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Abstract

The analytic – not the numerical – solution of a set of linear differential equations corresponding

to an upper triangular matrix is derived. When all diagonal elements of the triangular matrix are

different, the explicit solution can be written as an enumeration over paths.

1 Introduction

We consider a set of m linear differential equations

ds (t)

dt
= Qs (t) (1)

where s (t) =
[
s1 (t) s2 (t) · · · sm (t)

]T
is an m× 1 vector and Q is an m×m upper triangular

matrix,

Q =



q11 q12 · · · q1,m−1 q1m

0 q22 · · · q2,m−1 q2m

... 0
. . .

...
... · · · qm−1,m−1 qm−1,m

0 0 · · · 0 qmm


(2)

The matrix differential equation (1) is explicitly written as

ds1(t)
dt

ds2(t)
dt

...
dsm−1(t)

dt
dsm(t)
dt


=



q11 q12 · · · q1,m−1 q1m

0 q22 · · · q2,m−1 q2m

... 0
. . .

...
... · · · qm−1,m−1 qm−1,m

0 0 · · · 0 qmm





s1 (t)

s2 (t)
...

sm−1 (t)

sm (t)


or as a linear set, 

ds1(t)
dt = q11s1 + q12s2 + · · ·+ q1,m−1sm−1 + q1msm

ds2(t)
dt = q22s2 + · · ·+ q2,m−1sm−1 + q2msm

...
dsm−1(t)

dt = qm−1,m−1sm−1 + qm−1,msm
dsm(t)
dt = qmmsm

(3)
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We take the Laplace transform from both sides of the set (3). Denoting the Laplace transform as

L (sk (t)) =
∫∞

0 e−ptsk (t) = Sk (p) and invoking L
(
dsk(t)
dt

)
= pSk (p)− sk (0), which follows by partial

integration, the Laplace transformed set of the set (3) is

pS1 (p)− s1 (0) = q11S1 (p) + q12S2 (p) + · · ·+ q1,m−1Sm−1 (p) + q1mSm (p)

pS2 (p)− s2 (0) = q22S2 (p) + · · ·+ q2,m−1Sm−1 (p) + q2mSm (p)
...

pSm−1 (p)− sm−1 (0) = qm−1,m−1Sm−1 (p) + qm−1,mSm (p)

pSm (p)− sm (0) = qmmSm (p)

The matrix form,

q11 − p q12 · · · q1,m−1 q1m

0 q22 − p · · · q2,m−1 q2m

... 0
. . .

...
... · · · qm−1,m−1 − p qm−1,m

0 0 · · · 0 qmm − p





S1 (p)

S2 (p)
...

Sm−1 (p)

Sm (p)


= −



s1 (0)

s2 (0)
...

sm−1 (0)

sm (0)


(4)

demonstrates that the algebraic set is (Q− pI)S (p) = −s (0), which resembles an eigenvalue equation.

We simplify the notation of the matrix in (4) by denoting ξj = qjj − p,

A =



ξ1 q12 · · · q1,m−1 q1m

0 ξ2 · · · q2,m−1 q2m

... 0
. . .

...
... · · · ξm−1 qm−1,m

0 0 · · · 0 ξm


(5)

which is an m×m triangular matrix where only the diagonal elements ξ1, ξ2, . . . , ξm depend upon the

Laplace transform parameter p. The linear equation in (4) becomes A (p)S (p) = −s (0) with solution

S (p) = −A−1 (p) s (0) (6)

and, per component,

Sj (p) = −
m∑
i=1

si (0)
(
A−1

)
ji

(p)

If a process starts in one state l, then si (0) = δil or s (0) = el, where the Kronecker delta δil = 1 if

i = l, otherwise δil = 0 and where el is the l-th basic vector with (el)i = 1 if i = l, otherwise (el)i = 0.

The corresponding solution (6) then simplifies to S (p) = −
(
A−1

)
col l

or Sj (p) = −
(
A−1

)
jl

, where the

inverse matrix A−1 (p) is a function of the Laplace parameter p. After inverse Laplace transformation

L−1 (Sj (p)) = 1
2πi

∫ c+i∞
c−i∞ Sj (p) eptdp = sj (t), we arrive at

s (t) = −A−1 (t) s (0)

For the initial condition si (0) = δil, the solution of the set of differential equations in (3) is,

sj (t) = −
(
A−1

)
jl

(t) (7)
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Our main result in this article is the analytic computation of
(
A−1

)
jl

(t) in (7). If all diagonal elements

of the matrix Q in (2) are different and non-zero, then
(
A−1

)
jl

(t) is explicitly given in (22). The other

case, where not all diagonal elements are different, is clearly more complicated (see Theorem 3 on p.

8) and (19) illustrates that also integer powers of t, beside exponential functions, color the dynamics.

The article is structured as follows. Section 2 derives general properties of an m × m upper

triangular matrix. Section 3 computes the inverse A−1 of the triangular matrix A, which is the more

elegant way instead of focusing on the eigenstructure of A, which is derived in Appendix A. Indeed,

the general solution of the inverse A−1 allows Laplace transformation that leads to a general solution,

derived in Section 4, while the eigenvalue problem is already complicated from the start on when

multiple eigenvalues occur (as illustrated in the proof of Theorem 4). The simplest form solution in

(22) assumes that all eigenvalues of the triangular matrix A are different.

2 Properties of an upper triangular matrix A

If A is an m × m upper triangular matrix, then the structure in (5) shows that its elements obey

akj = 0 if j < k (fix row k and vary the columns j) and, equivalently, ajn = 0 if j > n (fix column

n and vary the rows j). The determinant of a triangular matrix (both upper and lower triangular)

equals the product of its diagonal elements as proved in [3, art. 207]. Hence, for the upper triangular

matrix A in (5), it holds that detA =
∏m

j=1
ξj , from which we conclude that detA = 0 only if at least

one diagonal element ξj for 1 ≤ j ≤ m is zero.

Theorem 1 If A and B are m×m upper triangular matrices, so is the product C = AB. Inversely,

if C and A are m×m upper triangular matrices, then also B is an m×m upper triangular matrix.

Proof : The elementwise matrix product for any matrix A and B is ckl =
∑m

j=1 akjbjl. Since A

is here an upper triangular matrix with akj = 0 if j < k (fix row k and vary columns j), we obtain

ckl =
∑m

j=k akjbjl. If also B is an upper triangular matrix, with bjl = 0 if j > l (fix column l and vary

the rows j), then we arrive at

ckl =

l∑
j=k

akjbjl (8)

If l < k, then (8) indicates that ckl = 0, because, by convention,
∑l

j=k f (j) = 0 if k > l. Alternatively,

for j ≥ k > l, the triangular structure shows that bjl = 0. Consequently, the property “ckl = 0 if l < k

(fix row k and vary the columns l)” implies that C is an m×m upper triangular matrix.

The inverse property follows from ckl =
∑m

j=k akjbjl, where the triangular property “ckl = 0 if

l < k (fix row k and vary the columns l)” requires that B is triangular. Indeed, if B is not triangular,

then any element ckl =
∑m

j=k akjbjl can be non-zero, in which case the matrix C is not triangular. �

Corollary 1 If A is an m ×m upper triangular matrix, then Ak is also an m ×m upper triangular

matrix for non-negative integers k ≥ 0. Any integer power k ∈ Z of a triangular matrix without zero

diagonal elements is also a triangular matrix without zero diagonal elements.

Proof : Replacing B in Theorem 1 by A shows that A2 is an m × m upper triangular matrix.

Repeating the argument by replacing B by A2, then A3 and so on, proves the first part of Corollary
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1. From Ak = Ak−1A and assuming that detA 6= 0 (i.e. none of the diagonal elements of A is zero),

it follows that A−1Ak = Ak−1. Since both Ak and Ak−1 are upper triangular, Theorem 1 states that

also the inverse matrix A−1 must be an m ×m upper triangular matrix. Hence, any integer power

k ∈ Z of a triangular matrix without zero diagonal elements is also a triangular matrix without zero

diagonal elements. �

If k = l in (8), then ckk = akkbkk, which illustrates that diagonal elements of C are the direct

product of the corresponding diagonal elements in A and B; a property related to the Hadamard

product of two matrices.

Corollary 2 If A and B are m×m upper triangular matrices, the elements in the n-th upper diagonals

of C = AB possess the same number of elements, i.e. n + 1 terms of products. In other words, if

l − k = n, then ckl consists of a sum of n+ 1 products.

Proof : Corollary 2 is a consequence of (8). If l = k + n, then (8) becomes

ck,k+n =

k+n∑
j=k

akjbj,k+n =

n∑
j=0

ak,j+kbj+k,k+n

illustrating that the elements in the n-th upper diagonal of C = AB consist of a sum of n + 1 terms

of products. �

3 The inverse A−1 of the triangular matrix A

From the definition A−1A = I, the matrix product and the Kronecker delta δjl = 1{j=l}, we deduce

that

δjl =
m∑
n=1

ajn
(
A−1

)
nl

Since A is an upper triangular matrix with ajn = 0 if j < n, we obtain for the matrix in (5)

δjl =

m∑
n=j

ajn
(
A−1

)
nl

= ξj
(
A−1

)
jl

+

m∑
n=j+1

qjn
(
A−1

)
nl

(9)

Taking the determinant from both sides of A−1A = I leads to det
(
A−1

)
= 1

detA =
∏m

k=1

1
ξk

. Theorem

1 with C = I and B = A−1 indicates that the inverse matrix A−1 of an m×m upper triangular matrix

A is also an m×m upper triangular matrix.

Before concentrating on the general case, the situation where j = l in (9), 1 = ξj
(
A−1

)
jj

+∑m
n=j+1 qjn

(
A−1

)
nj

, is equivalent by ckk = akkbkk after Corollary 1, to
∑m

n=j+1 qjn
(
A−1

)
nj

= 0,

which is correct, because the triangular matrix satisfies
(
A−1

)
nj

= 0 if n > j. If j < l, then(
A−1

)
jl

= 0 and (9) is again obeyed. If j > l, then the governing relation δjl =
∑m

n=j qjn
(
A−1

)
nl

in

(9) reduces with
(
A−1

)
nl

= 0 if n > l to

0 =

m∑
n=j

qjn
(
A−1

)
nl

=

l∑
n=j

qjn
(
A−1

)
nl
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leading for j > l to the recursion
(
A−1

)
jl

= − 1
ξj

∑l
n=j+1 qjn

(
A−1

)
nl

. Invoking
(
A−1

)
ll

= 1
ξl

, the

non-zero elements of the inverse matrix A−1 can be iteratively computed from

(
A−1

)
jl

= −
qjl
ξjξl
− 1

ξj

l−j−1∑
n=1

qj,n+j

(
A−1

)
n+j,l

for l > j (10)

The recursion (10) illustrates that the number of terms increases with the difference l−j as in Corollary

2. If l = j + 1, then the recursion (10) shows that
(
A−1

)
j,j+1

= − qj,j+1

ξjξj+1
. The recursion (10) reduces

for l = j + 2 to(
A−1

)
j,j+2

= − qj,j+2

ξjξj+2
− qj,1+j

ξj

(
A−1

)
1+j,j+2

= − qj,j+2

ξjξj+2
+
qj,j+1qj+1,j+2

ξjξj+1ξj+2

and for l = j + 3 to(
A−1

)
j,j+3

= − qj,j+3

ξjξj+3
− 1

ξj
qj,1+j

(
A−1

)
1+j,j+3

− 1

ξj
qj,2+j

(
A−1

)
2+j,j+3

= − qj,j+3

ξjξj+3
+
qj,1+j

ξj

(
qj+1,j+3

ξj+1ξj+3
− qj+1,j+2qj+2,j+3

ξj+1ξj+2ξj+3

)
+
qj,2+j

ξj

(
qj+2,j+3

ξj+2ξj+3

)
which is simplified as(

A−1
)
j,j+3

= − qj,j+3

ξjξj+3
+
qj,1+jqj+1,j+3

ξjξj+1ξj+2
+
qj,2+jqj+2,j+3

ξjξj+2ξj+3
− qj,1+jqj,1+jqj+1,j+2

ξjξjξj+1ξj+2

The structure of
(
A−1

)
j,j+3

resembles the summations of paths between node j and j+3 in a complete

graph with four nodes, j, j + 1, j + 2, j + 3 and link weight qlk between node k and l. The first term

is the direct, one hop path, the second term contains all two-hop paths between node j and j + 3

and the third term contains the single three-hops path [3, art. 20]. Continuing the evaluation of the

recursion (10) leads to Theorem 2:

Theorem 2 If A is an m×m upper triangular matrix with the structure in (5), then the elements of

the inverse matrix A−1 satisfy, for l > j,

(
A−1

)
jl

= −
qjl
ξjξl

+
1

ξjξl

l−j∑
h=2

(−1)h
l−1∑

k1=j+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l∏h−1

r=1
ξkr

(11)

and (
A−1

)
jj

=
1

ξj
(12)

From a graph perspective, the general formal structure (11) for l > j is written as a sum over all paths

Ph with h hops (and with maximum h = l − j hops) in the complete, directed graph formed by h + 1

nodes, labelled from j, j + 1, . . . , l, as

(
A−1

)
jl

= −
qjl
ξjξl

+
1

ξjξl

l−j∑
h=2

(−1)h
∑

Ph=(k0,k1,...,kh)
k0=j,kh=l

∏h−1

r=0
qkr,kr+1∏h−1

r=1
ξkr

(13)

where a path of h-hops from node k0 = j to kh = l is Ph = (j → k1) (k1 → k2) · · · (kh−1 → l) and all

intermediate nodes {kr}1≤r≤h−1 are different, different from {j, l} and j < kr < l.
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If l = j in (11), then the first term − qjl
ξjξl

= − 1
ξj

, because qjj = ξj and second sum is zero, due to

the convention that
∑b

h=a f (h) = 0 if a > b, which has the opposite sign of (12) and, therefore, the

case l = j is excluded from (11). The case l = j corresponds to a zero-hop path or a self-loop, where

h = 0 in (11) and (13). A hop count h = 1 means the direct link between node j and node l, which

is the first term in (11) and (13). If h = 2, equivalent to one intermediate node k1 in the path P2

between starting node j and destination node l, then the second multiple sum in (11) with kh−1 = k1

reduces to a single sum

l−1∑
k1=j+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

∏h−1

r=0
qkr,kr+1∏h

r=0
ξkr

=
1

ξjξl

l−1∑
k1=j+1

qj,k1qk1,l
ξk1

while h = 3 becomes

l−1∑
k1=j+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

∏h−1

r=0
qkr,kr+1∏h

r=0
ξkr

=
1

ξjξl

l−1∑
k1=j+1

l−1∑
k2=k1+1

qj,k1qk1,k2qk1,l
ξk1ξk2

and so on. Relations (11) and (13) resemble an inclusion-exclusion formula (see e.g. [2, p. 10-12]).

Proof: In order to prove the validity of (11), we introduce the solution (11) into the recursion(
A−1

)
jl

= − qjl
ξjξl
− 1

ξj

∑l−1
n=j+1 qjn

(
A−1

)
nl

in (10) for l > j,

(
A−1

)
jl

= −
qjl
ξjξl

+
1

ξjξl

l−1∑
n=j+1

qjnqnl
ξn

+Rjl (14)

where

Rjl =
1

ξjξl

l−1∑
n=j+1

l−n∑
h=2

(−1)h
l−1∑

k1=n+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

qjnqn,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l

ξn
∏h−1

r=1
ξkr

The term 1
ξjξl

∑l−1
n=j+1

qjnqn,l
ξn

in (14) represents the h = 2 term in (11). Interchanging the n- and

h-summation in Rjl yields

Rjl =
1

ξjξl

l−1−j∑
h=2

(−1)h
l−h∑

n=j+1

l−1∑
k1=n+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

qjnqn,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l

ξn
∏h−1

r=1
ξkr

Increasing the index of h by one,

Rjl = − 1

ξjξl

l−j∑
h=3

(−1)h
l+1−h∑
n=j+1

l−1∑
k1=n+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−2=kh−3+1

qjnqn,k1

(∏h−3

r=1
qkr,kr+1

)
qkh−2,l

ξn
∏h−2

r=1
ξkr
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replacing the index n by k1 and the index kr by kr+1 for all r, then results in

Rjl = − 1

ξjξl

l−j∑
h=3

(−1)h
l+1−h∑
k1=j+1

l−1∑
k2=k1+1

l−1∑
k3=k2+1

· · ·
l−1∑

kh−1=kh−2+1

qjk1qk1,k2

(∏h−3

r=1
qkr+1,kr+2

)
qkh−1,l

ξk1
∏h−2

r=1
ξkr+1

= − 1

ξjξl

l−j∑
h=3

(−1)h
l+1−h∑
k1=j+1

l−1∑
k2=k1+1

l−1∑
k3=k2+1

· · ·
l−1∑

kh−1=kh−2+1

qjk1qk1,k2

(∏h−2

r=2
qkr,kr+1

)
qkh−1,l

ξk1
∏h−1

r=2
ξkr

= − 1

ξjξl

l−j∑
h=3

(−1)h
l+1−h∑
k1=j+1

l−1∑
k2=k1+1

l−1∑
k3=k2+1

· · ·
l−1∑

kh−1=kh−2+1

qjk1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l∏h−1

r=1
ξkr

Substituting the above into (14) and comparing with (11) demonstrates Theorem 2. �

4 Inverse Laplace transform

The denominators in (11) only contain ξ-terms that are function of p by ξj = qjj − p and each term

can be straightforwardly inverse Laplace transformed as demonstrated in this Section 4. Explicitly in

terms of the Laplace transform parameter p with ξj = qjj − p, formula (11) becomes

(
A−1

)
jl

(p) = −
qjl

(qjj − p) (qll − p)
+

l−j∑
h=2

(−1)h
l−1∑

k1=j+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l

(qjj − p)
∏h−1

r=1
(qkr,kr − p) (qll − p)

(15)

The inverse Laplace transform of L (f (t)) =
∫∞

0 e−ptf (t) dt = F (p) is computed via a contour integral

L−1 (F (p)) = 1
2πi

∫ c+i∞
c−i∞ eptF (p) dp = f (t), where the real number c > 0,

(
A−1

)
jl

(t) = − 1

2πi

∫ c+i∞

c−i∞

qjle
ptdp

(qjj − p) (qll − p)

+

l−j∑
h=2

(−1)h
l−1∑

k1=j+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

1

2πi

∫ c+i∞

c−i∞

qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,le

pt

∏h

r=0
(qkr,kr − p)

dp

We define the integral

I{qkr,kr}0≤r≤h
=

1

2πi

∫ c+i∞

c−i∞

ept∏h

r=0
(qkr,kr − p)

dp (16)

where the set {qkr,kr}0≤r≤h =
{
qjj , qk1,k1 , . . . , qkh−1,kh−1

, qll
}

is a selection or subset of diagonal ele-

ments {qnn}j≤n≤m in the matrix Q in (2) with all different elements (as follows from the path structures

in Theorem 2). The product
∏h

r=0
(qkr,kr − p) is a polynomial of order h+ 1 in the complex variable

p with zeros at the elements of the set {qkr,kr}0≤r≤h. In terms of the integral I{qkr,kr}0≤r≤h
in (16), the
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inverse Laplace transform of
(
A−1

)
jl

(p) in (15) is written as

(
A−1

)
jl

(t) = −qjlI{qjj,qll}+
l−j∑
h=2

(−1)h
l−1∑

k1=j+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,lI{qkr,kr}0≤r≤h

(17)

In spite of the fact that the path structure indicates that all intermediate nodes k1, k2, . . . , kh−1 are

different and different from begin node k0 = j and end node kh = l, the corresponding values of the

diagonal elements {qll}j≤l≤m in the matrix Q in (2) can be the same, i.e. qkr,kr = qkn,kn for some

pair of (different) nodes kr and kn. Depending on the number of same diagonal elements {qll}j≤l≤m
in the matrix Q in (2), the contour integral (16) has a different form (see also [2, p. 45]). We first

concentrate on the computation of the contour integral (16) in Section 4.1 and then proceed with the

implication for the expression (17) in Section 4.2.

4.1 The contour integral in (16)

Theorem 3 If all diagonal elements {qll}j≤l≤m in the matrix Q in (2) are different and Re (qll) ≤ 0,

then

I{qkr,kr}0≤r≤h
=

h∑
s=0

eqks,ks t∏h

r=0;r 6=s
(qkr,kr − qks,ks)

(18)

If some diagonal elements are the same, then the polynomial can be written as
∏h

r=0
(qkr,kr − p) =∏b

u=0
(qku,ku − p)

νu, where the sum of the multiplicities of the zeros satisfies
∑b

u=0 νu = h + 1, and

the integral in (16) becomes

1

2πi

∫ c+i∞

c−i∞

ept∏b

u=0
(qku,ku − p)

νu
dp =

b∑
u=0

νu−1∑
i=0

tνu−1−ieqku,ku t

(νu − 1− i)!

∑∑b
n=0
n6=u

kn=i;kn≥0

∏b
n=0
n6=u

(−νnkn )

(qkn,kn−qku,ku)
kn∏b

n=0
n6=u

(qkn,kn − qku,ku)νn

(19)

Proof: If all diagonal elements {qll}j≤l≤m are different, then also all {qkr,kr}0≤r≤h are different by

Theorem 2 and the contour can be closed over the negative Re (p)-plane. Cauchy’s residue theorem

then states that

1

2πi

∫ c+i∞

c−i∞

ept∏h

r=0
(qkr,kr − p)

dp =
h∑
s=0

lim
p→qks,ks

ept∏h

r=0;r 6=s
(qkr,kr − p)

=
h∑
s=0

eqks,ks t∏h

r=0;r 6=s
(qkr,kr − qks,ks)

provided Re (qks,ks) ≤ 0, because positive poles are not encircled by the contour.

If some diagonal elements are the same and
∏h

r=0
(qkr,kr − p) =

∏b

u=0
(qku,ku − p)

νu with
∑b

u=0 νu =

h+ 1, then the integral (16) is

1

2πi

∫ c+i∞

c−i∞

ept∏b

u=0
(qku,ku − p)

νu
dp =

b∑
u=0

lim
p→qku,ku

1

(νu − 1)!

dνu−1

dpνu−1

(
ept∏b

n=0;n6=u (qkn,kn − p)
νn

)
(20)
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where the Cauchy integral 1
k!

dkf(z)
dzk

∣∣∣
z=z0

= 1
2πi

∫
C(z0)

f(ω) dω
(ω−z0)k+1 has been used. Leibniz’ rule gives us

dνu−1

dpνu−1

(
ept∏b

n=a;n6=u (qkn,kn − p)
νn

)
=

νu−1∑
i=0

(
νu − 1

i

)
dνu−1−i

dpνu−1−1
ept

di

dpi

 b∏
n=0;n6=u

(qkn,kn − p)
−νn


= ept

νu−1∑
i=0

(
νu − 1

i

)
tνu−1−i d

i

dpi

 b∏
n=0;n6=u

(qkn,kn − p)
−νn


Substitution into (20) yields

1

2πi

∫ c+i∞

c−i∞

ept∏b

u=0
(qku,ku − p)

νu
dp =

b∑
u=0

eqku,ku t
νu−1∑
i=0

tνu−1−i

i! (νu − 1− i)!
lim

p→qku,ku

di

dpi

 b∏
n=0;n6=u

(qkn,kn − p)
−νn


(21)

The remaining limit in (21) is most elegantly computed after Taylor expansion around p = qku,ku .

Thus,

b∏
n=0;n6=u

(qkn,kn − p)
−νn =

b∏
n=0;n6=u

((qkn,kn − qku,ku)− (p− qku,ku))−νn

=

b∏
n=0;n 6=u

(qkn,kn − qku,ku)−νn
b∏

n=0;n6=u

(
1−

(p− qku,ku)

qkn,kn − qku,ku

)−νn
Newton’s binomial series (1 + z)α =

∑∞
j=0

(
α
j

)
zj , convergent for all α and |z| < 1, yields

H =
b∏

n=0;n 6=u

(
1−

(p− qku,ku)

qkn,kn − qku,ku

)−νn
=

b∏
n=0;n6=u

∞∑
j=0

(
−νn
j

)(
1

qkn,kn − qku,ku

)j
xj

where x = p− qku,ku and di

dpi
= di

dxi
for all i ≥ 0. Further,

H =
∞∑
k0=0

(
−ν0

k0

)(
1

qk0,k0 − qku,ku

)k0
xk0 · · ·

∞∑
kb=0

(
−νb
kb

)(
1

qkb,kb − qku,ku

)kb
xkb

=

∞∑
k0=0

· · ·
∞∑
kb=0

(
−ν0

k0

)(
1

qk0,k0 − qku,ku

)k0
· · ·
(
−νb
kb

)(
1

qkb,kb − qku,ku

)kb
x
∑b
n=a;n 6=u kn

=

∞∑
k0=0

· · ·
∞∑
kb=0

b∏
n=0;n 6=u

(
−νn
kn

)(
1

qkn,kn − qku,ku

)kn
x
∑b
n=0;n 6=u kn

After letting m =
∑b

n=0;n6=u kn with kn ≥ 0 for each 0 ≤ n 6= u ≤ b, we obtain

b∏
n=0;n6=u

(
1−

(p− qku,ku)

qkn,kn − qku,ku

)−νn
=
∞∑
m=0

 ∑
∑b
n=0;n 6=u kn=m;kn≥0

b∏
n=0;n 6=u

(
−νn
kn

)(
1

qkn,kn − qku,ku

)kn xm
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and

M =
di

dpi

 b∏
n=0;n6=u

(qkn,kn − p)
−νn


=

b∏
n=0;n 6=u

(qkn,kn − qku,ku)−νn
di

dpi

 b∏
n=0;n 6=u

(
1−

(p− qku,ku)

qkn,kn − qku,ku

)−νn
=

b∏
n=0;n 6=u

(qkn,kn − qku,ku)−νn ×

di

dxi

 ∞∑
m=0

 ∑
∑b
n=0;n 6=u kn=m;kn≥0

b∏
n=0;n6=u

(
−νn
kn

)(
1

qkn,kn − qku,ku

)kn xm


=

b∏
n=a;n6=u

(qkn,kn − qku,ku)−νn ×

∞∑
m=i

 ∑
∑b
n=0;n 6=u kn=m;kn≥0

b∏
n=0;n 6=u

(
−νn
kn

)(
1

qkn,kn − qku,ku

)kn m!

(m− i)!
xm−i

After taking the limit p→ qku,ku , which is equivalent to x→ 0, we arrive at

lim
p→qku,ku

di

dpi

 b∏
n=a;n6=u

(qkn,kn − p)
−νn

 = i!

∑∑b
n=0;n 6=u kn=i;kn≥0

∏b
n=0;n 6=u

(−νn
kn

) (
1

qkn,kn−qku,ku

)kn
∏b
n=0;n 6=u (qkn,kn − qku,ku)νn

Introducing into (21) results into (19). �

The simplest case of (19), when two diagonal elements qjj and qll of the matrix Q are the same, is

differently computed in Appendix C.

4.2 The time-dependent solution (A−1)jl (t)

We confine ourselves to the situation where all diagonal elements of the matrix Q are different. Intro-

ducing the explicit form of the integral I{qkr,kr}0≤r≤h
in (18) into (17) yields

(
A−1

)
jl

(t) = −qjl
(
eqjjt − eqllt

qll − qjj

)
+

l−j∑
h=2

(−1)h
l−1∑

k1=j+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l

×
h∑

n=0

eqkn,kn t∏h

r=0;r 6=n
(qkr,kr − qkn,kn)

We take into account that the begin node k0 = j and kh = l are fixed,

10



(
A−1

)
jl

(t) = −qjl
(
eqjjt − eqllt

qll − qjj

)
+

l−j∑
h=2

(−1)h
l−1∑

k1=j+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l

×


eqjjt

(qll−qjj)∏h−1

r=1
(qkr,kr − qjj)

+
h−1∑
n=1

e
qkn,kn

t

(qjj−qkn,kn)(qll−qkn,kn)∏h−1

r=1;r 6=n
(qkr,kr − qkn,kn)

+

eqllt

(qjj−qll)∏h−1

r=1
(qkr,kr − qll)


(22)

illustrating that the intermediate nodes k1, . . . , kh−1 in a path Ph from j to l changes for different

paths and that each intermediate node kr has a node label in the set {j + 1, j + 2, . . . , l − 1}. Explicit

in the direct and first hop, (22) is

(
A−1

)
jl

(t) = −qjl
(
eqjjt − eqllt

qll − qjj

)
+

l−1∑
k1=j+1

qj,k1qk1,l

 eqjjt

(qll−qjj)

(qk1,k1 − qjj)
+

eqk1,k1 t

(qjj − qk1,k1) (qll − qk1,k1)
+

eqllt

(qjj−qll)

(qk1,k1 − qll)


−

l−j∑
h=3

(−1)h
l−1∑

k1=j+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l

×


eqjjt

(qll−qjj)∏h−1

r=1
(qkr,kr − qjj)

+
h−1∑
n=1

e
qkn,kn

t

(qjj−qkn,kn)(qll−qkn,kn)∏h−1

r=1;r 6=n
(qkr,kr − qkn,kn)

+

eqllt

(qjj−qll)∏h−1

r=1
(qkr,kr − qll)


The path structure Ph = (j, k1, . . . , kh−1, l) or Ph = j → k1 → . . .→ kh−1 → l in a directed complete

graph is encoded in (22) via the indices in the product qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l. As shown in [2,

Sec. 15.2] and [3, art. 20], the total number of different paths with h hops, which arises when all

elements of the matrix Q are non-zero (as in the complete graph with N = l − j + 1 nodes), equals
(N−2)!

(N−h−1)! . For large N , the asymptotic law is (N−2)!
(N−h−1)! = Γ(N−1)

Γ(N−h) = Nh−1
(
1 +O

(
1
N

))
and summed

over all h = N − 1 hop paths in (22) leads to a maximum total number of different paths equal

to [e (N − 2)!]. In particular when the matrix Q is sparse, the total number of different paths can

be substantially smaller. Another observation from (22) is that only pure exponentials eqkn,kn t for

0 ≤ n ≤ h specify the time-dependence of
(
A−1

)
jl

(t).

It is convenient to rewrite (22) in terms of a sum of exponentials in the time t,

(
A−1

)
jl

(t) =

qjl +

l−j∑
h=2

(−1)h
l−1∑

k1=j+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l∏h−1

r=1
(qkr,kr − qjj)

 eqjjt

(qjj − qll)

−

qjl +

l−j∑
h=2

(−1)h
l−1∑

k1=j+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l∏h−1

r=1
(qkr,kr − qll)

 eqllt

(qjj − qll)

−
l−j∑
h=2

h−1∑
n=1

l−1∑
k1=j+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

(−1)h qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l

(qjj − qkn,kn) (qll − qkn,kn)
∏h−1

r=1;r 6=n
(qkr,kr − qkn,kn)

eqkn,kn t

11



We reverse the h- and n-summation,
∑l−j

h=2

∑h−1
n=1 · · · =

∑l−j−1
h=1

∑h
n=1 · · · =

∑l−j−1
n=1

∑l−j−1
h=n · · · , to

arrive at

(
A−1

)
jl

(t) =

qjl +

l−j∑
h=2

(−1)h
l−1∑

k1=j+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l∏h−1

r=1
(qkr,kr − qjj)

 eqjjt

(qjj − qll)

−

qjl +

l−j∑
h=2

(−1)h
l−1∑

k1=j+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l∏h−1

r=1
(qkr,kr − qll)

 eqllt

(qjj − qll)

−
l−j−1∑
n=1

l−j−1∑
h=n

l−1∑
k1=j+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l∏h−1

r=1;r 6=n
(qkr,kr − qkn,kn)

 (−1)h eqkn,kn t

(qjj − qkn,kn) (qll − qkn,kn)

which can be summarized, with k0 = j and khmax = kl−j = l as

(
A−1

)
jl

(t) =

l−j∑
n=0

Ψjl;ne
qkn,kn t (23)

where, as told before, any node kn has a label between k0 = j and kl−j = l. The first coefficients

Ψjl;0 =

qjl +
∑l−j

h=2 (−1)h
∑l−1

k1=j+1

∑l−1
k2=k1+1 · · ·

∑l−1
kh−1=kh−2+1

qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l∏h−1

r=1
(qkr,kr−qjj)

qjj − qll

Ψjl;l−j = −

qjl +
∑l−j

h=2 (−1)h
∑l−1

k1=j+1

∑l−1
k2=k1+1 · · ·

∑l−1
kh−1=kh−2+1

qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l∏h−1

r=1
(qkr,kr−qll)

qjj − qll
possess the same structure, whereas for the intermediate nodal indices 1 ≤ n ≤ l − j,

Ψjl;n =

∑l−j−1
h=n (−1)h

∑l−1
k1=j+1

∑l−1
k2=k1+1 · · ·

∑l−1
kh−1=kh−2+1

qj,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l∏h−1

r=1;r 6=n
(qkr,kr−qkn,kn)

(qjj − qkn,kn) (qll − qkn,kn)

Since the diagonal elements of a triangular matrix equal the eigenvalues, thus λkn = qkn,kn , the

exponentials eqkn,kn t with rate qkn,kn are weighted by the coefficients Ψjl;n, that reflect the total

contribution of all paths between two nodes j and l, in a complete graph configuration on the nodes

k0 = j, k1, . . . , kl−j−1, kl−j = l. If the matrix Q can be regarded as minus a weighted Laplacian or an

infinitesimal generator of a continuous-time Markov chain, then the directed graph G without loops

is defined by the weighted off-diagonal elements of the triangular matrix Q.

5 Summary

We have derived the entire, analytic solution of the set of differential equations in (3). The solution

sj (t) = −
(
A−1

)
jl

(t) in (7) with either (22) or (23) is the basic building block for the dynamics of

12



Markovian SIR epidemics on any network [1].
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A Eigenvectors of an upper triangular matrix A

The eigenvalue problem for triangular matrices is considerably easier than that for general matrices,

because a diagonal element is an eigenvalue which follows from det (A− λI) =
∏m

k=1
(ξk − λ) = 0 for

the matrix A in (5). The eigenvalue equation Axn = λnxn of the n-th eigenvalue λn of an m×m upper

triangular matrix becomes, with (Axn)k =
∑m

j=1 akj (xn)j =
∑m

j=k akj (xn)j , for the right-eigenvector

component (xn)k,

λn (xn)k =

m∑
j=k

akj (xn)j (24)

which leads to

(xn)k =
1

λn − akk

m∑
j=k+1

akj (xn)j for k < m (25)

Similarly, the left-eigenvalue equation yTs A = λsy
T
s , equivalent to

(
AT ys

)
l

= λs (ys)l, leads, with(
AT ys

)
l

=
∑m

j=1 ajl (ys)j =
∑l

j=1 ajl (ys)j , to

(ys)l =
1

λs − all

l−1∑
j=1

ajl (ys)j for l > 1 (26)

A.1 Right-eigenvectors of an upper triangular matrix A

Theorem 4 If A is an m × m upper triangular matrix with different, non-zero diagonal elements,

then the right-eigenvector matrix X with the right-eigenvectors x1, x2, . . . , xm in the columns is an

upper triangular matrix with arbitrary non-zero diagonal elements g1, g2, . . . , gm.

Proof : The right-eigenvalue equation (24) for k = m reduces to λn (xn)m = amm (xn)m or

(λn − amm) (xn)m = 0, implying that either (xn)m = 0 or λn = amm. Any diagonal element is

an eigenvalue and we propose the convention that λn = ann. Thus, eigenvalues are not ordered, but

indexed according to the position of the diagonal element. With the convention that λn = ann, we

enter two cases: (a) if all diagonal elements are different, then λn 6= amm for n 6= m and consequently,

(xn)m = gm δnm, where gm is any, non-zero number. In the other case (b) where diagonal elements are

the same, the analysis is more involved and the diagonal vector (a11, a22, . . . , amm) must be specified

in terms of a reduced set (α1, α2, . . . , αρ), where ρ < m.
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We have shown that (xn)m = 0 if n < m and that (xm)m = gm. Using (xn)m = 0, the right-

eigenvalue equation (24) for eigenvectors xn where n < m becomes λn (xn)k =
∑m−1

j=k akj (xn)j which

indicates that (λn − am−1,m−1) (xn)m−1 = 0, leading to (xm−1)m−1 = gm−1 and (xn)m−1 = 0 for

n < m − 1. Repeating the argument for n < m − 1 shows that (xm−2)m−2 = gm−2 and (xn)m−2 = 0

for n < m− 2. Continuing the iteration demonstrates Theorem 4. �

The proof shows that the eigenstructure for a triangular matrix with at least two same diagonal

elements is different and more complicated.

Corollary 3 If A is an m × m upper triangular matrix with different diagonal elements, then the

left-eigenvector matrix Y with the left-eigenvectors y1, y2, . . . , ym in the columns is a lower triangular

matrix with non-zero diagonal elements g−1
1 , g−1

2 , . . . , g−1
m .

Proof : The eigenvalue equation in matrix form [3, p. 3] is AX = XΛ, where Λ is the diagonal

matrix with eigenvalues. Theorem 4 implies that det (X) =
∏m

k=1
gk 6= 0 so that X−1 exists. Hence,

the eigenvalue equation is written as A = XΛX−1. Since B = XΛ is an upper triangular matrix,

Theorem 1 states thatX−1 is also an upper triangular matrix. Generally, the left- and right-eigenvector

matrix Y and X satisfy [3, art.238] that Y TX = I or Y T = X−1, which proves Corollary 3. �

Corollary 3 suggests to take gj = 1 to simplify computations.

A.1.1 The right-eigenvector xm

If k = m − 1 in (25), then (xn)m−1 =
am−1,m

λn−am−1,m−1
(xn)m and where (xn)m = δnm. We proceed with

n = m and compute the eigenvector xm. With our convention λn = ann, we obtain

(xm)m−1 =
am−1,m

λm − λm−1

which is reformulated for the matrix in (5) as

(xm)m−1 =
qm−1,m

ξm − ξm−1
(27)

If k = m−2 and n = m, then (25 becomes (xm)m−2 = 1
λm−am−2,m−2

(
am−2,m−1 (xm)m−1 + am−2,m (xm)m

)
.

Introducing (xm)m = 1 and (27) yields

(xm)m−2 =
qm−2,m

ξm − ξm−2
+

qm−2,m−1qm−1,m

(ξm − ξm−1) (ξm − ξm−2)

A next iteration with k = m− 3 and n = m in (25) reveals that

(xm)m−3 =
qm−3,m

ξm − ξm−3
+

(
qm−3,m−2qm−2,m

(ξm − ξm−3) (ξm − ξm−2)
+

qm−3,m−1qm−1,m

(ξm − ξm−3) (ξm − ξm−1)

)
+

qm−3,m−2qm−2,m−1qm−1,m

(ξm − ξm−3) (ξm − ξm−2) (ξm − ξm−1)

Analogously to (11) in Theorem 2, we deduce, for l < m, that

(xm)l =
ql,m
ξm − ξl

+

m−l∑
h=2

m−1∑
k1=l+1

m−1∑
k2=k1+1

· · ·
m−1∑

kh−1=kh−2+1

ql,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,m

(ξm − ξl)
∏h−1

r=1
(ξm − ξkr)

(28)
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with the convention
∏b

r=a
f (r) = 1 if a > b. Similarly as in the proof of Theorem 2, introducing (28)

in the right-eigenvalue equation (xm)l = 1
ξm−ξl

∑m
j=l+1 qlj (xm)j in (24) for the eigenvectors xm for the

matrix A in (5) for l < m demonstrates the correctness of (28).

A.1.2 The right-eigenvector xm−1

We repeat the computation in Section A.1.1 for n = m−1 in (25), for which we know that (xm−1)m = 0

and (xm−1)m−1 = 1. If k = m− 2 and n = m− 1 in (25), then (xm−1)m−2 =
qm−2,m−1

ξm−1−ξm−2
, which equals

(27) with m decreased by one. The case k = m − 3 and n = m − 1 in (25) yields (xm−1)m−3 =
qm−3,m−2qm−2,m−1

(ξm−1−ξm−2)(ξm−1−ξm−3) +
qm−3,m−1

ξm−1−ξm−3
, which again provides the same form as for n = m in Section

A.1.1 after replacing m by m− 1 everywhere. Hence, (28) transforms for l < m− 1 into

(xm−1)l =
ql,m−1

ξm−1 − ξl
+
m−1−l∑
h=2

m−2∑
k1=l+1

m−2∑
k2=k1+1

· · ·
m−2∑

kh−1=kh−2+1

ql,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,m−1

(ξm−1 − ξl)
∏h−1

r=1
(ξm−1 − ξkr)

Repeating the procedure and replacing m in (28) by n shows that

Theorem 5 If A is an m×m upper triangular matrix with different diagonal elements, then the l-th

component of the right-eigenvector xn is, for l < n,

(xn)l =
ql,n
ξn − ξl

+
n−l∑
h=2

n−1∑
k1=l+1

n−1∑
k2=k1+1

· · ·
n−1∑

kh−1=kh−2+1

ql,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,n

(ξn − ξl)
∏h−1

r=1
(ξn − ξkr)

(29)

and for l = n, it holds that (xn)n = 1. If l > n, then (xn)l = Xln = 0, because X is an upper triangular

matrix.

Taken into account that (xn)l = Xln, (29) is similar in structure than
(
A−1

)
ln

in (11),

(
A−1

)
ln

= −
ql,n
ξlξn

− 1

ξlξn

n−l∑
h=2

(−1)h
n−1∑

k1=j+1

n−1∑
k2=k1+1

· · ·
n−1∑

kh−1=kh−2+1

ql,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,n∏h−1

r=1
ξkr

A.2 Left-eigenvectors of an upper triangular matrix A

The left-eigenvalue equation yTs A = λsy
T
s , equivalent to

(
AT ys

)
l

= λs (ys)l, leads for the l-th com-

ponent of the s-th left-eigenvector to
∑l

j=1 ajl (ys)j = λs (ys)l. Thus, for l = 1, we find that

(λs − a11) (ys)1 = 0 from which (y1)1 = 0, while (ys)1 = 0 for s > 1. The eigenvalue equation

(26) for s = 1 and for the m×m upper triangular matrix in (5) becomes

(y1)l =
1

ξ1 − ξl

l−1∑
j=1

qjl (y1)j for l > 1
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After iteration, we obtain for the few first values of l:

(y1)1 = 1

(y1)2 =
q12

ξ1 − ξ2

(y1)3 =
q13

ξ1 − ξ3
+

q12q23

(ξ1 − ξ2) (ξ1 − ξ3)

(y1)4 =
q14

ξ1 − ξ4
+

q12q24

(ξ1 − ξ2) (ξ1 − ξ4)
+

q13q34

(ξ1 − ξ3) (ξ1 − ξ4)
+

q12q23q34

(ξ1 − ξ2) (ξ1 − ξ3) (ξ1 − ξ4)

from which we deduce, similarly to (28), for l > 1,

(y1)l =
q1l

ξ1 − ξl
+

l−1∑
h=2

l−1∑
k1=2

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

q1,k1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l

(ξ1 − ξl)
∏h−1

r=1
(ξm − ξkr)

(30)

The companion of Theorem 5 is

Theorem 6 If A is an m×m upper triangular matrix with different diagonal elements, then the l-th

component of the left-eigenvector yn is, for l > n,

(yn)l =
qnl

ξn − ξl
+

l−n∑
h=2

l−1∑
k1=n+1

l−1∑
k2=k1+1

· · ·
l−1∑

kh−1=kh−2+1

qnk1

(∏h−2

r=1
qkr,kr+1

)
qkh−1,l

(ξn − ξl)
∏h−1

r=1
(ξn − ξkr)

(31)

and for l = n, it holds that (yn)n = 1. If l < n, then (yn)l = Yln = 0, because Y is a lower triangular

matrix.

One may verify XY T = I, i.e.
∑m

i=1 (xi)l (yi)n = δnl, by combining (29) and (31). Next, the

eigenvalue equation A = XΛY T implies, if all diagonal elements ξk for 1 ≤ k ≤ m, are non-zero, that

A−1 = XΛ−1Y T . This would then be a second verification of
(
A−1

)
jl

in (11).

B Second method to compute A−1

A direct computation of the inverse for any matrix A [3, p. 324] is

(
A−1

)
ij

= (−1)i+j
detA\ row j\ col i

detA
(32)

For an m × m upper triangular matrix A in (5), where detA =
∏m

k=1
ξk, it remains to compute

detA\ row j\ col i, where A\ row j\ col i is an upper triangular matrix, possibly complemented with one

subdiagonal.

Indeed, if i = j, then detA\ row i\ col i =
∏m

k=1;k 6=i
ξk and

(
A−1

)
jj

= 1
ξjj

, which agrees with (12).

If i < j, then A\ row j\ col i is a triangular matrix with at least one zero diagonal element. Hence,

we retrieve that
(
A−1

)
ij

= 0 if i < j and, consequently, that A−1 is an upper triangular matrix.

If i = j + 1, then A\ row j\ col j+1 is an (m− 1) × (m− 1) triangular matrix, where all diagonal

elements equal ξk for 1 ≤ k ≤ m − 1, except that ξj is replaced by qj,j+1. Hence, (32) becomes(
A−1

)
j,j+1

= − qj,j+1

ξjξj+1
.
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If i > j + 1, then A\ row j\ col i is an (m− 1) × (m− 1) triangular matrix complemented with one

subdiagonal. However, the diagonal elements contain not only ξk, but also qk,k+1. The subdiagonal

contains ξk and, only if i > 1, it contains zeros.

We illustrate the structure and consider first i > j:

Am×m =



ξ1 · · · q1j−1 q1j q1,j+1 · · · q1i−1 q1i q1,i+1 · · · q1m

0
. . .

...
...

...
...

... · · · ξj−1 qj−1,j qj−1,j+1
...

... qj−1,m

... · · · 0 ξj qj,j+1 · · ·
...

... qj,m
... · · · 0 0 ξj+1 · · ·

...
... qj+1,m

...
. . . · · ·

... ξi−1 qi−1,i qi−1,i+1 · · · qi−1,m

... 0 ξi qi,i+1 qi,m

... · · · · · · 0 0 ξi+1 · · · qi+1,m

...
...

...
...

. . .
...

0 · · · 0 0 0 ξm


Removing row j and column i results in

A\ row j\ col i =



ξ1 · · · q1j−1 q1j q1,j+1 · · · q1i−1 q1,i+1 · · · q1m

0
. . .

...
...

...
... · · · ξj−1 qj−1,j qj−1,j+1

...
... qj−1,m

... · · · 0 0 ξj+1 · · ·
...

... qj+1,m

... 0
. . . · · ·

...
. . . ξi−1 qi−1,i+1 · · · qi−1,m

... 0 qi,i+1 qi,m

... · · · · · · 0 ξi+1 · · · qi+1,m

...
...

...
. . .

...

0 · · · 0 0 ξm


and contains i− j zero elements on the diagonal. Hence, if i > j, then det

(
A\ row j\ col i

)
= 0 and (32)

shows that
(
A−1

)
ij

= 0 for i > j.
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If i < j, then

Am×m =



ξ1 · · · q1i−1 q1i q1,i+1 · · · q1j−1 q1j q1,j+1 · · · q1m

0
. . .

...
...

...
...

... · · · ξi−1 qi−1,i qi−1,i+1
...

... qi−1,m

... · · · 0 ξi qi,i+1 · · ·
...

... qi,m
... · · · 0 0 ξi+1 · · ·

...
... qi+1,m

...
. . . · · ·

... ξj−1 qj−1,j qj−1,j+1 · · · qj−1,m

... 0 ξj qj,j+1 qj,m

... · · · · · · 0 0 ξj+1 · · · qj+1,m

...
...

...
...

. . .
...

0 · · · 0 0 0 ξm


from which

A\ row j\ col i =



ξ1 · · · q1i−1 q1,i+1 · · · q1j−1 q1j q1,j+1 · · · q1m

0
. . .

...
...

...
...

... · · · ξi−1 qi−1,i+1
...

... qi−1,m

... · · · 0 qi,i+1 · · ·
...

... qi,m
... · · · 0 ξi+1 · · ·

...
... qi+1,m

...
. . . qj−2,j−1 · · ·

... ξj−1 qj−1,j qj−1,j+1 · · · qj−1,m

... · · · · · · 0 0 ξj+1 · · · qj+1,m

...
...

...
...

. . .
...

0 · · · 0 0 0 ξm


Unfortunately, the direct evaluation of detA\ row j\ col i is difficult. Theorem 2, on the other hand,

offers the complete evaluation of detA\ row j\ col i, via (32).

C The simplest instance of the general (19) differently computed

Merely as an illustration, we add here a more basic computation when two diagonal elements qjj and

qll of the matrix Q are the same. The computation in Lemma 7 is the simplest instance of the general

(19) and shows the appearance of the time dependent factor teqjjt next to pure exponentials eqkn,kn t

for 1 ≤ n ≤ h− 1.

Lemma 7 If only two diagonal elements qjj and qll of the matrix Q are the same, i.e. qjj = qll, then

18



the integral in (16) with k0 = j and kh = l equals

lim
qll→qjj

I{qkr,kr}0≤r≤h
= lim

qll→qjj
I{
qjj ,qk1,k1 ,...,qkh−1,kh−1

,qll

}

= − teqjjt∏h−1

r=1
(qkr,kr − qjj)

+
h−1∑
n=1

eqkn,kn t

(qjj − qkn,kn)2
∏h−1

r=1;r 6=n
(qkr,kr − qkn,kn)

−
h−1∑
n=1

eqjjt

(qkn,kn − qjj)
2
∏h−1

r=1;r 6=n
(qkr,kr − qjj)

(33)

Proof : We invoke (18), where all qkr,kr for 0 ≤ r ≤ h are different,

I{qkr,kr}0≤r≤h
=

h∑
n=0

eqkn,kn t∏h

r=0;r 6=n
(qkr,kr − qkn,kn)

and take the definition k0 = j and kh = l into account,

I{qkr,kr}0≤r≤h
=

eqjjt∏h−1

r=1
(qkr,kr − qjj) (qll − qjj)

+
h−1∑
n=1

eqkn,kn t

(qjj − qkn,kn) (qll − qkn,kn)
∏h−1

r=1;r 6=n
(qkr,kr − qkn,kn)

+
eqllt

(qjj − qll)
∏h−1

r=1
(qkr,kr − qll)

Rewritten as

I{qkr,kr}0≤r≤h
=

1

(qll − qjj)

 eqjjt∏h−1

r=1
(qkr,kr − qjj)

− eqllt∏h−1

r=1
(qkr,kr − qll)


+
h−1∑
n=1

eqkn,kn t

(qjj − qkn,kn) (qll − qkn,kn)
∏h−1

r=1;r 6=n
(qkr,kr − qkn,kn)

illustrates when qll → qjj that

lim
qll→qjj

I{qjj ,qkr,kr ,qll}1≤r≤h−1

= lim
x→qjj

1

(x− qjj)

 eqjjt∏h−1

r=1
(qkr,kr − qjj)

− ext∏h−1

r=1
(qkr,kr − x)


+

h−1∑
n=1

eqkn,kn t

(qjj − qkn,kn)2
∏h−1

r=1;r 6=n
(qkr,kr − qkn,kn)

(34)

The remaining limit follows from de l’Hospital’s rule as

L = lim
x→qjj

 eqjjt∏h−1

r=1
(qkr,kr−qjj)

− ext∏h−1

r=1
(qkr,kr−x)


(x− qjj)

= − lim
x→qjj

d

dx

ext∏h−1

r=1
(qkr,kr − x)
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The derivative is

d

dx

ext∏h−1

r=1
(qkr,kr − x)

=
text∏h−1

r=1
(qkr,kr − x)

+ ext
d

dx

∏h−1

r=1
(qkr,kr − x)−1

where the last derivative is computed with the logarithmic derivative f ′ (x) = f (x) d log f(x)
dx as

d

dx

∏h−1

r=1
(qkr,kr − x)−1 = − 1∏h−1

r=1
(qkr,kr − x)

d

dx

(
h−1∑
n=1

log (qkn,kn − x)

)

=
1∏h−1

r=1
(qkr,kr − x)

(
h−1∑
n=1

1

(qkn,kn − x)

)

=

h−1∑
n=1

1

(qkn,kn − x)2
∏h−1

r=1;r 6=n
(qkn,kn − x)

Combining all ingredients results in the limit

L = − lim
x→qjj

 text∏h−1

r=1
(qkr,kr − x)

+ ext
h−1∑
n=1

1

(qkn,kn − x)2
∏h−1

r=1;r 6=n
(qkn,kn − x)


= − teqjjt∏h−1

r=1
(qkr,kr − qjj)

−
h−1∑
n=1

eqjjt

(qkn,kn − qjj)
2
∏h−1

r=1;r 6=n
(qkr,kr − qjj)

Substitution into (34) leads to (33). �
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