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Abstract

We investigate a generalization of Binet’s factorial series in the parameter o

)= > b (a)
#() mZ::l Pz ratk)

due to Gilbert, for the Binet function

i) = logT (2) (z— ;) log 2 + 2 — 5 log (2)

After a review of the Binet function u(z) and Gilbert’s investigations of u (2), several properties
of the Binet polynomials b,, («) are presented. We compare Gilbert’s generalized factorial series
with Stirling’s asymptotic expansion and demonstrate by a numerical example that, with a same
number of terms evaluated, the Gilbert generalized factorial series with an optimized value of «
can beat the best possible accuracy of Stirling’s expansion. Finally, we extend Binet’s method to

factorial series of Laplace transforms.

1 Introduction

1

In his truly comprehensive’ “memoir” [2, Section 3, p. 223] in 1839, Jacques Binet defines his function

(%) in relation to the Gamma function I' (z) as

w(z) =logl (z) — (z—é) logz—i—z—%log(%r) (1)

Binet has derived two integral representations of his function [32, p. 248-251], [22, p. 211-217], for

Re(z) > 0,
% arctan (L
p(z) = 2/ T,(Z)dt (2)
0 e 1
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There exist more representations? of y (z), but here we merely concentrate on elegant, converging
factorial series for Re (z) > 0 due to Binet? in [2, p. 234],

e Bm
H(z)_z::(z+1)(z+2)~--(z+m) ©)

m=1

where the coefficients are

,Bm:;/ol<u—;>u(u+1)-~(u+m—1)du (1)

Explicitly, 81 = B2 = 75, 83 = 555, 81 = 25, B5 = 55, Bo = Loy Br = Zaaet, s = 25, and B,y is
positive and rapidly increasing in m. Nearly at the end of his memoir and somewhat hidden, Binet
[2, p. 342] has given a second factorial series (38), that is rederived slightly differently in Theorem 1
in Section 3.2 and generalized to Laplace transforms in Section 8.2.

Recently, Nemes [17, Theorem 2.1] has generalized Binet’s expansion (6), for 0 < a < 1 and
Re(z) > 0,

logF(z—i—a):<z+a—;>logz—z+élog(2w)+Zl(z+1)(zin2()a.)”(z+m) 8)
where
1 am—1
cm(a):;/o (u+a;>u(u+1)---(u+m1)du; ; jl_[o(ua+1+j)du 9)

Clearly, if a = 0, we retrieve Binet’s first factorial expansion (6) and coefficients 5, in (7). Nemes’

expansion (8), expressed in terms of Binet’s function p (z) with the definition (1),

p(z) = (Z—;)logz_a+a+§: m_cm(a)

z

bears resemblance to
oo

B b, (@)
PO = D T e R (10)

m=1

?Blagouchine [3] lists 7 different formulae for log T ().
3In Binet’s notation [2, p. 234],

I(1) 1(2) 1(3)

2#(2):Z+1 2(z+1)(2+2) 3(z+1)(z+2)(2+3

4. 4
j (4)
where the integral form of the coefficients (derived at [2, p. 238]) is
1
I(m)z/x(m+1)(az+2)~~-(m+m—1)(2x—1)d:c (5)
0

Binet [2, p. 234] lists the first few coefficients, I (1) = é, %, I1(3)= % and I (4) = %.



in our main Theorem 3, where the coefficients b, () are called Binet polynomials, to honour Jacques
Binet. Much earlier, Hermite [14] has deduced the corresponding generalized Stirling asymptotic

expansion

K
logF(z+a):<z—|—a—1>logz—z—|—log (2m) +Z (11)
k=1
in terms of the Bernoulli polynomials B, (a) that reduces for a = 0 to Stirling’s original asymptotic
series (28). Starting from a complex integral (24) for Binet’s function p (2), Stirling’s asymptotic series
(28) is derived in Section 2.4, where also the meaning of the upper bound K is explained. Section 2.5
presents the convergent companion (31) of Stirling’s divergent series (if K — oo in (28)).

The main motivation that led to this article is twofold. Originally, I was confused about Binet’s
achievements: he derived two different factorial expansions (6) and (38) for the same function p (z).
While I thought initially that one of them must be wrong, I discovered later with (10) that infinitely
many different factorial series exist. However, Gilbert [8] has anticipated me about 150 years earlier.
The second motivation was my unbelief that Stirling’s asymptotic but divergent expansion seems
unbeatable in performance for some optimal, finite K.

Rediscoveries seem to appear frequently in mathematics. In earlier versions, I wrote that “our main
result is the demonstration that there exist infinitely many different factorial expansions in a complex
parameter « for Binet’s function u(2)”. After Gergé Nemes informed me in January 2023 about
Gilbert’s investigations in [8], I have reoriented the article by integrating the beautiful discoveries of
predessors with my own findings in Theorem 3 (Section 5) and for Laplace transforms in Theorem
4 (Section 8.3). My approach is different from Gilbert’s and an integrated presentation provides a
broader view on Binet’s function p(z). For a = 1 in (10), we recover Binet’s first factorial series
(6) with by, (1) = B, in (7), while @ = 0 in (10) corresponds to Binet’s second factorial series (38)
with by, (0) = ¢, in (39). Interestingly, the a = 1 factorial series has all positive coefficients and
any truncation thus lower bounds Binet’s function p (z), while the e = 0 factorial series is shown in
Theorem 2 to possess coefficients ¢, < 0 for m > 2. Thus, a truncation of (38) upper bounds y (z). For

o around <+, which is close to the largest zero of the Binet polynomial b,, (a), numerical computations

10°
exhibit the fastest convergence. With the same number K of terms evaluated, the variant o = 0 is
more accurate than the variant @ = 1. Perhaps, the slower convergence of Binet’s expansion (6) has
led to its omission in handbooks of functions, like Abramowitz & Stegun [1] nor in its successor by
Olver et al. [19].

We will first discuss the main properties of Binet’s function p (z) in Section 2.1 and the deductions
from the complex integral (24) in Section 2.3, before we review parts of Binet’s great treatise. In section
3.1, we sketch Binet’s route towards his first factorial series (6), that is covered in the literature (see
e.g. [32, p. 253], [20, p. 30]). Binet’s second factorial series, that I have not found in later works, is
derived in more detail in subsection 3.2, also because I believe that, being the case o = 0 in (10), it
is slightly more important than his first series (6) corresponding to @ = 1. Moreover, Binet’s method
towards his second factorial series, which is a recipe in five steps, enables a far reaching generalization
to Laplace transforms as explained in Section 8. Section 4 reviews Gilbert’s remarkable investigations
in [8]. I have slightly generalized in Section 4.2 his derivation of a generalized factorial series in

(53) for Binet’s function pu(z). Section 5 presents my derivation of Gilbert’s generalized factorial



series for p = 1 in (53) and properties of its coefficients that I have called the Binet polynomial b,, («).

2*12) are derived in Section 6 and applied to the digamma and

dz™
polygamma function. In particular for the digamma function 1 (z) = ?((z)) we thus add a convergent

Factorial expansions for the derivatives

series (75) to its asymptotic counterpart (76). Section 7 discusses and compares, with a same number
of terms, the accuracy of Stirling’s asymptotic expansion and the best possible that can be attained
by the generalized Binet factorial expansion. The commonly accepted belief about the superiority
of Stirling’s asymptotic expansion is demonstrated and plotted in Fig. 1. However, at the zeros of
the Binet polynomial b, («), the accuracy of the generalized Binet factorial expansion (10) improves
considerably as drawn in Fig. 2. By a numerical example, we show that Stirling’s series accuracy is not
always better than a factorial series (with a same number of terms)! In other words, the generalized
Binet expansion (10) can be optimized with respect to the “free” parameter a to achieve, at least, a
comparable accuracy with a same computational effort. Perhaps, this observation deserves to list the
generalized Binet factorial expansion (10) in handbooks of functions.

Computations are deferred to the appendices in order to enhance the readability and focus on the

essential parts.

2 Binet’s function pu(z)

2.1 Properties deduced from the definition (1)

The definition (1) of Binet’s function u (z) directly shows, for a positive integer z = n, that

11(n) = n +log (n— 1)! — <n— ;) log () — %mg(zﬂ)

The sequence g (1) =~ 0.0811, p(2) ~ 0.0413, p(3) =~ 0.0277, p(4) ~ 0.0208, w(5) ~ 0.0166....,
1 (10) ~ 0.0083 demonstrates the slow decay roughly as u(n) ~ ﬁ The precise decay is given in
(80) below.

Mazimum at real, positive values of z. Binet’s integral (3) can be rewritten as a Laplace transform

M(z):/oooe_;t <6t1_1—1+ )dt (12)

% + % < % for real, non-negative ¢. Since the integrand is positive for real z = x > 0,
we observe that i (x) > 0 for real, positive z. In addition, for a complex number z = x + iy, the above
integral shows that p (z) is analytic for Re (z) > 0 and that

o gt 1 1 1
],u(z)]§/0 ; (M—t+2)dtzﬂ($)

In other words, the maximum absolute value of Binet’s function x (z) for Re (z) > 0 is attained at the

positive real axis. Moreover, p (z) strictly decreases with x = Re (z). Another rather straightforward

) <max L (1] /00 IV NS O SIS
max — = e =—max- | ——— -+
o<t t\et—1 t 2/ J x o<t t \et—1 t 2

bound is




Since the maximum occurs at ¢t = 0, the generating function of the Bernoulli numbers B,

! —E—E—FiB E for |t] <2 (13)
- 2 (2n)! =

illustrates that maxo<; (e%l -1+ %) = B2 = L Hence, for z = Re(z) > 0, we find [32, p. 249]

1
< < — 14
() < p(e) < - (14)
Difference p(z+ 1) — u(2). Binet’s definition (1)
1
w(z) =logl (2 (z)logz+2210g(27r)

illustrates that the complex conjugate p* (z) = p(z*), by the reflection principle [26, p. 155]. The

functional equation of the Gamma function I' (z + 1) = 2I" (z) leads to
1
w(z+1)=1logT (2) +logz — < )log z+ )+z+1—§log(27r)

The forward difference Ap(z) = p(z 4+ 1) — u(2) equals

1
,u(z—i—l)—u(z):<z—|—2>logzjl—|—1 (15)
which is valid for any complex z, except at the negative real axis that is a branch cut for u(z). In
particular, around z = 0, the forward difference (15) shows, with (1) = 1 — £ log (27), that
1 1
p(z) ~ ~5 log z — B log (27) (16)

illustrating that Binet’s function u (z) possesses a logarithmic singularity at z = 0.

Erdelyi et al. [6, p. 24] deduce from Gauss’s multiplication formula that
z+1 1
/ logF(t)dt:zlogz—z+§log(27r)

which we rewrite with the definition (1) as

/:Hu(t)dt:;<z(z+1)log (ZZH> +z+;> (17)

Differentiation of (17) with respect to z again leads to the forward difference (15). For z =0 in (17),
we find fol p(t)dt = 1.

Gudderman’s series. If we replace z by z + k in the forward difference (15) and change the sign,
then (15) becomes 1 (z + k) —p(z+k+1) = (2 + k + 3) log (1 + zik) — 1. Summing over integer k

results in a telescoping series ZkK:O {pz+k)—pz+k+1)}=pn(z) —p(z+ K +1) leading to

u(z)—u(z+K+1):é{<z+k+ >1og<1+zik)—1}



When K tends to infinity, the bound (14) shows that limg oo (2 + K +1) = 0 and we obtain

Gudermann’s series [11]
u(z):i Z+kz+1 log lJrL -1 (18)
2 z+k

k=0
Reflection formula of Binet’s function p(z). We replace z — 1 — 2z in Binet’s definition (1)
1 1
p(l—2z)=1logl'(l—=z2)— <2 —z> log(l—2)—z+1-— 510g(27r)

which added to p (2) in (1), yields

z

1
p(z)+pn(l—2)=log(T(z)T(1-2))— (z— 2> log T + 1 —log (27)
After invoking the reflection formula of the Gamma function I' (2)I'(1 —2) = Z—, we find the

corresponding “reflection” formula for Binet’s function

z

pw(l—2)=1—pu(z)—log(2sinwz) — <z—1> log (19)

2 1—2z

which is valid for any complex number z = = + iy, with the exception of the negative real axis and
odd integers x = 2n 4+ 1 with n € Z at any y. Since pu(z) is analytic for Re(z) > 0, the Binet
reflection formula (19) illustrates that Binet’s function p(z) has only logarithmic singularities at

negative integers z = —k (with k£ € N) including z = 0, as shown in (16).

Duplication and multiplication formula for p(z). Combining the duplication formula I"(2z) =

Qi;;rlf(z)I‘ (24 3) in [1, 6.1.18] for the Gamma function I'(z) and the definition (1) of Binet’s

function p (z) leads to

u(2z):u<z+;>+u(z)+zlog(1+2lz>—; (20)

which is generalized by Gauss’s multiplication formula I' (nz) = (2%)%(1_71) n" 2 HF (z+ %) in [1,
6.1.20] as
— E\ = ko1 k 1
w(nz) :u(z)—i-;u <z+n> +kZ:1 <z+n - 2> log (z—i—n) —(n—-1) <2+zlogz> (21)

After choosing z = 1 in (21), we find for n > 2

(S e RGeS

For example, for n = 2, we obtain pu (%) = % (1 —log2) ~ 0.1534 but, for n = 3, u (%) =1—pu (%) —
+log (2) — Llog(3), which is also immediate from Binet’s reflection formula (19). The duplication

formula (20) yields a closed expression for z = n + % with integer n > 1,

2n—1
u(n-k;) = kz: logk—n(log(4n+2)—1)+%(10g(2)+1)

6



2.2 Gilbert’s infinite product for I'(2)

Gilbert [8, art. 3] further investigates Gudermann’s series (18). After remarking that

K K
1 1 1
(z+k+2>log<1+z+k> :Z<z+k+2> (log(z+k+1)—log(z+k))
k=0 k=0

K

+1 1 K
= 2 <z+k—2)log(z+k)—kz_o<z+k+ )log(z—l—k)

and reworking the (telescoping) sums,

K
1 1 1
— 1 1+—— ) = K+-]1 K+1)-— 1 1

g <z+k+2> og( +z+k> <z—|— +2> og(z+ K +1) ( >og g og(z+ k)

k=0
Gilbert [8, art. 3] finds

K
1 1
,u,(z)—,u,(z—i-K—i—l):kZ_O{(z—i-k—i-2>log<1+_i_k)—l}
1 1
—<z—|—2>log(2)+< + K+ )log( +K+1)—(K+1)-— Zlog (z + k)
and proceeding to the limit K — oo yields
1 1
w(z) = <z+ >logz+ lim {<2+K+ >log(z+K—|— )—(K+1)-— Zlog z—l—k}

Since

1 1 1
z+K+-|log(z+ K+1)=(2z+K+=)log | K 1+Z+
2 2 K

0g

1 1 z+1 z+1
—<z+K—|—2>logK+<z+2>l ( I >+K10g<1+ e >
it holds that

K
1 : 1
u(z)——<z+2>logz+z+Kh_r>noo{<Z+K+2>1OgK—K—ZIOg(Z+k‘)}

k=1

The definition logT' () = pu(2) + (2 — ) log 2 — 2 + 1 log (2) in (1) then shows that

logI‘(z):log<\/27r)+Kli_r)noo{<z+K+ >logK K — logH z—i—k:}

k=0
After exponentiation, Gilbert [8, art. 3] arrives at
z+n+%€—n
Vor lim —————
LY R T G )
which is another product form than the Gauss product
R 1\*? z\ !
re=_II(1+=) (1+2) 23
=11 (1+3) (1+2 (23)

n=1



and the Weierstrass product in (30) below. Gilbert [8, art. 4] adds that Stirling’s formula for large n

n! = \/ﬁn"'%e_" <1 + 0 (i))

transforms his product (22) with n* = [} (kH) to the Gauss product (23).
From the exponentiation I' (z) = v/2mz* ~2e=*+H() of definition (1) and using the bound (14),
Gilbert [9] derives, for z < n, the bounds

V2 1)z _(y_1)22 V2 _lyzy 1
F(;; A P G (==3) 32 <z(z+1)...z4n-1)< F(;;n””_%e_”e(z 3) 2+ TatrD

2.3 Complex integral for Binet’s function pu (2)

In Appendix A, we deduce the complex integral (in two ways)

1 ctioco
K T ),

- - with —1<e¢<0 (24)
278 Jo—joo SINTTS S

piz) =~
valid for any complex number z = |z| €!®"8* with |arg z| < 7. We substitute the functional equation
of the Riemann Zeta-function ((s) = 2(27r)“”_1 sin (1 — 5)¢(1 — s) in the integral (24), invoke the
reflection formula ' (s) ' (1 — s) = and obtain the variant of (24)

sin s

l /c+ioo (27TZ)S C (1 _ S) s

4i Jo_joo cosTH sinmsl' (1 + s)

w(z)=— with —1<e¢<0 (25)

The variant (25) allows the introduction of the Dirichlet series ¢ (s) = Y.j°; &= for Re(s) > 1 and
leads, after evaluating the resulting contour integrals, to Malmsten-Kummer’s series (see e.g. [3], [6,
23]) forreal 0 <z < 1

1 1 sinmr <= log(k) sin (2rzk
logT (z) = (v + log (27)) <2 - x) ~3 log - + Z (k) 7Tk:( ) (26)
k=2

We evaluate the integral (24) along the line s = ¢ + it, where —1 < ¢ < 0,

1 00 c+it it
M(Z)I—/ _z | C(c+,z)dt
2 sinm (c+it) cH+it
If we choose ¢ = —%, then the integral simplifies to
L\ [0 gitlogz C(_% —|—Zt)
=z 2 dt 27
iz =2 /_OO coshmt —1+ 2it (27)
1.y
Since ¢ (x +iT) = O (T%_x> for z < 0 and large T (see e.g. [27, Chapter V]), it holds that % =
O (1) for large t. Hence, the integral (27) can be bounded as
00 eit log 2z 1 + it oo —targ(z)
!u(z)ls\z—i/ | |63 ‘)dtSC’z_é/ C ___at
oo COshmt | —14 24t —oo cosht
where C is positive real number, demonstrating existence for all complex z = |z|e!®2* provided

larg z| < 7. In other words, the integral (24) defines Binet’s function y (z) everywhere in the complex



plane, except at the negative real axis, where pu (z) possesses a branch cut. The well-known Fourier

integral
00 eizu T 1
/ ——du= —————F valid for |Im z| < «
—oo Cosh au a cosh 22
1
shows that [~ OOOO c Otslhgﬂt dt = coshllogz = zfl and, roughly, that the the integral (27) can be estimated

as u(z) =0 (;), which complements the bound (14) to complex z, except at the negative real axis.
Branch cut along the negative real axis. The complex integral (24) indicates with z = re? that
1 (rei9> — i (refi(’) = — /CHOO 7s'in b5 ¢ (s) (5) r®ds
—ico SINTTS S
is purely imaginary, because p (rew) —u (re_w) =pu (rew) —u* (reie) =2¢Impy (reie), and that

o () () == [

100

By moving the line of integration from ¢ < 0 to ¢ > 1, two poles at s = 0 and s = 1 are enclosed and

Cauchy’s residue theorem leads to

p(re™) — p(re”™) = 2mi Qim ¢ (s)r®+ lim SOICEN ) — / e C(S) 2=Zrds

s—1 S —ioo
+ lim C r +iT) x”de — hm C v —iT) x_deJ:‘
T—00 x + T x — 1T

Due to ¢ (z +1iT) = O (Téf":) for z < 0 and large T" and since ¢ < 0 can be chosen small enough, the
limits 7' — oo vanish. After using Perron’s formula [26, p. 301], 5= 57 I 100 68) s g — Yooy L=1r],

' —ico S

which is the integral part of r, we find that the difference at both sides of the branch cut is periodic
inr >0,

() = o re™) = 2mi (=3 = 1)

and vanishes at r = % + n with integer n € N.
From the complex integral (24), we will deduce Stirling’s asymptotic series in Section 2.4 and its

convergent companion in Section 2.5.

2.4 Stirling’s asymptotic series

We cannot close the contour in (24) over the entire Re( ) < 0 -plane, because the functional equation
of the Riemann Zeta-function ¢(s) = 2(27)% ! sin ZT'(1 — s)¢(1 — s) indicates that ((—s) = O (T'(s)).
However, neglecting this restriction and using ¢ (— ) = %Bk_}rl and the odd Bernoulli numbers
Bajy1 = 0, for k > 0, leads to Stirling’s asymptotic approximation® [1, 6.1.41] in the Poincaré sense

4By introducing the generating function (13) of the Bernoulli numbers in Binet’s integral (3)

(2) f/oo et (1 ! dt = /0o e 7 iB L P
Hiz) = o t et—1 t o — am (2m)!

m=1

only valid for Re (z) > 0 and reversing sum and integral, while ignoring the convergence restriction |t| < 27 in the sum,

we obtain again Stirling’s asymptotic series (28).



(see e.g. [20])

Bom,
(2m — 1) (2m) z2m—1

(28)

Mw

K
Z Bk+1
k=1 — k(E+ 1) m=1

Although (28) diverges if K — oo, Fig. 1 in Section 7 below shows that Stirling’s asymptotic approx-

imation (28) is surprisingly accurate up to some finite K < K* (), where K* (z) depends upon z and
|Br 1]

k(k+1)|2]*"

On the other hand for |z| < 1, the contour in (24) can be closed over the Re (s) > 0 -plane, where

is roughly equal to the minimum k-value of

two double poles at s = 0 and s = 1 are encountered whose residues are computed in Appendix A,

resulting in

> \k
w(z) = Z(l)]fuf)zk —z(logz—1+7)— élogz— %log(%r) (29)

where the Taylor series of logI'(z + 1) around z = 0,
logT'(z+1) = —yz + Z

follows directly from Weierstrass’ product

F(zl—i—l) = e* ﬁ (1+ %) e=#/n (30)

n=1

k
In contrast to Stirling’s series S5, Wz_k for some finite K < K* (z) in (28), violation of the

restriction |z| < 1 in the Taylor series in (29) leads to useless results.

2.5 Convergent companion of Stirling’s asymptotic series (28)

The Taylor series of the entire® function (s — 1) ( (s) = Y ro_ gm (2) (s — 2)™ around sy = z converges
for all finite complex z. After substituting the Taylor series (s —1)((s) = >0 o gm (1) (s = 1)™
around sp = 1 into the complex integral (24), it is shown in Appendix A.2 that

00 m—1 v
1
=Y gm (1)) (= DY=1)m TSP () (31)
m=1 v=1 z
where Sﬁ,’f ) is the Stirling number of second Kind. The Taylor coefficients [1, (23.2.5)] for k£ > 0
K m m+1
(=™ In"n It K
gm+1(1) = m! Klgnoo 7; n m+1 (32)
are attributed to Stieltjes, with go (1) = 1 and ¢1 (1) = v = limg_,0 (ZnK 17— In K) However,

computationally, Stieltjes expression (32) is less suited and we present fast converging series for g,, (1)
in Appendix A.3. Since (s — 1) (s) is entire, the Taylor coefficients g, (1) = O (nlu) — just as those

5An entire function has no singularities in the finite complex plane and possesses a Taylor series around any finite
point with infinitely large radius of convergence. An entire function is sometimes also called an integral function (as e.g.
in [26]).

10



of any entire function of order 1 like e* — decay rapidly in m and only a few terms in (31) provide
accurate results for Binet’s function p (z).
Although the reversal of the m- and v- sum in (31) is not allowed, it is interesting to illustrate

what happens if we reverse the sums

! > m v (v 1
plz) =) (v-1) {Z gm1 ( S;IP} g (33)
v=1

We substitute the closed form (111) of the Stirling numbers, S( =1 doimo(=1)m J( )j*, using
S,g ™ 0if k< m,

ng+1 m U‘Sg}j-_ll) - Z Im+1 (1 )m UST(:L)III)
m=—1
v+1
m—v v v + 1 m
— — ng+1 ) Z(_1>+1 ]< ' > +1
j=0 J
v+1 0
v+1 el o
= U+1'Z ( )ngﬂ _q)mHljm
m=—1
With (s = 1) ¢ (s) =Y 0 1 gm (1) (s —1)™, we have
o v+1
m v v 1 ) — /U+ 1 . .
D s (0" = gy Sy (QRETEY
m=v 1=

After substitution in the “erroneous” series (33) for p(z),
o0 v+1
! v+ 1Y\ . N L
CEN = I (MY EIEE
v= 1

and using ((—k) = (,:i)lk By1 and Y70 ("]ﬂ)Bj = 0, we obtain

o0
LZ By11
v+1 v 2
vl

Hence, reversal of the m- and v- sum in (31) again leads to Stirling’s diverging asymptotic series (28).

The series (31) converges for all complex z with |arg z| < 7 and can be regarded as the convergent
companion of Stirling’s asymptotic series (28).
3 Binet’s investigations

3.1 Binet’s first factorial series for p (2)

We review Binet’s first expansion for p(z) in [2, Section 3, pp. 223-229]. Writing log ;37 =
log (1 -3 +1> Binet expands the right-hand side of the forward difference formula (15)

“<Z+1)_N(2)=1+<z+;>10g<1—zil>

11



by introducing the Taylor series around zy = 0 of log (1 — z) = — >°°° | 2~ convergent for [z| < 1, and
obtains for |z + 1| > 1,

B 1
1)== 34
p(z) —plz+1) =3 Z n—|—2 +1) (z 4 1) (34)
Binet replaces z — z + k in (34), sums over all integer k£ > 0,
1 [e'S) N—-1
k E+1)==
Do pulztk)—p(z+k+ 2Z:n+2 (n+1) & z+k+1”+1
n=1 kfo
and rewrites the telescoping series at the left-hand side
1S n = 1
z)—u(z+N) =
p(z) = p(z+N) QRZI(HQ)( EZ% CirT

After observing that imy_oo gt (2 + N) = 0 (which follows e.g. from the bound (14)), Binet [2, eq.

(58), p. 229] arrives at his first convergent expansion

1 [e.9]
- 35
2; n+ 2) n+1§z+k+1”+l (35)
Analogously, substitution of the Taylor series log (1 + 2) = 2, (71)2_1” for |z| < 1in Gudermann’s
series (18) yields, after reworking®,
1 Z D (36)
— 9 vt (n+1)( n+2)kzo(z+k)"+

The polygamma functions (™ (z) = dz” logI' (z), for any integer n > 1, possess the convergent series
1, 6.4.10]
1
() () = 1)+l -
Y(z) = (1) kZO e (37)
In terms of the polygamma functions (37), we rewrite the two variants (35) and (36) as

B =32 g™+ D ()

n:l
1 & n
p(z) = ) ; m¢(n)(2)

Binet [2, art [20], p. 232-234] then concentrates’ on the evaluation of the k-sum in (35), thus
on the higher-order derivatives 1™ (z) of the digamma function v (z) and presents [2, p. 234] his

5Adding (35) and (36) still yields a slowly convergent series

1 1 1 1S 2n—-1) &
w(z)= 4(2z+ )log(1+ )*5 EE:: 2n+1))nz z+k

k=1
"Binet invokes the factorial expansion £ = ll:izigg > o #’m, derived in (97) below, with p = z + « and
a=b+a,
11 L@ ala+1) . Z (a+m)
p—a p p+D  pE+DE+2) Fp+m+)

and Newton’s difference expansion f (p+a) = 355 A" f (p) (£). Our factorial expansion in (50) generalizes (97).

12



first factorial expansion (6). Binet [2, art [21], p. 242] proceeds by constructing integrals for p (z).
Introducing Euler’s Gamma integral — L = [y7 t5 e " dt, valid for Re(s) > 0 and Re (z) > 0, into
(35) yields, for Re (z) > 0,

1 oo
- v o= (ztk+1)t gy
niz) 2Z (n+2) n—l—l an/

n:l

After reversal of integral and k-summation,

O e
HAE =75 n+2)(n+1)n! Jy et —1

n=1

: n _ 2 1 : .1 oo n " ett—2et 424t
and using m = n+ 2 T ngl in the n-sum, which results in 5 anl mﬁ =Tz
then leads to Binet’s integral (3). Via an integral due to Poisson, ztﬂ — % = % OOO S;;;tf_df, Binet

also derives (2). Binet writes at length and reconsiders previous derivations, but his great Memoire

definitely contains the foundations about his function p (z).

3.2 Binet’s second factorial expansion

Theorem 1 A second convergent factorial series of Binet’s function u(z) is

w(z) = imzz:l ZL_;?(Z—F/{?) for Re(z) >0 (38)

where the rational coefficients are

(—1)"! i kS
"~ (k+2) (k+1)

and S,(,lf) is the Stirling Number of the First Kind.

We essentially follow the steps in Binet’s original proof in [2, p. 339]. In Section 8.2, we formalize
Binet’s proof as a recipe in five steps.
Proof (Binet): Binet [2, p. 339] substitutes e =1 —w or t = —log (1 — u) in the integral (3),

L Ta—w)*! 2—u 2u
2u(z) = /0 " <10g - + log? = u)) du (40)

and proceeds to expand

2—u N 2u _2{ 1 N u } u
log(1—u) log?(1—u) ~ llog(l—wu) log?(1—u) log (1 —u)

in a Taylor series around u = 0. Instead of following Binet, who has used integrals rather than
Stirling numbers Sﬁf ), we invoke the Taylor expansion (109) for n = 2, derived in the Appendix B and

convergent for |u| < 1,

1 u R
10g(1—u)+10g2(1_u):_2_2<




and the Taylor series (107)

w2 (E) S

k=1

to obtain the Taylor series, valid for |u| < 1,

2—u 2u =& kS (—u)™
log (1 — u) +log2(1—u) :mzl <; (k+2) (k‘—{—l)) m! (41)

Introducing (41) in Binet’s function (40) and reversing summation and integral, justified because a

Taylor series can be term-wise integrated within its radius of convergence,

oo m kS,(TIf) (_1)m—1 1 el
2 (2) :mZ::l (Z (k+2)(k+1)> ml /0 (L —u)™ ™

k=1

using the Beta integral fol WPt (1 —w) " du = %, valid for Re (p) > 0 and Re (q) > 0, yields a

converging series, for Re (z) > 0,

1I& (& kS (—1)™ ' T(2)
“(2)‘2;<§(k+2)(k+1)> m T (z+m)

With (Z?;n) = 21:_01(2 + k), we arrive at Binet’s second factorial series (38). O
The first few coefficients ¢, in (39) are ¢; = %, co =0, cg = —ﬁ, cy = —ﬁ, cs = —%,
_ _u _ 3499 . . _ 1039 _ 369689
6 = —gg» 7 = —35g10» Which are smaller in absolute value than 1, but cs = —535, co = —J3gg;

exceed 1 in absolute value. It holds that |¢,,| > 1 for m > 8 as shown below after Theorem 2.
The generating function of the Stirling numbers ng) of the First Kind [1, Sec. 24.1.3 and 24.1.4],

IEARRCES) _m‘lmi NG b
!<m>_F(:E+1—m)_,£[O( k:)—ZSm )

indicates that Y ;- Sm S*) = 61,,. Thus, we can add ady pySm ") to Py % in (39) and find

that the coefficient equals

(-1t in: ak 3a— 1)k +2a
Cm = S form > 1 and any a € C
2m = (k+2)

For example, for a = % and m > 1, we find

oYM (R =) (= 2)
" 12m = (k+1)(k+2) "

illustrating that co = 0. The second generating function of the Stirling numbers S’,(ff), convergent for
lu| <1, is (see e.g [1, 24.1.3.A])

b S g U
log"(1+u) =k Y S% — (43)

m=k

14



Theorem 2 The rational coefficients c,, in the second factorial series (38) of Binet’s function p (z)

can be represented by an integral

Cm = ;/01 (u - ;) u;i_lll(k —u)du (44)

Moreover, all coefficients cy,, except for the first two, are negative, i.e. ¢, <0 for all m > 2.

Proof: Using W 2 L, the coefficient ¢, in (39) is written as

FES i r R Eu

(D)™ SW ()™ 28
2m Zj—i—l 2m Zj+2

Cm —

J=1 Jj=1

Multiplying both sides of the generating function (42) of the Stirling numbers Sf,f) by z?~! and
integrating yields
b m—1 m pita — glta
/ LT = ydu = 3 s L (45)
a k=0 1=0
After substituting the case for ¢ = 1 and ¢ = 2, we obtain

D" o TT e
Cm ="~ /0(1 2u)k1;[0(u k)du

from which (44) follows. For m =1 in (44), we find ¢; = fol (u—3)udu = 4.

In the second part, we will demonstrate that ¢, < 0 for m > 2. Since u]_[zl:_ll(k —u) > 0 for
u € [0, 1], we split the integration interval in (44),

— /0%’ <u— ;) ulell(k: —u)du+/; <u— ;) u:j:[ll(k )

After making the substitution © = 1 — w in the last integral, we arrive at

mcm:/oé (;—u> (1—u)u{nﬁl(k—(1—u))—ri_[1(k—u)}du

k=2 k=2
For m = 2, the right-hand side is zero, because the two products are equal to 1. Since 1 — u > u for
0 < u < 3, the product 175 (k= (1 —u)) <TI0 (k — u) for u € [0, 1) and for m > 2. Hence, we
conclude that ¢, < 0 for m > 2. O

The important fact in Theorem 2, that all coefficients ¢,,, < 0 for m > 2, implies that any truncation
at m = K > 2 terms in (38) upper bounds Binet’s function p (z). In appendix D, we derive an other
integral (113) for the coefficients c,.

3.3 Growth of the coefficient ¢,, with m

Since T[7, (k —u) = (m — u) [[}"' (k — u) for m > 1, the integral (44) becomes

<m+1>cm+1:/01 (u—i)u(m—u)iijll(k—u)du
:m/ol <u—;>u§(k—u)du—/ol <u—;) UQZE[ll(k—u)du

15



The last integral is smaller in absolute value than m|c,,|, because u?> < u for u € [0,1]. However,

unlike the proof of Theorem 2, the last integral is positive. Indeed,

O N O R () (R R B

k=2

and (1 —u) [TE5HE — (1 —w) > u [ (k—u) for 0 <u < %. Thus, we find the inequality
(m+1) eyt > m2cpm —mlem| =m(m+1)cn
Iterating this recursion inequality, ¢, > (m — 1) ¢py—1, yields

e = (M= 1) ey =2 (m— 1) (m— p) ey

(m—1)!
720

With c3 = 0 and p = m — 3, we obtain ¢,, > — . The recursion inequality demonstrates that
|em| increases strictly with m for m > 2.
The logarithmic behavior (16) of u (z) around z = 0 shows that lim,_,o 2z (2) = 0. Binet’s second

factorial series (38), written as

o

. Cm |Cm+1‘
Z,UJ(Z) - Z m—1 12 Z Hk- . Z_I_k)

m=1 11k=1 (z+ k)

illustrates, with lim,_,o zpu (2) = 0 that

o

0 — Cm _ i |Cm|
(m—1! 12
m=1 m=3
where ZK le), converges very slowly with increasing K. For positive real z, it holds that
oo 31‘[’”|617ml+k < S 37 lcml et = -, which agrees with the bound (14). Since all ¢, < 0 for

2 < m by Theorem 2, the convergence indicates that ( sy 0] ( T +€) for € > 0. Alternatively, with
Pk —u) = (m = DTS (1 — 4), the integral (44) is
m—1

i), (=) IO

Since all factors in the last integrand are in absolute value smaller than or equal to 1, the integral

|C'm‘ 1

decreases in absolute value with m and we conclude that a1 < o which is a prerequisite for
convergence of Y °_, ﬁ The asymptotic behavior of ¢, for large m is computed in the Appendix

E.

4 Gilbert’s investigations

4.1 Gilbert’s expansion (49) of x(2)

By substitution in Binet’s integral p(z) = [j° 6;—% (et£1 -1+ %) dt in (12) of the partial fraction
8

expansion

1 1 1 > 1
t—1 t_2+2t;4k27r2+t2 (46)

8Cauchy’s integral e%l =

27” fC(t m, where the contour C' (t) encloses only the point w = ¢, leads, after

deforming the contour to enclose the entire plane except for a small region around w = ¢, to (46).
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Gilbert [8, art. 6] obtains
o0 oo e~ 7t
=2 ————dt 47
?) ;/0 k272 1 12 )

which was due to Cauchy. Using the Laplace transform [~ e™*"sin (au) du = for Re(z) > 0,

2+ 2
Gilbert [8, art. 6] reformulates the integral

oo 1 oo oo
—zt U 3 _ —(z24u .
/0 a2+t2 / dt e / e " sin (au) du = a/o (/0 dt e~ )t> sin (au) du

:/ sm(au)du
a Jo zZ+u

11 (2
1 Z 1 / sin (2mku) du (48)
7Tk: k z+u

and obtains

which can be written as

1 [ du < sin(2mku)
H(Z)—W/O z—}—ul; k

Gilbert (8, art. 8] then introduces the Fourier series » -, Singﬁku) = 5% for u € [0, 2] and finds, after

some manipulations, that
Z / 5 — ac dac (49)
Z+k+ax

Next, Gilbert [8, art. 9] shows that (49) can be obtained from Gudermann’s series (18), while (49)

)da: . %)du
2kt fo m7
into a geometric series and using the integral fo (z — 5) 2"dz =

leads to Binet’s series (35) by observing that fo expanding the denominator

2(n+1)(n+2) :
Gilbert [8, art. 14-16] derives from (48) the Stirling series (28) and the Malmsten-Kummer series

(26). Analogous to the theory of the Riemann Zeta-function [27], Gilbert [8, art. 17] integrates the

—zt

argument f (t) = ( A -1y %) in Binet’s integral (12) along a contour that starts at the origin

t et —

the complex t-plane along the real t-axis, until ¢ = R, travels along a circle t = Re® to the imaginary

a small semicircles in the positive Re (¢)-plane. After letting R — oo and invoking Cauchy’s integral
theorem, Gilbert obtains, after some manipulations,
1 s 27rkz 1 < /1 sin (2zx)
k=1
as well as > 2, 78111(2,:]%) = [;°

Kummer series (26) in [8, art. 30].

(% — cot a:) C(’S(mﬂda:, from which he again deduces the Malmsten-

4.2 Gilbert’s generalized factorial series for Binet’s function

Gilbert started from the factorial series (see footnote 7) due to Stirling We slightly generalize Gilbert’s

derivations in [9] by starting from our general factorial series of W in (50).
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In the identity ;161 = - Jrlbk + (Z’lbf) ) for arbitrary numbers b, we recursively replace ﬁ in
each iteration k
1 . 1 4 b1 —a
z+a z4+b  (24+b1)(z+a)
1 by —a 1 bi—a by—a 1

z4+by  (z4+b1)z+by  (2+b1)(z2+b2) (2+a)

and obtain, after p iterations, the finite factorial series

P P

1 b — 1 bj —

> | e )
z+bl s b+ 2 z—i—aj:lbj—i-z

z—i—a_

If a, z and the set {b;}, <j<p are positive real numbers, then (50) converges for p — oo, because
p bj—a bj—a
7j=1 b]-—i-z bj+z

possessing a series > o~ a2z~ such as Laplace transforms in Section 8, infinitely many factorial series

— 0 as < 1. The factorial series (50) for (z +a)~' demonstrates that for functions,

are possible. Leaving convergence considerations aside for an arbitrary set {b;}, j of complex numbers

when p — oo in (50), Cauchy’s integral f (z) = 5L fC f(w ~dw becomes with (50)
LSS T f (w)
—sm o+ [ R

I=1 j=1 (2) +w

: A : 1 f(w) —
If the contour can be closed over the entire w-plane and all b; are different, then 5 /. O T, byw dw =
Zk 1 H% and we formally arrive at a generalization of Taylor’s series

J=1;5#k %3~ Vk

-1

oo 1
9=} TT s +2) (51)

l
=1 k=1 Llj=1;5#k (bj - bk) j=1

Explicitly,

7= 7 HEZTER)
2 1

f(=t) f(=b2) f(=bs)
N ((52 —b1) (bs—b1)  (bs—b1) (bs —ba) (b —b1) (b — bz)

*(i 1 ) )(bl+2)(bz+z)(b3+z)+~--
purll | EEROIN (Y

We omit here the further exploration of (51) and continue with Gilbert’s method.

) (by +2) (b + 2)

Substitution of (50) with z — z 4+ k and a = x in (49) yields, for positive real z and b;, a general
factorial series

1

Jo (3 =) TI;Z) (b — V(g —2) [T (b —2)
ZZO I T ZH b+z+k:)/dx2 z+;<:—i1-a; du

=0 = 1 (bj+ 2+ k)

because fol (% — :U) dx = 0. If p — oo, the last sum, which is bounded? in [9], vanishes and we obtain,

9As shown below, for b; = j — 1, the series reduces to Binet’s second series (38) and the remainder in the integer p,

S GG
Y e e

0
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for any set {b;}, <j of positive real numbers, the general factorial series

00 1 1 ) -1 00 1
:Z - —x H(bj—m)darz . (52)
P /0 (2 e = [li=y (bj + 2+ k)
SInCe T o)~ (orre ) (o b [Ty e 2 With the partial fraction gy =

(blibl) <(b1+12+k) — (bl+lz+k))v we rewrite the infinite k-sum as

Sy e (e e
k:oni':ﬂbj"‘z“‘k) kOH b (bj+2+k)(br—b1) \(br+2+k) (bi+z+k)
1 o) 1
_ (b—b1) . (b;—b1)
= H§:1 (bj+z+k) =TTy (bj+2+k)
1 o) 1
(b —b1) ®—b1)

el § R a2tk S 12 (b1 + 2+ k)

If bj11 = bj +m, where m is an integer, then the second sum is

i -1 ﬁ = 3 i) : - Z (b 1b1)
i—o II=1 (bjs1 + 2+ k) k::OH 1 (bj +z+k;+m - L (bj+z+k)
and a finite series is found
o0 1 B 1 m—1 1
kz—onz‘:l(bj"i_z_'_k)_(bl_bl); b+ 2+ k)

Since the solution of the difference equation bj41 = b; +m is b; = jm + by, we conclude that only
if b; is linear in j with highest coefficient an integer, the infinite k-sum can be written as finite sum.
Gilbert [8, art. 13] has started from (50) with the choice b; = b+ (j — 1) p, in which case

i 1 1 = 1
kzol‘[g.:l(bj+z+k) C=Dpim I 0+ip+2+k)

Substituted into the general series (52), Gilbert arrives at a general, double sum factorial series

ip 1 % % )Hé;%(b—i—jp—x)dac (53)
P =0 0(b—|—jp—|—z+k)
which complements ¢(z) = 8> >° M in (90) below, for p > 1. For b = 0 and p = 1,

m=0 [[7" ,(Bz+a+k)
Gilbert’s factorial series (53) reduces to

which is Binet’s second factorial series (38). For b= 1 and p = 1, Gilbert’s factorial series (53) reduces
to . .

=S Lh G IOty o)
Hé-_zlo (1+j+2)

=1
which is Binet’s first factorial series (6).

is nicely bounded by Gilbert [9] as |R,| <

I(z) e 25 (=+3)
64z p* :

5 4Z2 m, where v is Euler’s constant. Gilbert also presents another

bound |R,| <
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5 Gilbert’s factorial series for the Binet function x (z)

We investigate Gilbert’s factorial series (53) for p = 1 further. Several forms and properties of the

coefficients in Gilbert’s factorial series are deduced.

Theorem 3 Binet’s function p(z) possesses infinitely many factorial expansions in the complex pa-
rameter «, for Re(z) > 0 and Re (o) > —Re (2),

2) — . bm(a)
#() mzl 1t atk)

where the Binet polynomials in o are

m (o 1)\E2 1) (a*t! = (a—1)F
4}72{: (a—1) n (30 ( ) (1) s®) (5a)
m e~ kE+2 E+1

and Sr(,lf) s the Stirling Number of the First Kind. Another expression in terms of the coefficients
ck = b (0) in (39) is

m—1 m—k—1
(@ =cnta> (12) ] @+ (55)

k=1 j=1

The corresponding integral representation is

bon(0) = ;/:1 (m + (; _ a>> nﬁluc + 2)da (56)

In particular, by (o) = 15 and by (a) =

Proof: We write Binet’s integral in (40), valid for Re (z) > 0, as

B 1 (1 . u)erozfl o -1 u
v = [ — -0 (g~ i)

After substituting the Taylor series (110) in Appendix C

z2-1 u = b (@)
u)=(1—u)"“ 2 - = " 57
and following the same steps as in the proof of Theorem 1, we arrive at (10). Executing the Cauchy
product of the two Taylor series of (1 —u)™® and go (u) = > (mcjll)! u™ and equating corresponding
powers in u, leads to the factorial expansion (55) of the Binet polynomial by, (o) in terms of the
coefficients ¢ = by, (0) in (39).
We proceed by deducing (54). Introducing the series (10) in the difference formula (15), provides

a factorial expansion for the function

1+< >log _ZHk0z+a+k) (58)
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which we rewrite, after denoting y = z + «, as

(o) {1 e (5} - Z e

We expand now both sides of (58) into powers of % The Taylor series around zy = 0 of log (1 — x) =
— >y %, convergent for |z| < 1, in the left-hand side of (58), leads, for max (|ao — 1|, |a|) < |y], to

1 (1 — aT_l) o0 ak—‘rl _ (Oé _ 1)k+l (% — a) (Oék — (Oé — 1)k) 1
1-(y+=-—« logiz—z + —

2 (1 _ g) — k+1 k Y

m k=2
Nielsen [18, band I, p. 68| derives
1 > m—k o(m) 1

_ = -1 S 59
Mm% )

where S,g") denotes the Stirling Number of the Second Kind [1, Sec. 24.1.3 and 24.1.4], which we use
in the right-hand side of (58)

mby, () > > ym- ko(m) 1

leHZ"‘:o(yﬂLk) mzlmbm k;n Sy
00 k

=533 mba(a) ()" F S} >y1+1

Equating corresponding powers in % of both sides in (58) yields, for k > 1,

k B2 _ (o — 1)FH? (1 -a) (ak“ —(a— 1)k+1)
b () (1) R S = & 60
Finally, after multiplying both sides in (60) by (—1)* Sj(k), summing over k € [1, j], we have
ik j k42 k42 (l — a) (a]“'1 — (a— 1)k+1)
m q(k) o(m) _ " —(a—1) 2 k olk)
SN mbp(e) ()" SV =Y " - o (=1)"5;
k=1m=1 k=1
We reverse the k- and m-summation in the double sum at the left-hand side
LS (k) g(m) : : (k) g(m)
SN mb(e) (1) SV = mbm(a) (1) (Z SVs." )
k=1m=1 m=1 k=m
invoke the second orthogonality relation for the Stirling numbers [1, sec. 24.1.4]
J
35S = 8 (61)
k=m

and obtain 21;:1 Eﬁl:l mbp, (a) (—=1)™ S](.k)Slim) = jc; (a) (—=1)?, which demonstrates (54).
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The corresponding integral representation of the coefficient b,,(«) is translated, via (45), as

by (ar) = /_:_1) <u _ (; _ a>> nﬁl(k _ w)du

k=0
After substitution of x = —u, we arrive at (56). O

We now discuss implications of Theorem 3. There are two particularly interesting cases of the
Binet polynomial by, («) in (54): for a =0,

1 «— k "
b (0) = ¢y = o ; {(k+1)(k+2)} (=)™ S5

but o = 1 leads to the original Binet coefficients (7),

1 & k —m
bm(l)zﬂm:mZ{MM}(_l)k S

k=1

Since (—1)FJ Sj(k) is a non-negative integer, it follows that the original Binet coefficients S, = by, (1)
are all positive, in contrast to b,,(0) = ¢, in Theorem 2, whose sum (39) is alternating and does not
obviously to lead to conclusions about the sign. As mentioned earlier, any truncation at m = K > 2
terms in (38) upper bounds Binet’s function u (z), whereas any truncation of m = K terms in Binet’s

original expansion (6) lower bounds y (z). Hence, for any finite integer K > 2, it holds that

B b, (0)
ZHk 1 ( Z+k <a )<Z o (z+ k)

m=1

which suggests that there may exist a tighter value of « between 0 and 1, explored in Section 7.
It follows from (54)

m k+1
i) = CU"$ ot —@onft | (50 (o~ (= 1)) (C1)F 5
= P k+2 k+1 "
that
m 1 k+1
(1) 1)mz 2_(a_1)k+2+(2—a)(ak+1—(a—l) ) o)
m = k+2 k+1 m
illustrating, with (—1)m7k S,% ) > 0, the absence of symmetry around o = % A second observation of

(54) for by, («) and the fact that Stirling numbers are integers is that, if & € Q is a rational number,

ie a= é for integers [ and k, then the Binet polynomial b,,(«) is also rational.

5.1 Properties of the Binet polynomial b, («)

Property 1 The Binet polynomial by, () in (54) is a polynomial of degree m — 1 in «,
m—1

pj (m) o (62)
j=0
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where the coefficients

1 dbp(a) D" KR Rk =) ow
pj(m) = = . G (63)
J jl dad U 2m j! k:;-l (k+2—j)!
from which pm_1(m) = & and pm_o (m) = L (™1, An integral form is
12 2\ 2
1 /0 1\ @
Proof: Substitution of
k+2 k+2 1_ k+1 1 kL k

aoft _(a—l) +(2 a)a _(2 a)(a 1) __lz (- 1)kjoﬂ
k+2 k+2 k+1 k41 2] O]'k‘—l—2—])

into the Binet polynomial (54) and using S,(g) =0 for m > 0 yields
1 - k j) k m
— Sk
" 2m kzo ]z_: k: +2—j)!

We reverse the j- and k-sum, verify that p,, (m) = 0, and arrive at (62) and (

The integral form (64) is immediate from the integral (56) of by, (a) after substltution ofu=z—a

as
i i m—1
1 dbp()) 10 1\ &
Py (M) = =0 a:o_W/_1<u+2>cW,E)(k+u+a) Odu
because d P (ktuta) = %j 7 (k+u+a). Introducing the j-th derivative of the generating
function (42)7 %% o (k4 u) = Do (];) Sk (=1)™ % ukJ into (64) alternatively leads to (63).

O

Clearly, if & = 0, then we find the coefficients ¢, = by, (0) = po (m) in (39) of Binet’s second

factorial expansion again.

Corollary 1 The n-th derivative of Binet’s function u(z) is

00 d"bm (a)
dnlu' (Z) n da™
= (=1 o
dz" DY Pz atk) (65)

m=n

Proof: Taking the derivative of (10) with respect to « yields

> 1 1
0=> — +Zb daH

— k:_ol(z—i-a—i-k J(z+a+k)

1 d 1
e 01 (z+a+k) ~dz ZL:*Ol (z+a+k)

and since % i , we conclude that

0 dbm (o
) § )
dz m=1 k0(2+a+k)
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Repeating the argument for an integer n > 0, using M = (0 for n > m by Property 1, leads to

(65). 0
Substituting the polynomial (62) for b,, («) in Property 1 into (10) indicates, with by (o) = 0 and
Pj (0) = 0, that

s ™ opi (m)od © [ (m ,
M(Z):Z Zg_:(]p]( ) _ Z _pj( ) o

P (z+a+k) "o (z+a+k)

m=0 j=0 \'m=j

Replacing a — zp — z and using p,, (m) = 0 yields the Taylor series of p (z) around zp,
- o~ pPj (m) j
pn(z) = (=1’ =T | (2 20)
jZO mzj;i—l [Ti5 (20 + k)

& pu(z)
dzJ

or

The derivatives of Binet’s function for Re (z) > 0 follow from the Taylor coefficient %

from (65) and from (3),

m=j+1 o (2 + k) 2 l—et &

2=20

Property 2 The cocfficients pj (m) of the Binet polynomial b (a) = 37% 01 pj (m) a? can be expressed
in terms of the coefficients ¢y, = by, (0) in (39) as

m—1

mim =3 (")t 0 e (o7

I=j

Proof: Introducing the generating function (42) in (55) yields

bm(a):i(z__ll) mﬁ_l(a—l—j)ck:i( _1)ckmz SU) (1R g

k=1 §=0 k=1

Letting | = m — k, reversing the sums,

m—1 [m—1 m—1 ) ) 4
= Z ( I )lesl(j) (—l)l_] o’

J=0 \ I=j
and comparing with the definition b,,(a) = Z?l:_ol pj (m)a? in (62) leads to (67). O

We split the sum (67),

m—3

1 I m—1 ; i

pj (m) = S5 (1) ”—Z( l )rcm_lrsl“)(—l)”
I=j

which is the difference of two positive numbers that turns out to be positive for 5 > 0. This observation

(0)

is further substantiated in Property 3 below. If j = 0, then S;”” = dp; and the first positive term
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vanishes for m > 1 and pg (m) = ¢, < 0. If we substitute the explicit form (39) of ¢, into (67), we

again arrive at (63) after using the formula!?

glktm) _ Mkt mlk! d ] m)Sk 68
j k+m'l ()

Property 3 FExcept for one negative coejﬁcient, Po (M) = ¢, for m > 2, all other coefficients p; (m)
of the Binet polynomial by, (o) = Z] 0 p]( m)al are positive, i.e. pj(m) >0 for j >0 and m > 2.
Generally, for j > 1, it holds that

py ) =~ (= g1y 502+ G- 1) (3 1) SUD) (69)
and also m—i '
p; (m) = j((;l_)l)m ((m —j+1)SYD +m <m -2 ;) Sf,f:?) (70)

In particular, ps (m) = 1 (m —2)! (1 — 2) and p3 (m) = % (m—2)!(1-2) 2?;52 1.

Proof: The derivative of the integral representation (56) of by, («) is

dby, (o) m o2 o mod
m—" :(5—1+a>aH(k+a /(al) (k+2)d
k=1 k=0
from which for a = 0,
dbum 1ot
= _ k—u)d
pm = S0 m/oukH< w)du > 0

An additional derivation yields

9 o m m—2 m—1 m—1
Y N

k=0 k=0

After employing the logarithmic derivative % = f(x) dl%f(x) we find
d?b,, () m 2 X m =
k=1 j=1 k=1;k#j
from which, for m > 2, it follows that ps (m) = 3 @ ZZQQ) = (m—2)1(Z=2) > 0. We may
continue this tedious process of differentiations to discover closed expressions for other p; (m) with
Bby, -2
j > 2. For example, from m da( @) — =210 (Z—1-j5)>_ ey Hk Coklyy (Bta), we find ps (m) =
% (m —2)! (1 — R) 2212 7, but that process essentlally boils down to computing the Stirling numbers

Sﬁf) in closed form. The first derivative still contains an integral, while higher order derivatives are

sum of products.

YEquate corresponding powers of the Taylor series in log"*™(1 + u) = log™(1 + u)log®(1 + u) from the second

generating function of the Stirling numbers S in (43).
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d" b, (o)

Instead of computing the derivatives —;

for n > 1 from the integral representation (56),

a=0
they can be deduced more elegantly from the derivative dzg () i (65) and from Binet’s integral (3) as

m o] —t
d 1% (Z) — (_l)n 1/ tn—le—zt <1 +e _ 2) dt
0

dzn 2 1—et ¢

We mimic Binet’s method in the proof of Theorem 1 and invoke Binet’s substitution et =1 — u,

n (2 1 —u z—1
d C;;S ) _ —;/0 A-w u) (2 u) (log (1 — )"~ + 2u (log (1~ w))"2) du

Since n > 1, we now use the second generating function (43) of the Stirling numbers S,gf ) and obtain

the Taylor series, convergent for |u| < 1, of the integrand
h(u) = (2 —u) (log (1 — )"~ + 2u (log (1 — u))" >

o (n—1) Cmom
= > { (n—1)! S +(n—118" D —o(n— 280 }(1)“
—1

m m (m—1)!

m=n

Substituting this Taylor series into the integral, reversing the integration and summation, invoking

the Beta integral and (Z(Jr;n) = 2”:_01 (z + k), leads with (65) for n > 1 to

@b () — (=S ey (=1 g
Gom 1 oy (T em g S
da™ a0 ( ) (TL ) ( m m—1 + 2 m—1
from which p; (m) = % dji’l’zj(-a) » in (69) and (70) follow, after eliminating SEY and S(n 2) re-

spectively by the recursion s )1 = S(n b mST(n) (see e.g. [1, 24.1.3.11.A]). We may verify, by
computation of (69) and (70), that p; (m) > 0 for j > 1 and m > 2. O

The integral (56) for the Binet polynomial by () becomes after substitution u = = + % — o and

reduction of the integration interval [ 35 2] to [O, %],
1 1 % m—1 m—1
bm<a+2>:m/ u{H(k—l—a—i—u)—H(kz—i—a—u)}du (71)
0 k=0 k=0

If & > 0, then all coefficients are positive, i.e. by, (a4 3) > 0 for m > 1, because 17 (k+a4u) >
Z:)l (k+ a —wu). For larger negative a < 0, the Binet polynomial b, () starts oscillating and
determining the sign is more complicated. The asymptotic behavior of by, (a + %) for large m is

analyzed in Appendix E.

Property 4 The Binet polynomial

m—1 m—
=Y pi(m)o? %H (@ =& (m

J=0

has m — 1 real, distinct zeros & (m) > & (m) > -+ > &1 (m).
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Proof: We apply the generalized mean-value theorem!! [13, p. 321] to the integral (71) for a > 0,

m—1 m—1
b (;—FCY) :i <H(k+a+9m)— H(k+a—9m)>

k=0 k=0

(72)

0<Om<3

which is the central difference 05 f () = f (z + %) —f(z— %) with step h = 26,, < 1 of the polynomial
f(z)= 2”;01(15 + z) of degree m in = with real zeros at the integers t = —k, for 0 <k <m—1. Ina
region containing the distinct zeros, the polynomial f (x) oscillates below and above the real axis, as
well as its shifted companion f (x 4+ h) with step h smaller than the distance between the zeros. This
means that f (z) and f (z + h) will intersect m — 1 times at distinct points, implying that b,, («) has

— 1 real zeros in the interval [f —m, %] O

The sum of the zeros equals Z;":_ll & (m) = _(m2—1) and their product ¢, = 15 Hm 1 (=& (m)).
We found that the Binet polynomial ba,, () has a “center zero” equal to &, (2m) = — (m — 1) and
that &,—1 (m) > —m — 1. Since, for m > 2, all coefficients p; (m) > 0 for j > 0 and pg (m) < 0 and
all zeros are real, we conclude [29, art. 218, p. 289] that the largest zero is positive, &; (m) > 0, while
all others are negative, &; (m) < 0 for j > 1.

We end this section with Property 5 that relates the Binet polynomials by, (o) to Bernoulli poly-

nomials B,, (a),

Property 5 The Binet polynomial by, (o) in (54) of the generalized factorial series (10) of Binet’s

function pu(z) for Re(z) > 0 can be expressed in terms of Bernoulli polynomials as

m—1 k
) ymt ;‘) k:+1 (k1£2) (Bm(a) —ak+2+%(k+2) akH) (73)

Proof: After substituting Nielsen’s expansion (59) into Binet’s convergent series (38)

0o b, oo 0o ks olm) 1
((z) = — m _pymkgm 2
(=) mz::l]‘[k (z+a+k mZ:: +1( kz;n( ) 4 o)t

Using s = 2oty (1) (—@)" " i in [1, 24.1.1.B] leads to

oo oo m m [e.e] . 1
= mZ::Oberl kzo kslg )Z <Z> (—a) ’ o+l
—_ i bm+1 i (i < > m+n S(m) n— k) %4_1

m=0 n=0 \k=0 &

and, since S,gm) =0if m >k, to

u(@zi(Z( >{me+1 _qymn gim)gn- k}) anﬂ

k=0

1 ¢ () is non-negative for x € [a,b], then fab f(x)e(z)de = f(0) fab ¢ (x) dz for some 6 obeying a < 6 < b.
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Equating corresponding powers of % in the above and in Stirling’s asymptotic series p(z) =
S0 _Buil i (28) indicates that

n=1 n(n+1)z"
Bpia (-1)" (é)n _ ~ (n 1 ‘S a) (=1 st
(n+1)(n+2) _k()(k) (a) mZ::DbmH( ) (=17 S,

Binomials inversion [21, chap. 2], ap = > j_o (D) bk < by = (—=1)" S0 (=1)*(}) ax, yields

<;>k§bmﬂ(a)(_1) _ ki()%

and

k k a l
mZ::Obm-H (o) (=1)™ kz <I;>Bl+21+2)

With the definition [1, 23.1.7] of the Bernoulli polynomials, B, (a) = Y"1 () Bia""!, we obtain'?

f:b ()(—1)m5<m>—<_1)k<3 (a) — ’f+2+1<k+2) k+1> (74)
2 P T k1) (ko) YT Ty “

Formula (74) expresses the Bernoulli polynomial By, (o) in terms of the Binet polynomial b, (a).
We invert relation (74) to find the Binet polynomial b, («). After multiplying both sides by SJ(-k),

summing over k € [0, j], we have

W am = S D o, 1 kil
E E m —E 3 7 _k+ - +
R e P S () (B’““(a) oy e 2)a >

k=0 m=0

Reversing the k- and m-sum and applying the second orthogonality formula (61) yields

Z Z b1 (0 S{s™ = Z — <Z S| ) = b1 (a) (=1)
k=m

k=0m=0

from which Property 5 follows. U

6 Digamma and polygamma functions

We present the corresponding factorial series for the digamma function ¢ (z) = 11:/((22)) and for the

polygamma function, defined as ¢ (z) = % with 1(9)(2) = ¢(2). We confine ourselves to the

case a = 0.

2The Bernoulli numbers can be written in terms of the Stirling numbers Slgm) of the second Kind [4, p. 220],

k 'S(m)
:Z for k>0
m+1
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Differentiation of (1) with respect to z expresses the digamma function ¢ (z) = % in terms of

the Binet function pu (z2) as
1
=logz— — +
V() =logz— o+ 4 (2)

Introducing the factorial expansion (66) for j = 1 gives

1 > p1 (m)

G(z) =logz— o — 5 LM (75)
22 = (z+k)
Explicitly with a few coefficients (63) of p; (m),
1 1 1 19 —  p1(m)
1 - — _ —
V) =l ) 1 ) (1) 120: (12 (13 7;:51‘[2”01(2+k)

is the convergent companion for Re (z) > 0 of the asymptotic series [1, 6.3.18]

[e.e]

1 1

B2m 1 1
~logz — — —logz— - — - . 76
ViE)~logz o Z omz2m 18T 5 T o2 T igean amp (76)
Since p; (m) > 0, truncation of S°% —plm) gy (75) after any K > 2 provides an upper bound for

m=2 [, (=+k)
the digamma function v (z). For integer z = n in (75) for which ¥ (n) = .7~} £ — 7 (see [1, 6.3.2]),

the harmonic series is

3

=logn + +——1 i(”—l)!pl(m) (77)
BT o T K ~= (n—1+m)!

?rM—‘

k=1

and the m-sum converges rapidly, also for relatively small n, but increasingly fast for larger n. For
example, with K = 5 terms evaluated in (77), the error is less that 1076 for n = 10 and less than
107! for n = 100.

()

Since by, (o) and the derivatives dbm 7o contain integrals as illustrated in the proof of Property 3,

the functional regime of ¢(" (z) for n > 2 is different than for n < 2. Consequently, asymptotic series

for n > 2 disappear and convergent factorial series loose their attractiveness, because convergent power
. . . . . . 1

series exist. Indeed, in terms of the Binet function and starting from 1) (z) = 4 (z) = log z—5 ' (2),

it holds for n > 1 that

(n) n—1 en o Lo et ner, A
P(2)=(-1)"" " (n—1DzT" 4+ 5 (=1)" " nlz + e (2)
Introducing the factorial expansion (66), valid for n > 1, yields
w111 m —  Pns1(m)
P = -1 ()" =+ = +(n+1)n e
()= (n=DN=)"" | 4 g + (D) mzﬂ:ﬁ ey

The factorial series for w(”)(z) converges slower for larger n, is more complicated and only valid for
Re (2) > 0 in contrast to (™ (z) = nl(—=1)""1 3%, W in (37) that converges for all complex z,
except for the poles at z = —k for integer k£ > 0.
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7 Stirling’s asymptotic and Binet’s generalized factorial series

In this section, we will compare the accuracy of the generalized Binet factorial expansion (10) in terms

of the error

o (5 K) = ()= 3 —_bm (@)
o m=1 ko(z—l—a+k)

which is a function of z, the “free” parameter o and the number K of terms evaluated. We assume

here that K is finite. Similarly, we denote the error of Stirling’s asymptotic series (28) by

€Stirling (Z K

Mx

(2m —1) 2m) z2m—1
m:l

We are interested in the “best” value a* of the parameter « for which the error e, (z, K) is minimal.
The asymptotic, diverging nature of the Stirling approximation allows us to compute the number
K* (z) of terms that minimizes the error, i.e. for any real z, estiring (2, K) > estirling (2, K* (2)). Thus,
we will take the best possible performance with minimal error eging (2, K* (2)) as a benchmark to
compare e,, (z, K* (z)) as a function of z and «.

Stirling’s asymptotic expansion (28)

K
1 1
~_— _ 78
(#5360 T 126025 * 7;4 om — 1) 2m) 22m—1 (78)
can be compared to the generalized Binet factorial series (10) with a same number K of terms,
K
1 o' b (@)
z) ~ + + 79
wiz) 12(z+a) 12z4+a)(z+a+1) mzz?) 21:—01(24_044_/4;) (79)

In particular, for & = 0 and by, (0) = ¢;,, where co = 0,

K

1 1 1 Cm
W) T, T B60: ) (212 1202+ (- 12 (21 3) +;W o

we observe that the first two coefficients in Stirling’s asymptotic (78) and Binet’s convergent (80)
expansion are the same. Moreover, Stirling’s asymptotic (78) has alternating terms — the Bernoulli
numbers By, = (—1)"™ "1 |Byy| alternate —, in contrast to (79), where by, (a) changes sign at most
once with increasing m. While Stirling’s expansion (78) is an asymptotic and approximate series
with a best possible, non-zero error egyiing (2, K* (2)), Binet’s factorial, convergent series (79) can
always beat the accuracy esirling (2, K™ (2)) for any Re (z) > 0 if the number K of terms is sufficiently
large. Therefore, we investigate whether Binet’s series (79) with the same number K* (z) of terms can
achieve a similar accuracy as Stirling’s expansion (78) with optimal number K* (z) of terms. Fig. 1
shows the logarithm (in basis 10) of the error (right axis), evaluated at the optimal number of terms
K* (z) versus z (left axis). The comparison of Stirling’s asymptotic series with Binet’s two factorial
expansions (6) for &« = 1 and (38) for a = 0 clearly illustrates the amazing superiority of Stirling’s
asymptotic series.

Fig. 2 illustrates that the logarithm of the error e, (z, K* (z)) versus a € [—2, 2] varies considerably.
In particular around the zeros &; (m), &2 (m) and &3 (m) of the polynomial by, () in the interval [—2, 2],
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Figure 1: Optimal accuracy of Stirling’s asymptotic expansion: the optimal number of terms K* (z)
(left axis) to achieve the lowest error egiiring (2, K (2)) (right axis). The error eg(z, K* (2)) and
e1(z, K* (z)) of Binet’s two factorial expansions for & = 0 and o = 1 are added (right axis). The
legend shows linear fits of the data.

the error of the generalized Binet factorial expansion (79) decreases sharply. The minimal errors,
peaked around the zeros, only shift little in « for various K* (z) and z.

Numerically for m > 10, we found that the largest and only positive zero & (m) € [0.08,0.1] and
that & (m) attains its largest value 0.0963016 at m = 72 and &; (m) slowly decreases for m > 72. For

any finite K, there exists a value of a around &; (K) that minimizes the error

K

_ _K pj (m) j
NS EES 31 (D o

=0 \m=j+1 Hzlzol(z +a+k)

K m-—1

_ 1 a—¢&;(m)
N M(Z)_12(z+a)mzz:lj11 z+a+j

Given z, the last form is related to a Padé approximant of order [m — 1/m + 1] in a.

If K = K*(z), then we can find a value o* that has a comparable error |e, (K)| than Stir-

ling’s asymptotic approximation. For z = 10 and a € {9490939145’1186015843, 949093914(?1186015845}, the error

logg |eq (10, K* (10))| < —30, while Stirling’s lowest error is logq |estirling (10, K* (10))| = —28.5834.

The myth that Stirling’s approximation is always better than any factorial, convergent expansion for

w(z) with a same number of terms evaluated is not true, as illustrated by this counter example. If o*

is approximated by a rational number, then all coefficients of b, («) are rational numbers, just as the
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Figure 2: The logarithm of the error e, (z, K* (2)) versus a for various z = {2,4, 8,16}.

Bernoulli numbers in the Stirling approximation.

The major advantage of Binet’s series (79) over Stirling’s asymptotic (28) lies in its convergence,
for all Re(z) > 0 and Re (a) > —Re(z), towards p (z), which allows incorporation into integrals and
series and may lead to other sharp bounds and approximations. Moreover, the “free” parameter «
can be tuned to achieve a similar accuracy as the best accuracy of Stirling’s asymptotic series (78).
Finally, the coefficients |b,, ()| are monotonously increasing in m > 2 and, for a > & (m), by, (@) is
positive, but only changes the sign once for & (m) < a < & (m). For finite K, it might be interesting

to know the smallest possible error e, (2, K) after optimization of «.

8 Factorial series for Laplace transforms

The Laplace transform of a real function f (t) is defined (see e.g. [25], [7, Chapter VII], [33]) for

complex z as

o(2) = L) = / e f(t)de (81)

0
with the inverse transform,

. 1 c+1i00 .

O = £ o) = 5 [ el (52)
where ¢ is the smallest real value of Re(z) for which the integral in (81) converges. Many functions
can be defined by an integral as (81) as well as the probability generating function [30, Sec. 2.3.3] of
a continuous random variable. For example, Binet’s integral (3) is a Laplace transform (81), where

¢(z) = p(2) and the integrand f (¢) = 7 (ﬁ — 1+ %) with f(0) = &.
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Factorial series are hardly studied. By starting from Gudermann’s series (18), Jensen [15, art.
14] has demonstrated, without using integrals, that Binet’s factorial expansions are absolutely and
uniformly convergent in some region of z. Temme has written a literature overview [24], of which parts
were incorporated by Lauwerier in his book [16, p. 33-45], that devotes one chapter to factorial series.
Parts of the content of [24] and [16, p. 33-45] are here absorbed. Apart from reviewing the literature
more extensively than here, Delabaere and Rasoamanana [5] have presented similar results, but their
method and exposition is rather different. In this Section 8, we generalize the idea of Binet’s proof of

Theorem 1 as far as possible.

8.1 The analogon of Stirling’s asymptotic series

If we assume that the Taylor series f (t) = Y 7 fit®, with Taylor coefficients f; = % dkd{,ﬁt) o has
. —
an infinite radius of convergence, then the Laplace transform (81) can be expanded as
o0 > oo
o(z) = / e f(t)dt = ka/ e #kdt
0 o 0
into a Laurent series [26, Sec. 2.7]
— k!fi
() = Z SRt (83)

k=0
An infinite radius of convergence implies that the Taylor coefficient fi converges faster to zero than
any exponential function, i.e. fr = o (e*ak) for any finite a and k — oo, and that f (¢) is an entire
function. Most functions, however, are not entire functions. If the requirement of an infinite radius of
convergence is ignored, then (83) may represent an asymptotic series p(z) = Zszo %, which diverges

when K — oo. Indeed, repeated partial integration of the Laplace transform (81) yields

K

k! 1
p(z) = Z—f + 7 /0 e fETD (1)t (84)

k=0

. . . (K+1) .
illustrating!®, for any Re(2z) > ¢ but z # 0 and real ¢ > 0, that limg .o % must vanish to

obtain a convergent Laurent series (83).
8.2 Binet’s method as a recipe in five steps
We formalize Binet’s proof of Theorem 1.

1. Binet’s substitution e~ =1 —wu or t = —log (1 — u) in the integral (81) yields

1
o(z) = /O (1— u)*™ f(~log (1 - u))du (5)

which converges for Re (z) > c. Binet’s substitution is rather unusual, certainly in the study of

Laplace integrals. In the early days, Euler represented the Gamma function in the form of (85),

3By the generalized mean-value theorem [13, p. 321], there exists a positive real 0 for which

/oo 6fztf(K+1)(t)dt _ f(K+1)(0) /°° ot — %fu(ﬂ)(g)

0 0
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after letting w = 1 —u, as I' (z) = f01 log> ' (L) dw (see e.g. [2, art. [1]]). Lauwerier [16, p.
33-35] and Temme [24] explain the success of the substitution « = 1 —e~* by comparing u = re*
confined to the unit disk |u — 1] < 1 at ugp = 1 and the map t = — log (1 — rew). In particular,

the circle |u — 1] = 1 at up = 1 with radius 1 maps into the curve

—iar . 1—cos 6
t=—log(l —cosf —isinf) = —log <\/2(1 —cosf)e e V2(1—¢°S9))

— g (2sin ) 4 in %) = Ctog (2sin 0 ) 44 (T2
= og S1n B 7 arccos | sin B = og S1n 5 1 B

Hence, Ret = —log (2 sin g) and Imt = ”T_G with 6 € [0,27]. Elimination of § = 7 — 2Im¢

yields
Ret = —log (2 cos (Imt)) for — g <Imt < g (86)

The curve (86) is symmetric around the Re t-axis due to cos (Imt) = cos (— Im¢) and cos (Im¢) >
0 confines the curve (86) to the strip —% <Imt# < §, where the minimum occurs at —log2 for
Imt¢ = 0 and Ret grows boundlessly if Im¢ — +7%. Thus, the map ¢t = —log (1 —u) of the
unit disk |u — 1| < 1 appears as the interior t-region bounded by the curve (86). That t-region
is considerably broader than the unit disk, which accounts for better results in the sense that
the resulting factorial series in (88) below converges for more functions than its corresponding

Laurent series (83).

. The second step involves the Taylor expansion of f(—log (1 — u)) around ug = 0, where log (1 — ug) =
0. After Binet’s substitution e™* = 1 — u, the Taylor series f(t) = > 7o, fxt* becomes
f(=log(1—u)) = > 2 fe(—log(1l— u))*. Introducing the second generating function (43)

of the Stirling numbers and reversing the m- and k-sum leads to

Flog(—u) =3 ( L0 (s sﬁ,’?) u (s7)
m=0 \k=0 t=0 )

Clearly, the Stirling numbers, which are integers, play a key role in Binet’s transformation

u=1—e"t.

. Crucially for the third step, we assume that the Taylor series (87) converges for |u| < 1. Hence,
the radius of convergence of the Taylor series (87) should be at least equal to one. After substi-
tution of the Taylor series (87) in the integral (85) and reversing the summation and integration
operator, justified because a Taylor series can be term-wise integrated within its radius of con-

vergence, yields

0o mo gk
w0 =3 (A

m=0 \k=0

1 /1
(—1)m_k 5’7(7’:) > — / u™ (1 — u)z_l du
0

|
=0 m!:

. The fourth step uses the Beta integral fol WPt (1 —w) T du = Fr(zzigq)), valid for Re (p) > 0 and
Re(g) > 0, and leads to




5. The fifth and final step replaces (F( ;n) 2”;01(2 + k) and we arrive at the factorial expansion,
valid for Re (2) > ¢,

()" s

Moz 10 (88)

m dk
© o d];igt)
p(z) =Y

m=0

The factorial expansion (88) generalizes Binet’s second factorial expansion (38) in Theorem 1.

8.3 Infinitely many factorial series for ((z)

We generalize the recipe with five steps in Section 8.2, as we did for the particular case p(z) = p (z)
in Theorem 3, together with an additional S-scaling inspired by Temme [24, p. 11]. Our main result

is:

Theorem 4 Only if the Taylor series

f(=Blog (1 —u)) Z (Zk'fkﬁk ™S >f§ (89)

m=0

has a radius of convergence at least equal to 1, then the Laplace transform ¢(z) of the function f (t)

possesses infinitely many factorial series in the complex parameter o and real B > 0, for Re(z) > ¢

and é)> Re (z),

m'd)m 6)
ankoﬁz—i-a—i-k) (90)

where
k

1 m—Fk ) ‘
o (08) = 30 | 2 (b St () gy o (1)
=0 \ j=

Further, ¢ (o, B) is a polynomial of degree m in o with highest order term %am and ¢o (o, B) =

f(0). A complex integral for ¢, (o, B), where the contour C (0) encloses the point wy = 0, is

=" f(=plog (1 4+ w))dw

m ) = . o 2
¢ (Ol ﬂ) 211 (0) (1 +OJ) wmtl (9 )
while another compact form is
o (0, 8) = ii L (1| sy (93)
m! dt’ =0

Clearly, the factorial series in (90) with (93) reduces to (88) for « = 0 and 5 = 1.
Proof: We repeat the five steps in Section 8.2, but we rewrite the Laplace transform (85) of ¢(z)

after a generalization of Binet’s substitution e~ = (1 — )’ or t = —fBlog (1 — u) as

=5 / )P (1= )~ f(~Blog (1 — u))du

which still converges for Re (z) > ¢, in spite of the introduction of the “free” parameter o and the real
B> 0.
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The second step now involves the Taylor expansion of
g (w0, 8) = (1 —u)™ f(=Blog (1 - u)) Zd)m (94)

around ug = 0. The Taylor series f(—flog (1 —w)) in (89) follows from (87). The Taylor series
(1—uw)™ =30 () (=1)* ¥ is valid for any complex o provided |u| < 1. Thus, the radius of
convergence of (94) is limited to 1 by (1 — )™, which is just sufficient for the reversal of summation
and integration in step three, provided the radius of convergence of g (u;0,8) = f(—Blog (1 —u))
n (87) is at least equal to 1. From Cauchy’s integral theorem [26] we directly find the integral
representation (92). In addition, the Taylor coefficient ¢, (o, ) in (94) follows from the Cauchy
product

m

m—j J )
bm (0, 8) = (m_f j) (_1} Soupp (-1t sY (95)
) =0

j=0
The remaining steps in Binet’s method of Section 8.2, consisting of the substitution of the Tay-
lor series (94) of g (u;«, 8) in the integral, the reversal of integral and summation and the explicit

evaluation of the remaining Beta integral,

S 1 . ; T 5z +a)
- o Bz+a—1_m o m
=53 omla) [ (=0 =5 om0 £

lead to the factorial expansion (90), valid for Re (z) > ¢ and ReTm) > —Re(2).
The remainder of the proof consists of simplifying the Taylor coefficient ¢,, (o, 8) in (95). It is

convenient to reverse the summations,

m—l
lefﬁlz i _a_n3+]) ((—1) g

_])IJI J

We introduce the generating function (42) of the Stirling numbers S,gf ),

m m m—j
omad) =SS (") om0 Y s (1)t b
" 1=0 j=l k=0

Let ¢ = m — j in the double sum

m m—j m—I q
NS SE T S i SE RS

j=l k=0 q=0

and after reversing the sums, we obtain T' = (—1)"" ¢ 1 ) (=1)"a®. Using
d af h btain T meb s (o (s st Fok, U
(68) and S™ = 0 if m > q gives ZZ:,CZ (?)Sék)S,(??_q =20 (7;)53’“)55,?_(1 = (li)'51s]f+l), resulting
in
—1 m—lI
CEDMTTE R D! ey k ok
k=0
Hence, the Taylor coefficient (95) becomes
m m—l
1 k+1)! e
om0,8) = =3 gt 3 D gt (qymotiab) o (96)



which we can express as a polynomial in « by letting n =m — 1

b (0 8) = 3 3 fnenn Y I gl gyt o
" n=0

k!
k=0

After reversing the sums and letting j = m — n, we arrive at (91). Reversing the sums in (91)

Om (@, 0) = — Z (Z( ) djd;fi )'t_o <§>k> SP (-1

&

k
substituting (%) = 4 5t

o into the k-sum in brackets

t=0

j . ] k k J . dj—k ¢ dk a dj a
5056505 - S
k=0 iz t=0 B k=0 t t=0 t t=0 t t=0
where Leibniz’s rule has been used, demonstrates (93) and proves Theorem 4. U

A verification of Theorem 4 by computing the inverse Laplace transform is given in Appendix F.

F(m)) ~ m~% for

Lauwerier [16, p. 35] interestingly mentions that, due to the asymptotic relation TGtm)

large m, the factorial series (90) for § = 1, rewritten as

(o)
_ 1
(2) = Z+amZ:1F z+a+m)¢ml(a’ )

0o m%*pm—_1(a,l)
m—1 == have the same converge range

and the corresponding Dirichlet series ¢p(z) = >
for Re(z) > c¢. Consequently, the rich theory of Dirichlet series (see e.g. [26, 27]) directly applies
to convergence aspect of the factorial series (90). Reviewing Landau’s work on the factorial series,
Temme [24] adds Newton’s series >~ (—1)" (Z;f) dm—1 (@, 1) to the factorial and Dirichlet series as
the third type of series with the same convergence range.

Lauwerier [16, p. 42-43] gives examples of factorial series (90) with & = 0 and 8 = 1. Temme [24]

—zt
provides even more interesting examples such as ¢(z) = OOO (61 +t§l,f. Here, we add:

Example 1 If f (t) = €%, then £ [¢"] = -; and the corresponding factorial polynomial ¢y, (v, 1)

in (93) is, with c:litk (f()e*) = 4 (e(o‘+b)t) ‘t:O = (o + b)" and the generating function (42),

t=0
m m—1
m! b (, Dlge = Y (a+0)" (1) FSH = T (a+b+k)
k=0 k=0

The factorial series (90) becomes, for Re (z) > b,

(b k) T(z = T
ZH + o+ ) Z +a+m) (97)
wolz+a+k) T Fz+a+m+1)

m:O

which is known for @ = 0 (see e.g. Nielsen [18, band I, p. 77]). Indeed, Gauss’s classical result [1,
15.1.20] for the hypergeometric series at z = 1 is, for ¢ # —k (k integer) and Re(c — a — b) > 0,

L(e)l'(c—a—0b) () <= T(a+m)T(+m)
F(c—a)f‘(c—b)if‘a I'(c+m)m!

m:0

F(a,b;c;1) = (98)
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Fora=1,b—b+aand c=z+ a+ 1, Gauss’s formula (98) reduces to (97).

Example 2 Let f(t) = E.p (t) = Y 1oy ﬁkak)’ which is the Mittag-Leffler function [10]. The
Laplace transform (see e.g. [31, art. 20]) is

k

e T (y+pBk) =z
=1 (2t?) dt = 99
/0 e ,b<a: ) kZ:OF(bJrak) s (99)

valid for |3] < |a|] and v > 0. For v = = x = 1, the Laplace transform (99) simplifies to a Laurent

series (83) in z. The corresponding factorial polynomial (91) can be written as

m J Al F '
» ) ! a) SU) (—1)™7 gi
m! ¢m (o, B)lg, ) JZ:;) (kzzol“(b—i-a(j — k) k! <ﬁ ) e

where the k-sum reduces to (1 + %)J for a = b =1, in which case Ej 1 (t) = €' simplifying to example
1. Unfortunately, for arbitrary a and b, we could not simply ¢, (a, 5)] E. for the Mittag-LefHler
function Eqp (t).

On the other hand, after replacing z — kz in factorial series (90), multiplying both sides by z*

and adding over all k£ > 0, we formally obtain a Mittag-Leffler transformation

ZF 5Zk+oz / J()Bpzo (we™™) db = B Z Om (@, B) M Epgz amt1 (2)

k=0
8.4 Open question

The factorial series (90) of a non-entire function may converge, whereas the Laurent series (83) does
not. An example is the Binet function p (z), whose Laurent series (83) is Stirling’s famous asymptotic,
but divergent series (28). Hence, the question arises: “Given the Taylor series f (t) = > 72 fitF with
radius of convergence Ry, when does a factorial series (90) of the Laplace transform ¢(z) converge?”

We can only give a partial insight. The recipe in 5 steps for a factorial series (90) of the Laplace
transform ¢(z) requires that the Taylor series (89) of g (u;0,5) = f(—Flog (1 — w)) around the origin
ug = 0 converges within the unit circle. Its corresponding Taylor coefficient is written in terms of
fr=1 Q) o M5 90= fo and

dtk
= i' > kUfRBE (—1)™F SR for m > 0 (100)
k=1

from which it follows that, for m > 0, the Taylor coefficient g,, (5) is independent of fy = f(0) (like

any characteristic coefficient (115)). The inverse transform of (100)

B = — Z ymh Sk for m > 0 (101)
T k=1
where S,(,’f ) is the Stirling number of the Second Kind, is deduced as in the proof of Property 5.

In contrast to Sﬁr’f), the Stirling numbers S are non-negative. Thus, (—1)™ " S > 0 in (100),
whereas (—1) kS in (101) is alternating with k. If fi is non-negative, then (100) indicates that also
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gm (B) is non-negative. Moreover, (100) written as g, (8) = fm + = 2?2_11 ELfy (—1)™* S% then
shows that g, (8) > fm. Consequently, the radius R, of convergence of g (u; 0, 8) = f(—flog (1 —u)) =
%, gm (B) u™ is not larger than the radius Ry of convergence of f (t) = > 72 fxt*. However, if fi
is non-negative, then the non-entire function f (¢) has a pole at a finite, real t = R; and its Laplace
integral ¢(2) in (81) does not exist. On the other hand, if f;, = (—1)* |f| is alternating, then f (—t)
has non-negative Taylor coefficients so that f(¢) is decreasing in t. The Laplace integral ¢(z) ex-
ists for decreasing functions f (t). If g (8) = (—=1)" |gm (B)| is alternating, then (101) shows that
Fin = (1" (Igm (B) + & 7 Kl (3] S9) s alternating and || > g ()] implying that the
radius of convergence R, > Ry.

In summary, if fz = (—=1)% |f4| is alternating, then the factorial series (90) has higher probability

of convergence than its corresponding Laurent series (83).
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Complex integral for Binet’s function p (z)

A.1 Derivation of the complex integral in (24)

From Weierstrass’s product (30) of the Gamma function, Whittaker and Watson [32, p. 277] deduce

the formula, valid for all ¢ and z,

’ q+ioco
I'(a) M(a) 1 / m Mzsds with 1 < ¢ < 2
q

log —— 2 = —
8T (z+a) °T (@)  2mi sins s

—100

40



where ( (s,a) = > 7, w +a)“ is the Hurwitz Zeta-function, which reduces for a = 1 to the Riemann
A _

Zeta-function ¢ (s). Thus, for a = 1 and ) = where v is the Euler constant, we have

1 q+i00
logI‘(z+1):—'yz—/ ,Lis)zsds with 1 < ¢ <2
g—ico SINTS S

If we move the line of integration to 0 < ¢ = Re(s) < 1, we encounter a double pole at s = 1,

because ( (s) = i +94+ O (s—1) around s = 1 and a zero of sinws. The residue at s = 1 follows
re d* d

from Cauchy’s integral theorem % dj;gf) = 2m fC(zo) %’

the contour C'(zg) that encloses the point zy and we obtain

e c+i00 . ,
1/qq+ WC(S)zSdszl./c—" LC()SCZS—Fh d(ZWC(S)(S—l))

21t J,_ijoo sSinms s 2mt Jo_io sinms s s—1 s sinms

where f (z) is analytic within

because the function between brackets is analytic at s = 1. Executing the derivative,

sl (s) (s — 1) 28w (s — w((s)(s—1)cosms
‘i<z Lo 1)>= D (togz = ) €0 5= D+ ¢ (9 - 1)+ 20 s) - L= Deome)

ds S S mws SSINTTS SN TS

and using the Taylor expansions of (s — 1) ( (s) around s = 1 gives us

T <<<><—1>> — ogz - 147)

s—1 ds sin s

and we obtain, for 0 < ¢ < 1,

1 c+100
logI'(#+1) =zlogz — 2z — — LC(S)zsds
2mi

c—ico SINTS S

Moving the line of integration over the double pole at s = 0 to the left yields, for —1 < ¢ < 0,

1  +ioco d
logl'(z+1) =zlogz — 2z — — .7T C(S)sts_hm<7n.s§(s)zs>
270 Jo_jno SINTS 8 s—0 ds \ sinws

<xm >_ﬂw%{i_mwm+bw+cwq

ds \sinms sinms sinms ¢ (s)

Since 7 cot (mz) =1 — 23", ((2n) 2?71, we find that lim,_,o 1 — 7 cot (7s) = 0 and
ds (7sC(s) ¢'(0)
l1—>0ds<sm7rs )_C(){ +C(O)}

With ¢ (0) = —3 and ¢’ (0) = —1log(2n), we arrive at lim,_, % (W.SC(S) z5> = —3 {log z + log(2m)}

s mws

The derivative is

and

1 1 c'+100
logT'(z+1) = < >logz—z+log(27r) - / LiS)zsds with — 1< <0

21t Jo_joo Sinms s

From the definition logI' (2) = (2 — 3) log z — z + 3 log (27) + 11 (z), we find (24).
We present a second, shorter derivation of (24) by employing the inverse Mellin transform
1 1 c+i00

omt 1 9ns I 2mt) " f 1
e2mt _ 1 27 (S) C (S) ( 7Tt) ds or ¢ >

c—100
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Substitution into Binet’s integral (2) and reversing the integrals gives

® arctan 0o o
w(z) = 2/0 El;:_(l)dt 7:2 /C_ioo T'(s)¢(s)(2m)° </0 arctan (Z) t_sdt> ds

Partial integration, followed by a substitution u = (2)2 and the use of the Beta integral and the

Gamma reflection formula results in

[e%¢) t s Zlfs,n.
— arctan | — |t %dt = ——————
0 z 2(1—s)sin 5

we) =2 [ g R

20 Jorino (1 —5)sinTF

and

Using the functional equation ¢(s) = 2(27)* ! sin Z2I'(1 — 5)¢(1 — s) yields

1 c+1i00 1—
p(z)=—5-= ; u uzl_st with 1 <c<2
270 Joino sinms (1 —s)

and a change of variable w = 1 — s then returns again the complex integral in (24).

A.2 Derivation of the convergent series (31)
Substituting the Taylor series (s — 1) (s) = > "y gm (1) (s —1)™ into the integral (24) yields

1 c+100
TG

p(z) =—— - with —1<e<0
271 Jo—joo SINTS 8
1 c+i00
- = (s —1)™ 2%ds
270 Jo—joo SINTS S ( Z 2

Integration and summation can be reversed, because the Taylor series converges for all complex s and
within the radius of convergence, a Taylor series represents an analytic function that can be integrated
and differentiated [26, p. 97],

ct+ioco

1) s
ng 1 7 (s—1) 2

270 Jo—joo Sinms s(s—1)

1 c+ioo s o0 1 c+ioo -1 m—1 _s
=—— T a5 > (1) o I Gl AN
270 Jo—joo SINTS S (s —1) — 270 Jp_joo SINTTS s

C—100 C—100

We evaluate the first integral. If |z| < 1, then we close the contour over the positive Re (s)-plane

(where the integral over semi-circle at infinity vanishes). Cauchy’s residu theorem tells us that

1 c+100 s _ s d s
— 5 .7T S dS:ﬂ'th (8 n) z —|—7rlim74'5 c
270 Jo—joo SINTS S (5 —1) £somn sinTs s (s—1) s—0dssinms (s — 1)
d (s —
+ mlim — (s-1)z
s—>1ds sinmws s
With

d s z® S z® 1 cot s + 1o 1
— = - — T s zZ —
dssinws (s —1) sinws (s —1) & (s —1)
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Since lim,_,g % — mcotws = 0, we find that

d s 2°
lim —— 1 1)1 —(1 1
"0 dssinms (s — 1) — (log 2 + )slgtl)smﬂs (logz+1)
and, similarly, that
d(s—1)2°
lim —z(1 -1
T ds ds sinms s # (log 2 )
Hence, for |z| <1,
1 c+1i00 T L 00 n
_ (1 —2z(1 -1
270 Jo—joo SINTS 5 ( 3—1 Z n—l (logz +1) =z (log 2 )
. 1 1_ 1
With 1 _n— m, we have
n=2 " (TL B 1) n=2 n—1 n=2 " n:l
=(z4+1)log(l+2)—=z
Thus, for |z| < 1, we find
1 c+i0c0 T P 1
- % ds=(z+1log(1+-)—1
270 Jo—joo SINTSsS(s—1) s=(2+1) 0g< +z>
For |z| > 1, we close the contour over the negative Re (s)-plane,
1 c+io0o oo 1 n Pl
—5 u Z lim mls+ ) G Z(
270 Joino SINTS S (s — 1 s»—n sinws s(s—1) —n (n+1)

:(z—i-l)log(l—i—i) -1

In summary, the first term equals

1 c+100 T s

1
ds:(z+1)log(1+z> -1

20 o oo sinmss(s—1)

and
c+i00

m—1 _s
u(z):(z—l—l)log(l )—1—ng — - (s—1) “ ds

271 Jo_joo SIDTS s

The remaining integral is evaluated similarly. For |z| > 1, we close the contour over negative

Re (s)-plane and obtain

1 et g (s—1)" s p Z oy m(s4n) (s - 1)t e i( by (—n—1)"" 1ty
il g = - —
271 Jo—joo SINTS s s——n  SInTS S = —-n
and .
L /c—I—zoo T (S _ 1)m—1 P s — (_1)m i (n + 1)m—1 1
270 Jojoo SINTS s — n (—2)"
From log (1+ ) =—> 7", #, we have that
o0 -1
ym (n+1)™ 1 el —y A™
— (1) e (M log (1 + ¢¥))
n=1 (_Z)n dym 1 z=e Y



Leibniz’ rule gives

;;m (e’log (1 +¢€Y)) = Z ( l >;;ml (e¥) ;;l (log (1 + €Y))

=0

dl 1
¢ (log (1 + %)) +eyz< )dyz (L+e?) 1

=1

For k > 0, it holds'* that

dk—1 1 b 1 o(m) 1 m
g = — I(— m— m
Fati) = s (1 ) = D= 008 () (102)
Thus, we find

1 c+100 -1 m—1
- : (s ) z ds = (_1)m_1 e’ 1
2mt Jo—joo sSinTs S dy™=

z=e Y

— (=1)™ 1og (1 n i) N Zl (m - 1> g(” —(eymers® (

=1

Reversal of the last double sum and with S vjrrll ) = Yo, ( ) @) , we have

1ot x (s—1)™!

2mi

s = (-1 log <1 + i) + mi(v — D=1 Sty <1>

sinms s 1+ 2
v=1

and

c—100
0o c+ioo ( _ 1)m—1 s
™ S z

K (Z) ( ) o8 ( ) mz:l gm 27”’ /c—ioo sin s 5 ’

= (z+1)log <1+i> —1+log <1+z>mZ:19m(1)(_1)

00 m—1 1 v
=3 g (1) S (0 = (1) ()
m=1 v=1 1+2

Further, with (—1) ¢ (0) = Y_0¢_ gm (1) (—1)™ = 3, we obtain

s (e g)es(141) 1= S 0wy ()

The forward difference formula (15) shows that the first terms are equal to p(z) — u(z+1) =
— ( ) log -2 7 — 1 and that

Z+1 ng )Z_(U_l)!(_l)m—l—ysg}_,'_l) <1iz>v

which is (31), after replacing z + 1 — z.

In the theory of the Fermi-Dirac integral F(z) =

W) — F, 1 (y) leads to (102).

ﬁ fo W dx for complex p and z, the functional equation
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A.3 Taylor coefficients g, (1) of the Riemann Zeta function

The convergent Dirichlet series of the Eta function n(s) = Y 7, = )n+1 for Re(s) > 0 immediately
leads to the Taylor expansion
= U(k)(s) k
=) (s-2) (103)
k=0 ’
with
> n+1
™ (s 1)* Z logk n (104)

n=1
However, the Dirichlet series of n(k)(s) converges too slowly to be of any practical use. Fortunately,

fast converging series are obtained for real s > 0 by the Euler transform [12],

0 (5) = (—1)F+1 Z Z (] - 1) (—1);1nkj (;)m (105)

Invoking the relation ((s) = 117;)_9 and using the generating function (13) of the Bernoulli numbers,
we have -
I 1 B 1 (—log2)" "
1—21-s e(s-Dlg2 _ 1~ (5—1) log 2 £ ZBn n! (s—1)

After executing the Cauchy product of the Taylor series for and that of the Eta function in

(103), we obtain

1215

[eS) k 1o J o (k—7)
C(S):llogzz ZBJ'( l‘TgZ) n ](11) (s — 1)F

fo%) k . i1 k— )
1 (1) log/ " 2 n*=9) (1) -
— +)° § 'B; : N (s — 1)kt

where we have used that n(1) = log 2. Equating corresponding powers in (s — 1) in both Taylor series
of (s — 1) ( (s) yields, with go(1) = 1 and for £ > 0,

k
gr(1) = %Z <§> B; (=17 n* =) (1) log’ ' 2 (106)
j=0
The Taylor coefficient of (s —1)((s) = > 7y gm(1) (s —1)™ around sy = 1 follow from (106) as
gp(l) = 1.0 g1(1) = ~=0.5772156649015328606
g2(1) = 0.07281584548367672486 g3(1) = —0.004845181596436159243
gs(1) = —0.000342305736717224311 gs(1) = 0.00009689041939447083573
gs(1) = —6.611031810842189181 10~° g7(1) = —3.31624090875277236 107
gs(1) = 1.0462094584479187422 10~7 go(1) = —8.733218100273797361 10~°
gi0(1) = 9.478277782762358956 10~ 1! g11(1) = 5.658421927608707966 10~
g12(1) = —6.768689863513696656 10712 g¢i5(1) = 3.492115936672031855 10~ 13
g1a(1) = 4.41042474175775338 10~15 g15(1) = —2.3997862217709991766 1015
gi6(1) = 2.167731220072682855 1016 gi7(1) = —9.54446607636696516 1018
gis(1) = —7.387676660538636498 1072°  g19(1) = 4.800850782488065211 10~20
g20(1) = —4.139956737713305639 10~ go;(1) = 1.19168201593979951 10~ 22
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B Taylor series of m for integer n

Integrating the double generating function
(14 z)" = etlos(l+2) — Z Z S ykgm

of the Stirling numbers Sr(rlf) of the First Kind [1, Sec. 24.1.3 and 24.1.4] with respect to u results, for

|z| <1, in
k+1 m!

m=0 k=

eblog(l—‘,—ar:) alog(1+x)

— €

log (1 + x)

In particular, for b = 1 and a = 0, we obtain the Taylor series, valid for |z| < 1,
(k M o m (k) m
T S S, x
S S — =1 — | — 107
log (14 ) Z<Zk‘+1> +Z<Z/{;+1> m! (107)
We generalize the above. The n-fold integral of e} equals

b Ul Upn—1 1 b 1
/ du1/ dug.../ dup et = (n—l)!/ (b—u)" ! e u

Let t = b — u, followed by y = At, then

b eAb A(b—a)
/ (b—u)" e u = = Yy le Vdy
a 0

and the integral can be executed leading to

1 b n-1 wu el by e (A (D —a k
i), 16”“:»1(1‘@ ey BEROE )))

k=0
On the other hand, e** = Y22 % and the n-fold integration of u*
/b duy /m dus . .. /un_l dupu = L /b (b— u)”_l uFdu (108)
a a a =D,
and

b b us -1 1
/ (b—u)"tuFdu = b"/ <1 - E) uFdu = b”"'k/ (1 —w)" t whdw
a a I

which simplifies considerably if a = 0, due to the Beta integral fol (1-— w)"_l whdw = %

Thus, choosing a = 0 leads to

i Ab . (Ab)k _n = Akbk
n(e > )=t kzo(n+k:)!

k=0

Further, with A = log (1 4 2) and introducing the Taylor series \* = log®(1 4+ x) = k! >2°°_, S am e

valid for z| < 1, yields, after reversal of the k- and m-sum,

n—1 k o)
1 log(1+z)b (lOg (1 + l’) b) _n
log" (1 + x) (e Z k! =0 Z

k=0
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valid for |z| < 1 and which simplifies for b =1 to,

z 1 = 1 (& RSE | am
g (12 ml ; Hlog" *(1+2) mz::l (kzl it n)!> ml (109)
For n =1 in (109), we find again (107).
Applying n-fold integration to the generating function (42)
“du [ " e T g0y

and executing the left-hand side (via partial integration) yields

1 /b . m—1 m N k!
— [ b—w)" u—k)du="Y SW bt
(n—1)!J (b—w) kl;[()( ) kzzo (n+k)!

which links Stirling numbers to the general integral form used by Binet [2, p. 339] in the series

expansion of his Binet function p (2).

C The Taylor series (57)

Inspired by Nemes [17, Section 3] and using the integral (56), we compute the “exponential” generating

function of the Binet polynomials by, («),
= b (@) @ 1 2y
IMmAT = Z - k d
2 LG5 “))mzl PRt

From (42), it follows that [[{" ) (k + ) = % and mli(;i:;?w = (7). Provided that |u| <1,

the binomial sum equals

o m—1 e o
SO k=3 <m> ()™ ™ = (1 — )~ — 1
m=1 """ k=0 m=1

Hence, we obtain, for |u| < 1,

R () S ()

and
10— (1w )T (1w S ba(@)
o (u) = 2 log (1 —u) * log? (1 — u) B mz:; B (110)

which reduces, for a = 0, to the Taylor series (41) in Binet’s second derivation (40) in Theorem 1.

Moreover,
go (u) = (1 —u)™® -1 __ v = (1—=u)""go (u)
@ log(1—u) log?(1—u)
where go (u) = > 7, fw™ was prominent in Binet’s proof of Theorem 1.
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We make Binet’s substitution u =1 — e~ in (110) and obtain

eat_,'_e(afl)t e(a 1t _

—_t\m
2% - o Z - )
The Taylor series around ty = 0 of the left-hand side is

1 (et 4 ela=)t  la=1)t _ cat oo [ B2 (akH + (a0 — l)k“) + <(04 — 1)k 0/“*2) i
f . > t

- 1
t 2 t ] (k+2)!

while the right-hand side is

o0

meé —\m > meé - m j _—jt
:l(m_(l))!(l_e ) :Z(m—(f)!;(')(_l)je

m

, )Rk
but the reversal of the m- and k-sum is not allowed'®. After Taylor expansion of e 7t = Yoreod R 1,2! t

around tg = 0,

sm = = :<—1>m—ﬂ‘ (”f)jk (111)

we have
00 o . 0o 00 -~ . .
Z(z;n_(l))!(le_t) :Z<Zmbm(0‘)31i )(71) k> %

m=1 k=0 \m=1
(m)

Since the positive integer S

o [ 2 (ak+1 +(a— 1)k+1) i ((a N ak+2>

00 k k
_ (m) , _ ym—k |t
> o) tk—kzo(mz:;mbm(a)sk (—1) ’“) o

k=0
which is, after equating corresponding powers in ¢, again (60).

= 0 for m > k, we finally arrive at

D Integral for the Binet coefficient c,,

The Taylor series (41), which is a special case of (57) for a = 0, is written in terms of the Binet

coefficients ¢, in (39) as

u 1+ u (=) em
AR N ke Ly = L%
og? (11w log(i+w) 2= (m—1)
5Indeed, ey (Z;’::]. T:L’jg.‘;‘!)) <71>;!6_jt diverges any j > 0, because
o~ mbm (@) & &’ e
2 Gn gyt~ e () = iy s (=) g0 (0
and } 7 (;’LLC';‘), = limy—1 %gg (u) = —oo for j >0, but go (1) =>>°_, (Ci = 0, that already appeared in Section

3.3 in the determination of lim._,¢ zu (2) = 0.
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The corresponding integral form for the Taylor coefficient [26] is

(-D)"em 1 dw ( w B 1+ tw >

(m—1)! 21 Jor) wmt \log? (1 +w) log(l +w)

where C (0) is a contour that encloses the point ug = 0 in counter-clockwise sense. A straightforward
execution of the contour C (0) is to choose a circle around the origin, with radius 0 < r < 1, due to
the branch cut at the negative real axis for Re (w) < —1. The resulting integral is numerically not
stable. An alternative way is to deform the contour to enclose the entire complex plane (except for
the point w = 0 and avoiding the branch cut) in clockwise sense. The integrand vanishes at w = —1.
For |w| — oo, the integrand vanishes for m > 1 and we only maintain the path around the branch cut.
In particular, we construct a path that travels from infinity to the point —1 < ¢ < 0 under an angle
—0, where 0 € (0, 7) and returns from the point ¢ along a straight line under angle 6 to infinity. We
thus obtain

(=)"em 1 /0 d (q+ze ) g+ xe 1+ g+ sae ™
( log” (

(m —1)! 271 q+ ze—i0)"t! 2(1+q+ze®)  log(1+q+xe )
1 /°° d (q+ ze®?) q+ xe®? 1+ 3q+ xe'?
2mi Jo (g + xe®)™ ! \log? (14 ¢ + ze®)  log (1 + g+ ze')
The computation simplifies if we choose ¢ = —1,

(- e, 1 OOI et? —1 + ze® 11+ ze®
“m—11 e igym+1 0?2 21 0))
(m—1)! T Jo (=1 + xe®) (log z +i0) 0gT +1

We evaluate the integrand. Denoting

xcosf —1 xcosf+1
U (x) =0 — (m+ 1) arccos + arccos — arctan
Va2 —2xcosf + 1 Va2 +2xcosf + 1 log
we obtain
(_1)m71 e 1 /oo da sin (9 — m arccos #&fw — 2arctan 1021)
(m—1)! T Jo log?z + 62 (m2—21‘0059+1)%
/(1 + 2z cosf + x2) sin U (x)
2 prem) dx
Viog? z + 62 (x2 — 2z cosf+1) 2
This form simplifies substantially if we choose 6 = 5. After simplifying the sines, we arrive at

=1 _0 =1 _0
cos (m arccos Vo211 +2arctan Tog @ ) N cos ((m+2) arccos m#»arctan og )

1 m—1 - 1 %) log? z4+(Z 2 24/log? z4+(=)?
()76 o / (2) — \/ g +(2) dl‘ (112)
0 (x2+1)2

(m—1)! &

However, the numerical evaluation of the integral (112) is remarkably inaccurate. Therefore, we

simplify the cosines. After some manipulations, we arrive at an integral for the Binet coefficient ¢,
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for m > 1,

+

1 log? z—(5)°
+ cos (m arccos

(1 x )bgz+— T
)™ e 1 Vi) Qoger(g)? TG f
(m—1)! 7'('/ 2 3 2 )2 v
0 (z +1)2 log :U+(2)
" 1 —rmlogx wbgw—7<1 m)
oo Sin (m arccos —- 2+1) {log2 (2 ) T+a2) }d
X

1
+“/0 (a2 +1)% (log2m+ (%)2)

+

(113)

where cos (m arccosy) is the Chebyshev orthogonal polynomial in y. The integral (113) can be evalu-
ated accurately.
Upper bounding the cosines in (112) leads to

«_1yn—1cm
(m—1)!

1/00 dx 1 1
7 (224 1)2 | log? ozt 2 )
o (%4 og’z+(5)" o log”z + (%)

L/4 1\ [~ dx 1 (4 1\T (mTl) 1
P sl m = 2T my =0\ 0=
(m—1)! T\m 7))o (2241)2 2V A\« 7) vm
but this upper bound is rather weak. In particular since all coefficients ¢, for m > 2 have the same
: implies that o e ’"|) =0 (m1+s) for e > 0.

m=1 (m— 1)

The function in between brackets {.} is maximal at x = 1, where it equals % + % Thus,
‘(_1yn—lcm

sign by Theorem 2, the convergence of > >

E Asymptotic expansion for bm(% + a)

We start from the integral in (71),

s

(k+u+a)du

o U
(u+ ) H<1+k+a>du

(m+1) byt <;+a> :/éu(u—i-oz)
ﬁk—i—a/

Provided | klfa‘ < 1, the product can be expanded around ug = 0 as

1

M\H
SIS
Il

1
2

” Cu Cu ) o [ D »

(1) = (Sos(5) ) o (£ St
_ Ny 71 ex 3 (_1)];1 Y ! u?
‘eXp<“Z<k+a>> A0 D e DYy

k=n j=2

The convergence requirement indicates that |k + «| > % for k > n > 1, which means that % -—n<a.
We limit ourselves here to n = 1, implying that the analysis is valid for real o > —% and, thus, after
translating by, (3 + a) to by, () for o/ > 0. If that range must be larger, then we can increase n > 2,

so that a > % and so on; the only effect is that the integral I; below is a little more involved, but still

50



1 1
(k+a)? (k+a)
diverges when m — oo, which justifies the split-off of the 7 = 1 term. The limit m — oo case can

analytically computable. For j > 2, the sum ;" converges for all m, whereas » ;" "

be expressed in terms of the Hurwitz Zeta-function ¢ (s,a) = Y 7o, m (see Appendix A). The

remaining j-series is alternating with decreasing coefficients and can thus be bounded as

Z <§: 1)/~ li L e u? & 1 +u3§: 1
_w e u”
/-c+a2 = = (k+a) 2 & (k+a)? 3~ (k+a)

Rather than continuing with these bounds, we proceed with an exact computation using our charac-
oo

teristic coefficients [28, Appendix], that enables us to expand exp <Z ) (=1

) =
+a
S ¢iul in a Taylor series around ug = 0. The Taylor series of a function G (2) of a function f () is

oo m k
IBEDY (k Rl
=0

‘f:f(zo)

slk, m]f(z)(zo)> (z —2z0)™ (114)

The characteristic coefficients of a complex function f (z) with Taylor series f (2) = >y fx (20) (z — 20)",
defined by s[k,m]|; (20) = Lo dm (f (z) = f (zo)k)‘ , possesses a general form
2=2z0

m! dz™

k
sle,mll ()= Y. [/ (20) (115)

Sk ji=mii>0 =1

and obeys s[k,m]|; (20) = 0if k < 0 and k > m. Moreover, s[k,m]|; (z0) possesses a recursion and the

e}

coefficients ¢; can be computed up to any desired order. The function f (u) =) ) <(_ j

1
= <k+a>ﬂ‘>“
la -. Invoking

has clearly two vanishing Taylor coefficients, fo = f1 = 0, while f; = -
(114)

oo m 1
=1 _
indicates that ¢p = 1 and ¢; = Zk:l & s[k,1]. Because f; = 0, it holds that ¢; = s[1,1] = 0. We list
the first Taylor coefficients ¢,

1 & 1 1 1
#= e ™M T L Gy
m 2 m
1 1 1 1
¢4_8<§(k+a)z> _4;(k+a)
1 & 1 i 1 1 1
¢5__6,;L(k+a)2,;(k+a)3+5;(k+a)5
1 1 1 1 1 1 1 1 1
%=1 (,;L(km)?) +18(,%%(“04)3) +8I§L(k¢+a)z;(kz+a)“_6;(k+a)6

In passing by, our characteristic coefficients also enable to compute the Stirling numbers Sy(,lf ) via the

generating function (42) for large m up to any order desired.
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Let us proceed with n = 1 (restricting @ > —3) and denote v, (@) = >0, m, then

1 m
(m+1) bm+1(§ +a)= H (k+a) E qﬁl/ u+ ) e’ @yt gy
k=1 -

The integral

eu'ym(a)ul+2du + a/z eu’ym(a)ul—i-ldu

1

S

1
/ (u + Ol) 6u‘ym(a)ul+1du _ /2
_1 _

1 —
2 2 2

1
requires us to compute I; = f_21 e®yldu for integer [ > 0. Partial integration leads to the recursion

1
2 1 a a l
Il = /;2 au ldu = ? (65 — (—1)l 6_5) — a_[l_l

1 a
which, after iteration down to Iy = [2, e™du = e2—¢ 2 leads to
2

M\»—A

S

a

1 l a j l
2 au,l l 2
I = eu'du = l e —e

Al
1 . .
2 Jj= Jj=0 J

)j

M\@
.ol

Although the right-hand side seems to increase factorially with [, the integral indicates that lim;_, ., I; =
0. Thus, we obtain

(m~+1)bm+1( +a)

Returning to P = “qp227— = =320t f 1 (u + o) e’ (@ yl+dy and after reversing of the I-
1

N

(u + Oé) eu*ym(a)ul—i-ldu _ lié { e’ymT@ (_1)(1 ((Oé + %) I+1+ (2 — q) Oé) } ( 2q—1l—-1 (l + 1)[

3 =0 +(—1)’e—”’”+“)((a—%)z—u(z—q)a) 1+2— ) (m ()T

and g-sum, we obtain the expansion in inverse powers of v (o) =

m (@) 1 (@) 1\ 1
2’Ym Z¢l{ ) ( 2>+(_1>l€ ’ (O‘_2>}zl
(7 (@ QZ@{—J%‘“((w >l+1+a>+(—1)le”mz(a) ((a—i)l—l—l—a)};l

o ([ o (l+1)!{em2(a)(—1)q((a+%)l+1—qa)+(—1)le*mT(a)((a—%)l—l—qa)} 00
2210 % T @

m 1
2 k=1 (ra)”

l=q

With exp (Z‘;’;Q (7 ) Soio drul and [T, (1 + k+a) = exp (Zj 1 1;j_1 o, (kja)juj),

we observe that all [-sums in the last double sum are derivatives evaluated at u = :l:%. For example,

Z@ { e ( ;) (1) e <a _ ;) } =

=<a+i>ﬁ(1+2<kia>)+<a—i)£{<1—mia>)

the first sum equals
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We arrive at the expansion in powers of P (a),

M+ 1) bpsr(5+a) (o +3) TTi%s (1 + m) +(a—3) I (1 - m)
- HZ” (k+a) 2%m ()

- 22@{—6 R <<a+1>z+1+a>+(—1)le"”‘é‘” ((a_;>5—1+a>}211

+ZZ¢z{ (- )q<<a+1>l+1—qa>+(—l)le_w2<a) <<a—;>l—1—qa>}( qu+1(l+§§é+3

pr L= ) (Ym (a
(116)

In particular, for large m, where v, (o) = > 72, (lea) = O (log (m + a)), the expansion (116) shows
that

bsi(3+0) _ T (14 §) (0 + D) I (1 ateg) + (0= DT (1~ ) ( ; >
m! m+1 2> ﬁ log? m
(117)

For a — —% and b,,(0) = ¢, we find that ¢, < 0 and that

Tl - T (1 <5;>>+0(1>0<1>

ml m+ 1 2>, T log?m mlogm
2

while for a = 3, by, (1) = B, > 0 and

m m 1
bni1(1) _ [T (1+ 35) Il (1 " Q(HQ)) +0 1 —0 1
10g2m mlogm

m! m+1 222;11#%
2

m logm m logm

Although 2 = O (i) and P20 — 0 (1]
than for 6m = bm (1), illustrating that the o = 0 case converges faster than the a = 1 case (as in Fig.

1).

> the products for ¢, = by, (0) are smaller

F Verification of Theorem 4

Substituting the factorial series (90) into the inverse Laplace transformation (82) and assuming that

summation and integration can be reversed, yields

> 1 etioo etdz
— | _
n;)m% @) om /oo [ o(Bz +a+k)

For Re (t) > 0, Re () > 0 and limiting ourselves to 8 = 1, the contour can be closed over the negative

Re (z)-plane, where simple poles at z = —a — k are enclosed. Cauchy’s residue theorem [26] then

indicates that

1 /c+ioo e*tdz i . (z+a+37) et m e (o)t
— = 1m - .
270 Joio [lpeo(z + 4+ k) e (atd) [lito(z+a+k) = [Tio.kz; (k= 3)
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With [Tplo ez, (k — 5) = (=1)7 j! (m — j)!, we have

c+ioo et m —at
1/ dz LZ 1) e~latit = € (1 _gmt)™
270 Joivo oz +a+k) m! m!

Thus, we obtain

=e Y bm(a,1)(1—-e")"
m=0

Introducing the form (96) for ¢, (a, 1) yields

(1—e )" I 1 dift)] < (k+1) _
_ ot 1 (k+1) (I+k) K
o Z Z noode | k! S ( ) «
1=0 t=0 k=0
After reversing the m- and [- sum,
_ 1 d'f(t) Z(1-e)" & k! B
_ —at (k) (1 \ym—k k—1
= Z i >, m! >80 (=1) k-
t=0 = k=l
we recognize that
@ k! d &
(k) (_1\ym—k k-l _ % (k) (_1\m—k K
Zsm (-1) G _dalZSm (-1)™ F o
| k=0
The generating function (42) indicates that ;" Sk (—1)™ kb = Z‘;()l(k +a)=m!(-1)" (7%

and we have

=3 s () e
- _“ZI dldtz ’t (dal i( > 1)m_$7§)<§4> (e_t_l)m>

For any o and real t > 0, the binomial sum Y o7 (%) (e”* — D™= (1+et—1)"" = e, while
ddTil Zi;io () (et = 1)m = 0 because Zln:iO (59 (et = 1)m is a polynomial in « of degree [ — 1.
Finally, with d% (eo‘t) = tle™, we return, indeed, to the Taylor expansion of f (t) around the point

to =0.
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