

=1- %, which is independent of j. Symmetry and

5 Walk expansion

We apply the theory, developed in the previous sections, to graphs and deduce a so-called walk

expansion in Theorem 4:

Theorem 4 If all eigenvalues of the adjacency matriz A are different, then the polynomial form of

(14) is
1 N-1
Hl]\iu;ék A — ) _z};br (k) (A’“)ij (26)

(x); (2k); =
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where H;j is the hopcount (number of links) of the shortest path between node i and j and where the
coefficient b, (k) obeys H;V:m#k (x = X)) = Zj‘\[;ol bj (k)27 and equals

(R
be (k) = 5 = jg# (z =) (27)

=0

Proof: The Taylor series [3, (A.91)] of a function f(z) is a polynomial of degree n — 1 for any

n X n matrix A,
n—1
FA) =) alfnAr (28)
k=0

where the coefficient ¢y, [f], which depends on the function f and on the eigenvalues of A, is

1 ¢ f ) dk
= j=Lj#m 2=0
Applying (28) to the function f (z) = (7(12]_\]7;;‘)(’2) = H{il;#q (z — N\;) and the N x N adjacency matrix
A of a graph G, the Taylor coefficient is

N . ca(x) N : ca(z) N
o [f] = l limg_»,, @—ry) ik H (- A) B l limg (z—Xq) ik H (5 —\)
- N k J - N k J
W ot T Qo = Ag) 4%, Mz Qo = A9) 427, 5,

N N
1T 0 (Ag = A) @
=7 @H (z = Aj)
J=Lj#q

T RITIN )
k! Hj:l;j;éq ()‘q - )‘]) # 2—0

Since f (A) = Hfil;#q (A — N1I), its Taylor expansion (28) is

N N
ATNPESYIE) SR A | RN
r=0 " J=Lj7#q 2=0

Formula (14) leads to (26) with coefficients b, (k) in (27). Finally, (A"),; = 0 if 7 is smaller than the
number H;; of hops in the shortest path between node ¢ and j. O

The coefficients b, (k) in (27) in the walk expansion (26) are only function of the eigenvalues
{ e} <p<n of the symmetric matrix A. Apart from by (m) = 0, by—1 (m) = 1, we have by_o (m) =
Am- More general, we can express b, (k) in terms of the coefficients ¢,, of the characteristic polynomial
(1) of the adjacency matrix as by (m) = % ZZ:O CnAT,.

The derivative ¢, (Ax) in (3) plays the role of a normalization factor so that the squared eigenvector

13



components satisfy Zjvzl (xk)j = 1. Clearly, if i = j, then H;; = 0 and (26) reduces to*

1)NNl

(xk 7 br (29)

CA (Ax) —o
but, if ¢ # j, then the hopcount H;; > 0 and (26) contains less terms in the sum than (29).

Theorem 4 expresses the product of two eigenvector components in terms of the eigenvalues and
the number (A"),; of walks with r hops (or links) between node ¢ and j. The longest possible shortest
path in a graph contains N —1 hops and (AT)ij equals [3] the number of shortest paths with r hops from
node ¢ to node j, provided (Am)ij = 0 for all integers m < r. The squared eigenvector component
(IL‘kﬁ corresponding to node j in (29) sums over the number (A");; of closed walks, starting and
ending at node 7, of all possible lengths (expressed in number 7 of hops or links) up to NV — 1, weighted
by b, (k) that determines how the number of closed walks influences any eigenvector components at
frequency Ag. Thus, the appearance of (A") i reflects® the only dependence of (xkﬁ on the node j,
while b, (k) and ¢4 (\;) only change with frequency/eigenvalue \.

Example When the hopcount of the shortest path in the graph between node ¢ and j equals the
maximum possible H;; = N — 1, then (26) simplifies to

(AN_l)z'j (_1)m_1
N

E{(Ak— w) TT O = M)

k=m-+1

(Tm); (xm)] = (30)

The product () (zm); in (30) is always positive (negative) when m is odd (even)! The only possible
example of (30) occurs in the path graph. The eigenvalues [3, p. 203] of the path graph Py on N

nodes are A, (PN) = 2cos Nm—fl for 1 <m < N and the corresponding eigenvector component for node

Jis (xm) i =1/ N 7 sin (%) The unique longest shortest path is between node 1 and N so that
(AN_l)lN = 1 and (30) leads to the (non-trivial) identity for any integer 1 < m < N,

(—D)™ Y (N +1) m-1 <c~ km m7r> N (C mr km >

= 0S ——— — COS ——— 0s — cos
2NSIH<N+1)sm<7]rV”er¥> k=1 N+1 N+1 N+1 N+1

“Invoking the normalization z7 xs = Zjvzl (a:k)j =1and W, = Zé\;l (A");;, the total number of closed walks of
length r (with r hops), we obtain from (29) that

k=m-+1

¢a ) = (=)™ 3= Wb, (k)

Thus, (29) becomes
>0 br (K) (A7),
S o0y br (R) (A7)

5Perhaps the expression (29) may be related to Feynman diagrams that express all possible interactions of a particle

(z)F =

with others in some potential field.
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6 Stochastic matrix == X o X

The stochastic, asymmetric matrix Z = X o X, where o denotes the Hadamard product [3, art. 274],

consists of the square of the components of the orthogonal matrix X

(@) (22)7  (a3); ()]
(@1);  (z2);  (23); ()3
E=| (@); (22)3 (23)3 (n)3 (31)
(@)Y )y (za)y o ()Y |
and obeys Zu = v and ZTu = u, where u = (1,1,...,1) denotes the all-one vector. With (6), we have
det (A\{l} — )\1]) det (A\{l} — )\21) <o+ det (A\{l} — )\NI)
_ det (A\{Q} — )\1[) det (A\{Q} — )\2[) <o det (A\{Q} — )\NI) )
=— | | o diag (x)
det (A\{N} — )\11) det (A\{N} — )\2[) <o det (A\{N} — )\NI)

where the vector y = ( 7(1 —1 ST ()}N)). In the sequel, we confine ourselves to the adjacency
A

ca(A1)? cy(A2)” 7
matrix A of a simple, unweighted and undirected graph.

Due to ZX = 0 deduced in [3, art. 96| for an adjacency matrix A of a simple, unweighted and
undirected graph, the rank = is at most N — 1 and thus det=Z = 0. Equivalently, the stochastic
matrix = has (at least) one zero® eigenvalue ¢ = 0. If rank(Z) = N — 1, then the eigenvalue vector
A = (A1, A, ..., AN) is the eigenvector belonging to eigenvalue £ = 0. Thus, ZX = 0 translates, for

each 1 <n <N, to

det A\{n} )\kf) B

N
Z k CA )\k)

The property ZA = 0 suffices [8, Theorem 1] for the orthogonal matrix X alone to determine the
adjacency matrix A. Indeed, given the orthogonal matrix X, we can compute the matrix = = X o X.
If rank(Z) = N — 1 or, equivalently, if there is a unique eigenvalue & = 0, then ZA = 0 has the
eigenvector A\ as a unique solution for a zero-one matrix A, from which the diagonal matrix A =
diag(\) follows. Finally, the spectral decomposition A = XA X7 allows us to construct the adjacency

matrix’ A of a graph G. The multiplicity of the zero eigenvalue of Z is important for the existence of

Tn general, a doubly stochastic matrix does not possess a zero eigenvalue. For example, the doubly stochastic matrix

0.337 0.41375  0.24925
0.350787 0.318911 0.330301
0.312212  0.267339 0.420448

has eigenvalues 1.,0.114516, —0.0381555, while

0.46459  0.396328 0.139082
0.0875058 0.327341 0.585153
0.447904 0.276331 0.275765

has eigenvalues 1.,0.0338478 + 0.207248:,0.0338478 — 0.207248:.
TAn eigenvector can be scaled by any non-zero number [3]. The proper scaling of the eigenvector A of the matrix =

(belonging to the zero eigenvalue) is found to produce zero-one elements of the adjacency matrix A.
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co-eigenvector graphs [8], which are graphs with the same orthogonal eigenvector matrix X but with a
different eigenvalue vector A = (A1, A, ..., Ax). Hence, the orthogonal eigenvector matrix X contains
sufficient information to determine a non-empty graph precisely and contains information to find the
eigenvalue vector A = (A1, Az, ..., AN).

Since the eigenvalues of diag(x), i.e. its diagonal elements, can never be zero for finite N (because
d, (N\;) is always finite), the only zero eigenvalue — given that eigenvalues of A are simple — originates

from the matrix

det (A\{l} — )\1]) det (A\{l} — )\2]) <o+ det (A\{l} — )\NI)
- det (A\{Q} — )\1]) det (A\{Q} — )\21) <o det (A\{g} — )\NI) (32)
det (A\{N} — )\1]) det (A\{N} — )\21) coodet (A\{N} — )\NI)

Theorem 5 If eigenvalues of a symmetric matriz A are simple and the set of polynomials {CA\{TL} ()\)}K .
_n_
is linearly dependent, then the determinant det = is zero.

Proof: A determinant is zero if a row (column) is a linear combination of some other rows
(columns). Row 7 in the matrix 2’ in (32) consists of N sampling points { A, det (A\ g,y — Ax1) }1§k§N
of the polynomial det (A\{n} — )\I) at A = {A1, Ag,... An}. Since the polynomial det (A\{n} — )\I) is
at most of order N — 1, the interpolating Lagrange polynomial through these N points completely
3, art. 303] specifies det (A\ g,y — M) = CA\(ny (A), Which is the characteristic polynomial of the
graph G\y,) obtained from the original, undirected, possibly weighted graph G without self-loops
after removing node n and all its incident links. Finally, if detZ" = 0, then it holds hold that

det 2 = det E det (diag (x)) = 0. O

Appendix E reformulates det Z', unfortunately, without further insight.

7 The squared eigenvector component (xk)i as a graph metric
1. Induced centrality metric. Everett and Borgatti [13] have defined the induced centrality Cf (j) of
node j for a graph function f, which is also called the vitality index in [14, Definition 3.6.1], by

Cr(4) = f(G) = f(G\y;3) (33)

Many known metrics can be formulated as induced centralities. For example, if the graph function f
is the total number of links in the graph, then the induced centrality C (j) is simply the degree d; of
node j. Since the eigenvalue \j of the adjacency matrix A is a zero of the characteristic polynomial,
ca (Ag) = det (A — A\gI) = 0, we can rewrite the square of the j-th component of eigenvector zj of A
belonging to eigenvalue A\ (with multiplicity 1) in (6) as

det (Ag — AgI) — det (Ag\{j} — )\kf)
s (M)

Choosing f (G) = det (Ag — A1), the definition (33) hints that ¢4 (A) (xk)i is an induced centrality,
but the eigenvalue Ay = A (Ag) belongs to the graph G, but not necessarily to G\ (5}

(xx)] =
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If we extend the definition (33) towards the A-induced centrality metric,
Cr (i N) =1 (G:N) = [ (G\gjy:A)
where A\ € C is a complex parameter, then the choice f (G;\) = det (Ag — A\I) produces the A-induced

centrality metric

. ) d
Cdet(AngI) (j;A) = det (Ag — AI) — det (Ag\{]} — )\I) =£(5; ) i det (Ag — AI)

If the parameter A tends to the k-th eigenvalue Ay of the adjacency matrix of the graph G (with
multiplicity 1), then

AhHHAlk Caet(Ag—r1) (73 A) = —det (Agy 3 — Md) = € (53 k) a (Ak)

and (6) shows that £ (j; \x) = (xk)i Hence, the square of the j-th component of eigenvector xj of A

belonging to eigenvalue A\x with multiplicity m; = 1 can be regarded as a centrality metric for node 7,

C xed) (5 Ak)
(«Tk)? _ det(AG, Ak)\I)
y (k)

The eigenvector component (z); in either (4), (5) or (8) cannot be written in the form (33) of an

induced centrality. The latter observation makes sense, because if (zy) ; were an induced centrality of
the node j, then any possible N x 1 vector would be an induced centrality, because any N x 1 vector
can be written as a linear combination of the NV orthogonal eigenvectors z1,xs, ...,z N of a symmetric
matrix A.
2. Amplitude. The magnitude of (a:kﬁ for node j in (6) depends on the characteristic polynomial
CA\ () (A) of the symmetric matrix A,y at the frequency A = A;. As illustrated in Fig. 1, the
characteristic polynomials c4 (z) and ca, ;, (z) oscillate around zero in the interval z € [An, A1, that
contains all their real zeros. We coin the deviations in c4, (x) from zero at i, the amplitude. Just as
in quantum mechanics (see e.g. [15, 16]), where the wave function can be complex, while its modulus
is interpreted as a probability, the eigenvector components (xy) j should be used in computations,
but we suggest, based on (6), to interpret (a:k)j2 as centrality metrics in a graph. Hence, for a graph
G, the importance or centrality of node j for property P, embedded in the adjacency matrix A at
eigenfrequency Ay is proportional to the amplitude of the characteristic polynomial at A; of the graph
in which that node j is removed. Thus, the centrality (xk)f measures a kind of “robustness” or
“resilience”, in the sense of how important is the removal of node j from the graph G, determined
by the amplitude at frequency Ag. In network robustness analyses, the removal of links or nodes
challenges the functioning of the network, measured via certain network metrics [17, 18]. The relative
impact or effect of the removal of a high degree node at the largest eigenfrequency A; is larger than
the removal of a low degree node [19]. However, at other eigenfrequencies, the reverse must hold due
to double orthogonality Z]kvzl (:ck)j2 =1.

Equation (6) indicates that the addition (or removal) of a link to node j does not change (zy);,
because G\ (;; means that, besides the node j itself, also all incident links to node j are removed from

the graph. However, a link addition/removal may change the eigenfrequencies {\g} << -
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Example For a connected Erdés-Rényi graph with link density p = 0.2, N = 10 nodes and the
degree vector d = (3,3,1,4,2,2,1,2,2,2), Fig. 1 shows all 10 characteristic polynomials® CA\(jy (N
and caq (M), as well as its adjacency matrix A. At the vertical lines, that indicate the positions of
the eigenvalues of A, all values CA\(jy (Ag) for 1 < 5 < 10 have a same sign, in agreement with (10).
The amplitude ca, ,, (M) is a relative measure for (:Uk)]2 and indicates the importance of node j at

frequency Ag.

3. An ideal set of graph or centrality metrics. There exists a large number of proposed graph metrics
(see e.g. [20], [21, Section 15.6]). Nearly all graph metrics are non-negative real numbers that allow
to normalize them into the interval [0, 1]. Graph metrics that specify a property of a node are called
centrality metrics (e.g. the degree d; of node i), while non-centrality metrics measure a global property
(e.g. connectivity or path lengths of a graph G). However, many graph metrics are strongly correlated,
which has led to an effort to cluster and combine correlated graph metrics [22, 23]. In practice, it is
desirable to have a set of m graph or centrality metrics that are as uncorrelated as possible, while their
number m is sufficient to characterize the graph well enough. Such a close-to-ideal set would enable
to compare graphs and to construct design rules for networks that possess the desired properties,
given by minimum or maximum values of the m graph metrics. For example, we can still not design
“robust /resilient” networks in mathematically precise way, mainly because “robust/resilient” is hard
to map to a set of m graph metrics.

Since both row vectors and column vectors (i.e. eigenvectors of the adjacency matrix A) of the
orthogonal matrix X are orthogonal (thus independent), and span the N-dimensional space (thus are
complete), one would expect that either the rows or columns of the matrix Z = X o X forms an ideal
set, of centrality metrics. We have shown that (a:k)j2 can be regarded as a centrality metric. Section 6
indicates that the stochastic matrix = of the adjacency matrix A of an undirected, possibly weighted
graph possesses a zero eigenvalue, which implies for any adjacency matrix A that rank(Z) < N and
that at least one row (or column) in = is a linear combination of all the other rows (columns). Hence,

2

the set of centrality metrics {(rowZ),}, .,y = {(3:1)z J(x2)2 .., (mN)2}1<‘<N for each node i is not
- - (2

i
independent for the adjacency matrix, indicating that the set of centrality metrics belonging to node

1 can be written in terms of the centrality metrics of some others nodes in G. There are only r= =

8The explicit expressions are

ca () = — 4+ 4z + 272" —102° — 522" + 82" 4+ 382" — 22" — 112" + 2 1*
ca\y (@) = =2 — bz +62” + 172° — 62" — 192° + 22° + 82" — 2 °
cay 1y (¢) = —4z + 162° — 192”7 + 82" — 2”

(z)
(z)
(z)
(z)
(z)
CA\ (5} () = —2 — 5z + 82 4+ 202> — 82" — 232° + 22° + 92" — =
(z)
(z)
(z)
(z)
(z)
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Figure 1: The characteristic polynomials cy, (M) for 1 < n < N in red and c4 () in black for an
Erdés-Rényi graph G2 (10), whose adjacency matrix is also shown. The blue vertical lines denote
the eigenvalues of A (zeros of c4 (A)). All characteristic polynomials ca, ., (A) have the same sign at

a zero of ¢4 (N), as follows from (10).

rank(Z) < N — 1 independent row vectors, implying that only rz centrality vectors of nodes in the
graph G have independent characteristics or properties. If r= = N —j and if there exist k < j different
graphs with a different eigenvalue vector, but same orthogonal matrix X, then those k co-eigenvector
graphs [8] would have precisely the same sets centrality metrics. Moreover, we know that the rank(Z)
can be small and that a graph can have several different orthogonal matrices X with different rank(Z),
e.g. in the complete graph as shown in [8]. These considerations question whether {(row =)}, ., n

can be regarded as a close-to-ideal set of centrality metrics.

8 Summary

Several computations of eigenvector components (xy,) ; of a symmetric matrix have been derived and
i
4, motivates to regard the set {(xl)? , (332)3 e (xN)i} as centrality metrics for node j. We have
interpreted (:Uk)f as an amplitude of a graph property of node j at eigenfrequency Mg, which is still

compared. The elegant formula (6) for (zy);, extended to higher multiplicity eigenvalues in Section

unsatisfactory, because graph property here is vague and humans desire a precise or physical meaning.
So far, the challenge to understand the meaning of (wkﬁ or (zy); for any graph has defeated us.
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Therefore, we would like to place that challenge on the agenda for further study. However, even
if (:ck)j2 were physically understood, the study of the matrix = = X o X, revealing that a graph
G has only rz = rank(E) < N — 1 independent sets {(row=);},_,.,_, questions whether the set
{(1'1)5 , (.%'2)3 e (ZL‘N)]Q} is suitable as a set of centrality metrics.

In summary, the challenge to find a “best possible” set of non-negative centrality or graph metrics
is still an unsolved mathematical problem.
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Proofs of Theorems

A.1 Proof of Theorem 1

Without loss of generality, we first replace the N-th equation in (A — A\I) 2, = 0 by bz, = £, and

the resulting set of linear equations becomes

(A - AkI)\roWN T = O(N*l)Xl

bT B

where (A — Agl)\ o v is the (N —1) x N matrix obtained from (A — AgI) by removing row N.

Cramer’s solution [3, art. 220] yields

The j-th component of the k-th eigenvector xp can be written as

(A - )‘kI)\rowN

b" colj— O(N—1)x1 |
(1), = B (DY B det (A = M)y o v ot
’ (A - AkI)\rowN det (A - )\kI)rowN:b
bT

9

(21); = am (k) (—1) det (4 — A1) (34)

\ row m\ col j

9Remark that the adjacency matrix Aa\ rowm\ coli re€presents a directed graph in which the out-going links of node

m and the in-coming links to node ¢ are removed; everywhere else, the in-coming and out-going links are the same

(bidirectional). Thus, AG\ row m\ coli 18 NOt necessarily symmetric and it has |m — 4| non-zero diagonal elements, ar+1,x
form <k <1.
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where we have now deleted row 1 < m < N, instead of row IV as before, and where the scaling factor

(=)™ B

det (A — N\ 1)
Combining (34) with (35) for m = j leads to (4).

We now impose the orthogonality equation a7z = 1. It follows from (34) that

is

(35)

am (k) =
row m=>b

2
() = a2, (k) (det (A = €MD)\ ou my cos )
Invoking the identity

(det (A\ rowm)\ colj — )\I))2 = det (A\{m} — )\I) det (A\{j} — )\I) — det (A\{m,j} — )\I) det (A — \I)

36
which can be deduced from Jacobi’s famous theorem of 1833 (see e.g. [24, p. 25]), yields o
ay,? (k) (z)} = Jim det (A\ gy — AI) det (Ay g5y — M) — det (A gy — M) det (A — AI)
= det (A\ gy — Ak det (A\gj3 — Akd) (37)
The condition 2}z = Zivzl (:nk)i = 1 specifies ay, (k) as
N
a,? (k) = det (A\gmy — M) Y det (A, — M) (38)

n=1
We observe that there is a degree of freedom via the choice of m. Thus, for m = j in (34), we obtain

from (37) and (38)
det (A\{j} — )\kf)

(zr); = (39)
T X det (A — M)
that is independent of the choice of the vector b. Since [25],[3, art. 213],
al d
det (A — M) =——det(A—- X\ A 4
D det (Aygay = M) = = rdet (A= M) = =4 ) (40)
we arrive at (6). Combining (4) and (6) yields!'® (5). O
A.2 Second proof of (6)
We start from the resolvent [3, art. 215, 262] of a symmetric matrix A
det (A - zI
A— o)L= \d}
(A=2Dj; = —qetta =21 )\
from which, using c4 (\) = det (A — X)) = H;V:l (A; — A) and assuming that Ay is simple,
N N N
o (Ni—z
det (A\{]} — /\kI Z {L'm 2 lim 1_[];(]) = (a:k)? H ()\j — )\k)
Invoking (3) yields (6). O

'%We remark that taking the derivative of both sides of (5) with respect to by, results in (4).
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A.3 Two proofs of Theorem 2

First Proof: The eigenvalue equation Axp = Apxp is equivalent to (A — A\gl)x, = 0, which is
explicitly written as a set of linear equations
N

Z (arj - )\kérj) (-Tk)j =0 for1<r<N
=1

Since rank(A — A\pI) = N — 1, we can delete an arbitrary equation or row, say ¢, in and obtain
(A— )‘kl)\rowixk = 0. The set (A — A1)

unknowns, can be rewritten in terms of one unknown, the component (xy),, =7,

\rowi Tk = 0, consisting of N — 1 linear equations in N

N
Z (arj — Medrj) (k) ; = — (arm — Abrm) (T, for 1 <r < N andr #i
i=Lij#m

and in matrix form,
(A - Akl)\rowi\colm (xk)\rowm =9
where the (N — 1) x 1 vector

T
9=\ (a1m = MO1m) - (aG-1ym — Mbi—1ym)  (@at1ym — MOt1ym) -+ (ANm — AeONm)

The vector g simplifies most if we choose i = m, because then the vector g does not depend upon the

eigenvalue \; anymore. With the choice ¢ = m, we arrive at

T
(A= XD\ iy (Tk )\ rows = —7 [ ati v GG-1)i G@t1)i T OGN }

Cramer’s solution [3, art. 220] yields

(A= Xed)\
(), A0
\rowz q det (A\{z} — )\kf)

equals, denoting bj; = ajj — A,

where the determinant )(A = M\ gy

colg=g
b1 cap(ion) a1(i+1) Cay(g-1) —naz; a1(g+1) o aIN
ag-11 o bi—ny-1y o o AG-1)(¢—-1)  TNA>G-1)i  AGE-1)(g+1) " A@GE-1)N
aa+1)1 bivn)ity) ot A1)(g-1) TN A1) T LN
blg-1)(g—1) —MUq-1)i C(g-1)(g+1) T Ug-DN
Qq(q-1) —TAqi Qq(g+1) T GgN
Agt1)(g-1) ~MUg+D)i Dg+1)(g+)) 1 Ag+)N
ani o AN(-1) AN (i+1) Tt AN(g-1) —nan; AN (g+1) <+ byn
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Multiplying a row or column in a determinant by a same scalar is the same as multiplying the deter-

minant by that scalar (3, p. 321] and |(A — Al)\ g Lo, = X
colg=g
b1 T A13i-1) A1(i+1) T Ay(g-1) ai; A1(g+1) Tt Q1IN
a-n1 o bane-ny o o Aa-1)(g-1) A1) Ai-1)(e+1) T Ai-1)N
Q(i+1)1 e b(i+1)(i+1) T Q1) (g—1)  Qi+1)i O>i+1)(g+1) T GG41)N
bg-1)a-1)  Ag-1)i Ug-1)@+1) " Ag-DN
Ag(q—1) Aqi Ag(g+1) T GgN
Agt1)(g-1) Gq+1)i blgt1)(gr) 1 AN
an1 T AN(i-1) AN(i+1) " AN(g-1) anNi AN (g+1) o byn

Thus, Cramer’s solution becomes

(4= M)y cola=(A\ o)
<(wk)\rowi) =7
q det (A\{i} — )\kf)

coli

After interchanging column ¢ and column g — 1, then column ¢ — 1 and column ¢ — 2, then column
q — 2 and column ¢ — 3, and so on until the [-th interchange where ¢ — [ = ¢, then column ¢, that
contains the vector a; = Acol4, is placed on column 7, while column ¢ — 1 is placed on column ¢q. After

becomes

| = q — i interchanges of columns, ‘(A NG Lo=(4 )
COLG=( A\ rowi) g4

b1 T A13i-1) ai; A1(i+1) T A1(g-1) A1(g+1) ©tt Q1IN
ai-n1 o0 be-n-1) G- A1) 1)) 0 AE-DN
Q(i+1)1 : A(i+1)i b(i+1)(i+1) A1) (g-1) A+ (gD T AG+H)N
A(g-1)i by WD) T Ag-DN
Qgi o Gg(g-1) Qq(q+1) o GgN
A(g+1)i T Gg1)(g-1) Dgrner) QN
an1 T AN(-1) an; AN (i+1) 0 AN(g-1) AN (g+1) o byn

but this determinant is difficult to evaluate, because not all elements b;; = a;; —\;, are on the diagonal.

Thus, it is instructive to choose ¢ equal to N. If ¢ = N, then we observe that

‘(A = e\ vy

=N (_1)q—N det ((A - Ak[)\rowN\colq)

col qZ(A\ row N)col N

Hence, Cramer’s solution simplifies to

g—N det ((A - )‘kI)\rowN\colq)
det (A\{N} — )\kf)

((ﬁk)\rowz\f)q =-n(-1)

24



Normalization :chk = 1 then yields

N-1 2 N-1 det? ((A - )‘kl)\rowN\col )
1=1 + Lk )\ row = |1 + .
" ; << k>\ N>q K qzl det2 (A\{N} — )\kI)
so that )
9 det (A\{N} — )\kI)

Z(JJV:I det? ((A - Akl)\rowN\colq)

—(A\ vy —Me])
\/ZN det? ((A=ARD)\ yow N\ colq)

After choosing the minus sign in n = , the entire eigenvector x; becomes,

forall1<g <N,
det <(A AkI)\rowN\COl(I>

\/ZN det A_)‘kI)\rowN\Colj>

But the choice of N was arbitrary. Hence, the above holds for any node m instead of just node N.

(@),

After replacing g by j, we arrive at (7).
Jacobi’s identity (36) reduces for eigenvalues A = A to

(det (A\ row m\ col j — )\kf))z = det (A\{m} — )\kI) det (A\{]} — )\kI)

which we apply the denominator in (7)

N 9 N
Z (det (A— Akl)\rowm\ coll) = det (A\{m} — )\kf) Zdet (A\{l} — /\kI) (41)
=1 =1

With STV det (Ayy — M) = =4 (A) in (40), we obtain (8). After squaring (8) and again using
Jacobi’s identity (36) for A = Ag, we obtain (6).

Second proof: We derive Theorem 2 from Theorem 1. After expanding det (A — A\gJ)

row j=b

along row 7,

det (A — )\kI rowg p = Z by, J " det (A - )‘kI)\rowj\coln (42)

and rewriting (4) with G = Z;V 1 b5 (zk)

N
(1) det (A = M) ou jmp = B det (Ayggy = Aed) = det (Ayggy = Akd) D b (1),
n=1
yields
N ' N
(Ik)j Z bn (_1)an det (A — )\k‘[)\rowj\ coln = det (A\{j} — )\kI) Z bn, (xk)n
n=1 n=1

which holds for any vector b. Equating corresponding components b,, leads, for all 1 < n < N, to

—1)7 7" det (A — NI\ you 4
( ) ( k )\rowg\coln (43)

(xk)n - ($k)J det (A\{]} — )\kf)
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Normalization :ngk = 1 shows that

n=1

N 5 (k)5 al 4 2

and
det? (A\ () — MeT)

S (A6t (A = M)y cotn)

which equals (6), after substituting (41). Taking the (positive) squareroot and substituting into (43)

(2x)] =

results in .
(71), = (1) " det (A — AL\ row i coln
" 2
N
\/Zn:l (det (A - )‘kI)\rowj\coln)
which equals (7) and proves Theorem 2. O

B Operator form of the eigenvalue equation

Let x; be an eigenvector of an N x N matrix A belonging to the eigenvalue Ay, then the eigenvalue

equation Ax, = A\px) is written as
Az = Ajxy + (A — )\j) T

where the eigenvalue \; is possibly another eigenvalue of the matrix A. Clearly, if Ay = A;, then the
last term vanishes and we return to the original eigenvalue equation. In summary, it holds for any
pair of integers k and j with 1 < k,j < N that

(A=XNI)xp = (Mg — N\j) ke (44)
Multiplying both sides by (A — A, 1),
(A= XAnD) (A= NI wp = (A — Aj) (A = A
invoking (44) at the right-hand side
(A= Ad) (A= NT) 2 = (k= A7) (k= A) 2
yields, after iteration for any positive integer n,
[[= (A= XD a =TTj= Ak = Aj) (45)

If n = N, the dimension of the matrix A, the index j in the right-hand side product runs of over
all eigenvalues A1, Ag,..., Ay of the matrix A and the product thus also contains the factor where
Aj = A, leading to vazl (A—=XjI)zp = 0. Since any eigenvector must be different from the zero
vector, we conclude that the matrix vazl (A—XI) = ca(A) = O, which is nothing else than the

famous Caley-Hamilton theorem.
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B.1 The matrix product [[;_, (A — ;1)

The construction that led to (45) indicates that all matrices in the product commute. Commutativity
allows us to treat the real matrix A as ordinary real numbers. For example, for n = 2 and n = 3, we

obtain

i) = (A= MI) (A= X)) =A% — (M1 + X2) A+ Ao

i) = (A= A3l) H?:l (A= NTI) = (A=) (A* = (A1 + X2) A+ M )o)
= A3 — ()\1 + Ao + )\3) A2 + ()\1)\2 + A A3+ )\2)\3) A — A3

> (A=A
(A=

I1
[[i=i (

S .o

Continuing to higher values of n eventually will lead to Vieta’s theorem, where the coefficients of
powers of A are elementary symmetrical polynomials [3, art. 296-297]. If n = N, then the definition
of the characteristic polynomial (1) indicates that vazl (A-=NI) = (- Z]k:V:O cx AF, which vanishes
as shown above.

Substitution of the eigenvector expansion of the symmetric matrix A = fozo )\kxkxf,

N N N
A—- NI = Z )\kxkxz —Aj Z:ckxf = Z /\ka:kxg
k=1 k=1 k=1;k£j

shows that the matrix A—\;I transforms an N x1 vector y to the vector (A — ;1) y = Zivzl;k# Ak (:U;‘gy) Ty,
with zero coordinate along the z;-vector. In other words, the matrix H;LZI (A — \;I) projects a vector
y into the N — n-dimensional Euclidean subspace that is orthogonal to the subspace spanned by the
eigenvectors {1, xa,...,x,}. In the eigenvector coordinate axis frame, the coordinates of the vector
y are (yTwl, ylay, ... ,yTazN), while the coordinates of the vector H;-lzl (A — \;I)y contains n zeros

in the first n positions.

B.2 Eigenvalue \; with multiplicity m; =1

If \x is single or simple or an eigenvalue with multiplicity one, then it follows from (45) that

Hj'vzl;j;ék (A= XNI)zy, = Hj‘vzl;j;ék (A = Aj) T

which we can write in terms of the characteristic polynomials c4 (A) in (3) as'!
(D" v 1 N
= AR A—\.T =—JI[:" ;.. NI — A
Tk CfA ()\k) Hg:l,j;ﬁk ( J ) T _C{A (Ar) H]_l,];ék: ( J ) Tk

In order to define an eigenvector uniquely, we impose the normalization condition x;‘gmk = 1. Applied

to xp, = %H?’:h#k (A — M\;I) xj, and using the symmetry of A yields

xlay, =T ()" T (A=A D) Zxk =1
k k C{A ()\k) j=1;5#k J

' Caley-Hamilton’s relation H;.VZI (A — X\;I) z, = 0, written as

(A=) {HLM (A= \I) mk} -0

show, by comparing with (44), that = = « Hj.v:l;#k (A — X\;I) zy, for each non-zero a.
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N 2
We define the matrix Uy = (%H?le;#k (A— )\jI)) , written in the eigenspace of the matrix A
as Uy = Ef\il lelxlT. The matrix Uy must obey x;‘:kak = 1, implying by the orthogonality of
eigenvectors x;‘g:ﬂm = 0 that B = 1, but all other coefficients 5; can be chosen at will. The simplest

choice is 8 = 0. and Uy, = xkxf Since U,? = xka:;‘ga;kxf = Uy, we find for a simple eigenvalue A\, that

N
TRTy = Hj:l;j;ék (A —X\I)
A\ Nk

which equals (14), but differently proved than in [3, art. 234].

B.3 Eigenvalue \; with multiplicity m; > 1

The spectral decomposition is generally more complicated if eigenvalues have a multiplicity larger
than one. If the eigenvalue A of a symmetric matrix A has multiplicity m > 1, then more than one
eigenvector x, with kK = k,k+1,...,k 4+ m; — 1 is associated to that same eigenvalue A\, obeying the
eigenvalue equation Ax, = Agx,. For example, if m; = 2 and Ay = Ag41, then the two orthogonal
eigenvectors xp and xpiq satisfy Axp = Mgz and Axgi1 = Apxpy1, which implies that any linear
combination y; = a1x + asxrrq also satisfies the eigenvalue equation Ay = Agyr. Generally, if
the eigenvalue A\; of a symmetric matrix A has multiplicity m; > 1, then any linear combination
vector y = Zﬁ:k"k_l QT 1s also an eigenvector. Thus, the eigenspace belonging to eigenvalue Ag
has dimension my and is spanned by the orthogonal vectors x, with k = k,k+1,...,k + mg — 1.
That ensemble {xn}ﬁzk7k+1w7k+mk71 of eigenvectors belonging to the same eigenvalue A; acts as a
whole and, as we will see, appears together in formulae. Clearly, if the multiplicity is my = 1, then
the eigenspace of dimension one is a line.
If A\, has multiplicity my, > 1 implying that Ay = Agy1 =+ = Apym,—1, then (45) shows that

N
AR (A= XDzx
_ Wik, e il) @ for k =k, k+1,....k+my—1

e N
Hj:1§§j7é{kvk+1:-~~7k+mk*1} (A = Aj)

where z, for k < k < k+ my — 1 is the set of m; eigenvectors all belonging to the same eigenvalue
Ak. The characteristic polynomial (1) becomes c4 (A) = (A — A)™* Hé'vzl;j;é{k,k—i-l,...,k-&-mk—l} (Aj =),

whose n-th derivative, given by Cauchy’s contour integral [26], is

1
- / Lw)“dw
r=z 270 o) (w—x)

where the closed contour in the complex w-plane encloses the point x. Choosing x = Ag,

1 d'cy (N
n!  d\"

m N
1 d"cq () _ =™ HFM#MHMHWANM_wa
nldA |y, 21 Joow) (w — Ap)" L

N

1 dm
= (=1 mg M —
(=1) (n —mg)! dX\P—mk H (A —w)

indicates for n = my, that

(=)™ d™eq ()
(mp)!  dAme

N
Hj:l;j;é{k,k—&-l,...,k—i-mk—1} ()‘k - Aj) =

A=A
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which is an alternative form of (21). For n < my, the contour C ()\;) encloses an analytic region of

A)

the integrand and Cauchy’s integral theorem [26] states that 1 d ;;\‘,S =0 for n < my.

A=Ap
Similarly as in Section B.2, we define the matrix
2
(DN (mi)!
U/i = d™kca(N) Hj:l;j;ﬁ{k,k-i—l,...,k—‘rmk—1} (A - AJI)
DI |\,
and the normalization %z, = 1, for k = k,k 4+ 1,...,k + my, — 1, requires that 2 U,x, = 1 for
k.,k—+1,...,k+mg— 1, which leads to
mgp—1
U, = Z T,
rk=k
Since UZ = Y "% ! ok L (zla) o] =3 Y227 = U, by orthogonality 27z, = 6,4, we arrive
at .
my— N
r_ (=17 (mk)! N
Dt = ot Ikt k1) (A= A1) (46)

= \
® L2 PV

Taking the j-th diagonal element of (46) leads to (19) in Theorem 3.

B.4 Proof of (22) and (23) in Theorem 3

We extend the proof in Appendix A.2. If the eigenvalue A\; has multiplicity my and Ay = A\gp1 =

“+ = Atm,—1, then the resolvent is

det (A\{j} — ZI) _ ﬁ: (5Um)32 I Zii?kil (xl@ 3 n g: (fUm
det (A — zI) B (e — 2) e Am —
from which we deduce that
k+§k:_1 (li )2 ~ lim ()\k — z) det (A\{J} — ZI)
" 2= Ak det (A — ZI)

With det (A — 21) = (A& = 2)™ T 1k ki1, ksmy 13 (A — 2), it holds that

Rt =1 ) 3 ()\k — Z)limk det (A\{]} — ZI)
Z (zw)j = hr&l N
K=k Ak Hj:l;j;é{k,kJrl,...,kerk71} (Aj—2)
o 1 i det (A\{j} — ZI)

—1
ij:hj;é{k,kﬂ,...,mmkq} (Aj = A) 272 (A —2)™*

The Interlacing Theorem [3, art. 263] shows that the polynomial det (A\y;3 — zI) has a zero at Ay of
multiplicity my — 1, which means, by the de 'Hospital’s rule [27, art. 154] that my, — 1 differentiations

in numerator and denominator lead to a finite value of the limit. In other words,

det (A\rin — 21 %det Avein — 21 1 my—1
( LEL ) _ iy L Sy 1) - e det Ay~ 1)
2= (A —2)"* 2 Ak jzmzrl (A —2)™ ™ (mp — 1)1 dz"m 2=k

29



where % =0 b'k),zb , valid for any complex b by replacing b! = T'(b+ 1), has been used. It

remains to iteratively invoke the formula (40) for the derivative of a determinant, % det (A — \I) =
— ZnN:1 det (A\{n} — )\I). We thus find the sequence

N-1

d
Tdet (A\gy —2T) = =} det (A\jn,} — 21)
ni=1
£ N-1 N—1 N-2
et (A —2) == > ——det (Aygn,y —2I) = det (A\(jny o) — #1)
dz dz
ni=1 n=1 no=1
and, iterating further to an integer m
gm N-1N-2 N-m
T det (Ayy —2T) = (=)™ > det (A\Gin gy — #1)
n=1 no=1 N =
Applied for m = my — 1 gives
li = det (A, . — Al
=N (=2 (me =) Z Z 3 Aot (A1) )
mp—1=

Combining all, finally leads to (22). Substituting (21) in (22) gives (23).

C Extension first proof of Theorem 2 to multiplicity m; = 2

The eigenvalue equation Azy = Agxy is equivalent to (A — A\iI) x = 0, which is explicitly written as

a set of linear equations
N
Za”ﬂ Ak0rj) (x ):0 for1<r <N
7j=1

If the multiplicity of the eigenvalue Ay is my = 2, then rank(A — \yI) = N — 2, we can delete two
arbitrary equations or rows. We choose row N — 1 and row N (inspired by the computations in
Section A.3). Since there are now two eigenvectors xp and x4 belonging to the eigenvalue Ay, we
obtain (A — )‘kI)\rowal,Ny = 0 satisfied for both eigenvectors y = xp and y = xpy1. The set
(A= AI)

terms of two unknowns, the components yy_1 =7 and yy = (,

row N—1.n ¥ = 0, consisting of N — 2 linear equations in /N unknowns, can be rewritten in

N—2
Z (arj — M0rj) yj = — (@r,N—1 — MOr N—1) YN—1 — (arN — AeOrN) YN for1<r <N -2
i=1

= —Qp N-1YN—-1 — QrNYN

and in matrix form,
(Av_1 vy = Med) ProwN—1,N = 9
where the (N —2) x 1 vector

T T
g= —77[ aiN—-1 - GN-2,N—1 } - [ aiN - aAN-2N ]
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Cramer’s solution [3, art. 220] yields for 1 < ¢ < N — 2,

(A= MDywvam]
det (A\{Nfl,N} — )\kI>

Yqg =

where the determinant ‘(A -\l )\ (N-1 N}‘ 1 is split-up into two determinants (similarly to Section
’ colg=g

A.3). Thus, Cramer’s solution becomes

A— NI —
( * )\{Nil’N} colg=(A\ row (N 1,8} ) oot v 1 ‘(A AkI)\{N_LN} 00l g=(A\ row({N=1.8} ) o1 v

det (A\{Nfl,N} — )\kI) det (A\{Nfl,N} - )\kI)

After interchanging column g iteratively (precisely as in Section A.3) to the last column N — 2, we

Yqg = —1 -

obtain

(_1)Q—N—1 det ((A - )‘kl)\rowN—l,N\colq,N) (_1)q_N_1 det ((A - )‘k‘I)\rowN—l,N\colq,N—l)

Ya =1 det (A\{N—I,N} — )\kf) det (A\{N—I,N} — )\kI)

(_1)q_N det ((A\{N} o Ak[)\rowN—l\colq) (_1)q_N det ((A\{N_l} o Ak[)\rowN\colq)
det (A\{N—l,N} - )\kI) det (A\{N—l,N} - )\kI)

Hence, for the eigenvector zj, we find, for 1 <g < N — 2
det ((A\{N} - )\k[)\rowN—l\ colq>
det (A\{N—I,N} — )\kf)

and, similarly for the eigenvector xy1,
det <(A\{N} o )\kI)\rowN—l\colq> i edet <(A\{N*1} o AkI)\rowN\colq)
det (A\{Nfl,N} — )\k[) det (A\{Nfl,N} — )\kf)

where the unknown eigenvector components (zx)y_1 =0, (@r+1)y_1 =&, (2r)y = Cand (zp41)y =0

=1 +¢

det ((A\{Nfl} - )\kI)\rowN\C01q>

1IN () =
( ) ( k)q n det (A\{N—I,N} _ )\kI)

+<

(DTN (w41), = €

are arbitrary real numbers.

C.1 Orthogonalization conditions

The three normalization conditions

T, _ T _ T _
rprp =1 xp g1 =1 23241 =0

will specify three of the unknowns, leaving one of them open to choice. First, x;{xk = 1 then yields

N—-2
L=n>++ ) (w)]
q=1
2
=2 (77 det ((A\{N} o )\kl)\rowN—l\colq) + Cdet ((A\{Nfl} o Akl)\rowN\colq))

="+ +
g qz:; det? (A\{Nfl,N} — )\kI)

9 9 N2 det” ((A\{N} - )\kI)\row N—l\colq> N1 det? ((A\{N_l} B )\kI)\mW N\ COI‘J>

+n? +¢2
7 Z det? (A\{N—I,N} — )\kI) ¢ ; det? (A\{N—I,N} — )\kf)

1
= det <(A\{N} o )\kl)\rowN—l\ colq) det <(A\{N_1} B Akl)\YOWN\COI‘)
det? (A\{N—LN} — )\kI)
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det? ((A —\ ) ) det? <(A N1y —=AT) )
_ N— 2 \{NV} \ row N—1\ colq N— 2 \{ } \ row N\ col ¢
With S 1 + Z det2(A\{N 1,N}— )\kl) =1 + Z detz(A\{N_l’N}f)\kI)
V ZN 2 d6t<(A\{N} )\kI)\rowN 1\colq> det((A\{N 1} )\kl)\row N\colq)
det (A\{N 1,N}— )\kI)

and

, the condition x{xk = 1 becomes
1=n*S+C*R+2n¢V

Similarly, the condition x;‘g 1Tkt =1 leads to
1 =625 +0%°R + 260V

The final orthogonality condition x{xkﬂ is

N N—-2

(@k)g (Th41)g = 1€+ CO + Z ¢ (@r41),
q=1 q=1
et ot Nz_z ndet ((A\{N} — )\kl)\rowN—l\colq) det ((A\{N—l} — Akl)\rowN\colq>
e det (A\{N—I,N} — )\kf) det (A\{N—I,N} — )\kf)

% det <(A\{N} a )\kI)\rowN—l\colq> 4 edet <(A\{N*1} - Akl)\rowN\colq)
det (A\{Nfl,N} — )\kI) det (A\{Nfl,N} - )\kI)

=+ (0 +né NZZ det” <(A\{N} —Md )\rowal\colq>
=7 K =1 det2 (A\{N—I,N} — )‘kI)

NZQ det ((A\{N} = M)\ o 1\C01q> det ((A\{Nfl} = M)\ o colq>

+ (nf + ¢
( ) et det? (A\{NA,N}_)‘/’CI)
+<6N 2 det? (A\{N I )\k'[)\rowN\colq)
o det? (A\{Nfl,N} )‘kl)

0=nES 4+ COR+ (nh + CE)V

We need to solve 1, (, £ and 6 from the quadratic set

S + PR+ 2nCV =1
25+ 0?°R+2¢0V =1
nES 4+ COR + (N + CEV =

From the first two equations, we first solve

—V V)-SR -1)

e S
—ov £,/(6V)’ - S (2R - 1)
&= S
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Substituted into the last equation,

(—gv +\/((V)? - (R - 1)) (—av +/(0V)? - 5 (62R - 1))

0= S +COR
+ (—QCHV + 9\/(CV)2 ~S(C2R-1)+ C\/(HV)Q — S (2R — 1)) %
which is
0= \/<(§V)2 ~S(CR— 1)) ((0V)2 ~ S(62R — 1)) +¢O (RS —V?)
and
Jv=sne g W
Squaring

s (v?-Rs)”
VZ-SR+ - =——
02 VZ-SR+ 5

and simplifying yields
S

RS —V2
The Cauchy-Schwarz inequality [3, (A.72) on p. 333] confirms that RS > V2. Hence, the point (6, ()
lies on a circle with center at the origin of the #-( plane and with radius equal to ,/ﬁ. By

choosing the positive root, we express 6 as a function of (,

0% + ¢ =

S
— 22
b RS —V? ¢

—0V+/S—62(RS—V2)
5

After substitution into £ = , we express 0, ¢ and n as functions of ( as

VS — (RS- V?)
VRS — V2
 —(V+/S—-(RS-V?)
N S
—VVS—CRS—V?) | V(RS —V?)

S\/(RS —V7?) S

Choosing (x1) 5 = ¢ = 0 and positive signs before squareroot, leads to the simplest expressions,

0:

&=

0 = VS _ 1 £ =
VRs—v: 1= s f\/w

Finally, for the eigenvector xj, we find (x)y =0 and for 1 <g < N —1

G det((A\{N}—AkI)\rowN 1\C°1q>

\/ZJ 1det <(A\{N} )\kl)\rowN 1\C01])

(zk), =
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which is the same as (7) if mj, = 1 and for the eigenvector x4 1, it holds that (z441)y_; = W%,

(l‘k+1)N=\/%andforlgq§N_2

($ ) . -V det ((A\{N} o )\kI)\rowal\colq)
M /SRS — V2 det (A\(v-1,n} — AT )

) NG det ((A\{Nfl} - )\kI)\row N\ colq)
VRS — V2 det (A\{N—l,N} - /\kI)

The close-form, after substitution of R, S and V', does not seem to simplify so nicely as for the eigen-

(-1

vector xj, mainly due to RS — V2. However, Theorem 3 on the square of the eigenvector components
presents rather elegant formulae, that suggest that further simplification may exist. Nevertheless, we

omit here further efforts.

D Additions to Theorem 1

Another way to rewrite the determinant in (35) is

det (A — Mpl), o vp = det

where the (N — 1) x 1 vector Wy = (w1, ..., Wp—1, W41, - - -, W) is obtained from the N x 1 vector w

after removing the m-th component. Invoking Schur’s block determinant relation [3, art. 217] yields!'?

(Avivy = Ad)  (anv)y

det
b\TN by

] = det (4\ vy = Aed) (b = bly (A vy = MeD) ™ (an)y)
Instead of row N, we can delete row m so that
det (A — /\kI)row meb = det (A\{m} — /\kI) (bm — b{m (A\{m} — /\k[)f1 (am)\m> (47)

where (am)\m = (A1m, - Gm—Tims Gmt1m, - - - ANm) and (A — )\I)_l is the resolvent [3, art. 215].
Using (47) in (35) transforms (34) to

Br
—1
bj = b(; (Avggy — Mel) ()

(zr); = (48)

which illustrates the seemingly dependence of (x) ;jon the arbitrary vector b.

12We remark that, in case b = u, then

(Acviny —AI)

det (AG T Y

- )J) — det

cone(N)

where Geone(y) is the “cone at node j” of the original graph G, which is the graph where only node j has now links to all
other nodes in G. In other words, the node j is the cone of the graph G\ {j}. Thus, even if ay = u, det (A — AI)
is not equal to det (AG — )\I), unless A = —1.

row N=u

cone(N)
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If b = e,,, the basic vector with all zero components, except that the m-th component is 1, then
(48) reduces with g, = b xy, = (), for j #m, to
(1) m
(A =MD (a),)
else, for j = m, we find from (48) an identity, because b,, = 0. Interchanging m and j, the ratio

(wk)j

(*1)

(xk)j = (

, expressed in two ways, leads to
— 1
(Aygmy = M) (@), ) = -
( )j ((Avgy =MD ™" (@)y)
When the vector b equals a row vector in A, it can be shown (see e.g. [28],[3, art. 259]) that
1
T —2
L+ (az)y; (Avgy — Med)  (a5)y

m

(21)] =

Indeed, let b = (A — Mg 1), then

(Avvy = Md)  (anv)\w

det T
(an)h\n aNN — A

] = det (A\{N} — )\kI) (aNN — /\k — G{N (A\{N} — )\kI)il (CLN)\N)

(Avvy — M) an

Since det (A — A\ I) = det T
(an)\n aNN — Ak

] = 0, we deduce that

-1
)\k :aNN—a{N (A\{N} —)\kI) ((LN)\N
which is equation in [3, top on p. 370], derived differently.

E About the determinant det =

Adding all rows in =’ in (32) to the last row and using (40) yields

det (AG\{l} — /\1[) det (Ag\{l} — )\2]) <o+ det (AG\{l} — /\NI)
det = — det (Ag\{g} — )\1[) det (AG\{Q} - )\21) <o+ det (AG\{Q} - )\NI)
—c (A1) —cy (A2) e =y (An)

In contrast to adding all rows to the last row and invoking Zﬁ[:l det (A\(ny — AT ) = —d4 (A) in (40),
adding all the columns to the last column results, with (2) and (15),

N N N N
D det (Ac\ggy = Mel) = (Z II oz A>) =~ (), =~ ke (44)
k=1
qq

k=1 k=1 I=1;l£k
in
det (AG\{l} — /\1]) det (AG\{I} — )\2[) cee — (C/A (A))ll
det = — det (Ag\{g} — /\1[) det (Ag\{g} — )\2]) cee = (C{A (A))22
—cy (A1) —cy (A2) e = e ()

Given that A\, is a simple eigenvalue, it remains to find conditions on the graph G for detZ’ to be

Z€ero.
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