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Abstract— The probability density function of the number of
hops to the most nearby member of the anycast group consisting
of m members (e.g. servers) is analysed. The results are applied
to compute a performance measure 7) of the efficiency of anycast
over unicast and to the server placement problem. The server
placement problem asks for the number of (replicated) servers
m needed such that any user in the network is not more than j
hops away from a server of the anycast group with a certain pre-
scribed probability. Two types of shortest path trees are investi-
gated: the regular k-ary tree and the irregular uniform recursive
tree. Since these two types of trees indicate that the performance
measure 7 ~ 1 — alogm where the real number a depends on
the details of the tree, it suggests that for trees in real networks
(as the Internet) a same logarithmic law applies. An order calcu-
lus on exponentially growing tree further supplies evidence for the
conjecture that n ~ 1 — alog m for small m.

Index Terms—Anycast, shortest path tree, server (cache) place-
ment problem, performance analysis on graphs.

I. INTRODUCTION

IPv6 possesses a new address type, anycast, that is not sup-
ported in IPv4. The anycast address is syntactically identical to
a unicast address. However, when a set of interfaces is speci-
fied by the same unicast address, that unicast address is called
an anycast address. The advantage of anycast is that a group of
interfaces at different location is treated as one single address.
For example, often the information on servers is duplicated over
several secondary servers at different locations for reasons of
robustness and accessibility. Changes are only performed on
the primary servers which are then copied onto all secondary
servers to maintain consistency. If both the primary and all
secondary servers have a same ’anycast’ address, a query from
some source towards that anycast address is routed towards the
most nearby server of the group. Hence, instead of routing the
packet to the root server (primary server) anycast is more effi-
cient.

In this article, the distribution of the number of hops to the
most nearby server of the anycast group is analyzed. The main
focus is thus on quantifying the performance of the anycast-
ing paradigm rather than on discussing the implementation or
protocol-related impact of anycast. Suppose there are m (pri-
mary plus all secondary) servers and that these m servers are
uniformly distributed over the Internet. The number of hops
from the querying device A to the most nearby server is the
minimum number of hops, denoted by hy(m), of the set of
shortest paths from A to these m servers in a network with
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N nodes. In order to solve the problem, the shortest path tree
rooted at node A, the querying device, needs to be investigated.
We assume in the sequel that one of the m uniformly distributed
servers can possibly coincide with the same router to which the
querying machine A is attached. In that case, i (m) = 0.

Clearly, if m = 1, the problem reduces to the hopcount of
the shortest path from A to one uniformly chosen node in the
network and we have that

hn(1) = hn,

where hy is the hopcount of the shortest path in a graph with
N nodes. The other extreme for m = N leads to

hy(N) =0

because all nodes in the network are servers. In between these
extremes, there holds

hN(m) S hN(m — 1)

since one additional anycast group member (server) can never
increase the minimum hopcount to the root.

The hopcount to an anycast group is a stochastic problem.
Even if the network graph is exactly known, an arbitrary node
A views the network along a tree. Most often it is a shortest
path tree where the precise optimization criterion is here irrele-
vant. Although the sequel emphasizes ’shortest path trees’, the
presented theory is equally valid for any type of tree. The node
A’s perception of the network is very likely different from the
view of another node A’. Nevertheless, shortest path trees in a
same graph possess to some extent related structural properties
which allow us to treat the problem by considering certain types
or classes of shortest path trees. Hence, instead of varying the
arbitrary node A over all possible nodes in the graph and com-
puting the shortest path tree at each different node, we vary the
structure of the shortest path tree rooted at A over all possible
shortest path trees of a certain type. Of course, the confinement
of the analysis then lies in the type of tree that is investigated.
In this article, we will only consider the regular k-ary tree and
the irregular uniform recursive tree (URT). Earlier for multicast
[18], we found that ’real’ shortest path trees in Internet possess
properties similar to these trees and that scaling laws observed
in both these two types of trees also apply to the Internet.

The presented analysis allows us to address at least two dif-
ferent issues. First, for a same class of tree (or topologies), the
efficiency of anycast over unicast defined in terms of a perfor-
mance measure 7
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is quantified. The performance measure 7 indicates how much
hops (or link traversals or bandwidth consumption) can be
saved, on average, by anycast. Alternatively, n also reflects the
gain in end-to-end delay or how much faster than unicast, any-
cast finds the desired information. Second, the so-called server
placement problem can be treated. More precisely, the question
”How many servers m are needed to guarantee that any user re-
quest can access the information within k£ hops with probability
Pr[hy(m) > k] < ¢, where € is a certain level of stringency”
can be answered. The server placement problem is expected to
gain increased interest especially for real-time services where
end-to-end QoS (e.g. delay) requirements are desirable. In the
most general setting of this server placement problem, all nodes
(routers) are assumed to be equally important in the sense that
user requests are generated equally likely at any router in the
network with IV nodes. The validity of this assumption has
been justified by Philips ef al. [13] and later by Chalmers and
Almeroth [4]. In this case of uniform user requests, the best
strategy is to place servers also uniformly over the network.
We start presenting a general analysis, valid in any graph, in
section III. As an example, two types of shortest path trees are
analyzed: the regular k-ary tree in section IV and the irregular
uniform or recursive tree in section V. An order calculus of the
performance measure 7 in exponentially growing graphs, that
includes the graph of the Internet, is presented in section VI.
Mathematical derivations are found in the Appendices.

II. RELATED WORK.

The server placement problem as defined above is a prob-
abilistic analogon of the ’cache location problem’ [10], [12],
[2] also known as ’(constrained) mirror placement’ [8]. Most
articles on the cache location problem assume that the under-
lying network topology G (N, E), where N are the number of
nodes and E the number of vertices, is known and propose an
algorithm for the following graph theoretical problem: ”Given
G (N, E) and m servers (caches), place these m servers at a
subset of nodes of the graph G in order to optimize some cri-
terion (and often subject to constraints, e.g. only at given lo-
cations servers can be placed [8])”. The usual criterion is ei-
ther a minimization of the round-trip-time or of the maximum
distance from a querying node to the most nearby server (Min
K-center algorithm) or it attempts to distribute the total server
load as equal as possible over the m servers. Unfortunately, the
algorithm to the above mentioned graph theoretical problem is
NP-complete which naturally leads to the proposal of heuristics
[8], [12] or to dynamic programming solutions [10]. Instead of
formulating the cache location problem into a graph theoretical
framework, sometimes a cache architecture or a strategy is pro-
posed which is then evaluated by analysis or measurements in
terms of latency, bandwidth usage or load and disk space (see
e.g. [14]).

While most of the literature concentrates on strategies to
place the m servers optimally, our work assumes uniform or
random placement and targets to gain insight in how the perfor-
mance measure 7, the gain (in hops) of using m servers instead
of 1, scales with m and NV in different trees. In particular, our
analysis suggests that, for large N and small m, the perfor-
mance measure 7 obeys the law =~ 1 — alogm. Jamin et al.

[8] showed quickly diminishing benefits of placing additional
mirrors (servers), which is a less precise and not quantified for-
mulation of the our claimed law 1 ~ 1 — alogm. Some of
their figures that plot performance measures based on round-
trip-time measurements versus the number of mirrors m seem
to decrease logarithmically in m.

The difficult and always debatable point in nearly all work
concerns the assumption of the underlying network topology.
The Internet topology is not a static graph but continuously
changing over time. Usually random graphs (Waxman graphs
[20]) or ”Internet-like” graphs are simulated or measurements
in (a particular part of) the Interent are presented. Although
many measurements and analyses (for references see [17]) have
been and are still being performed, relatively little insight in the
topological properties of the Internet has been gained. For ex-
ample, it would be desirable to have the Internet graph catego-
rized as a member of some particular class of graphs. Perhaps
the most cited paper is that of the Faloutsos et al. [5]. They
show that the degree distribution of the Internet graph follows
a power law. However, if one constructs the shortest path tree
based on trace-routes to a small number m, that tree resembles
a URT surprisingly well as shown below. That shortest path
tree which is the union of IP-traces measured by the trace-route
utility from a root to m other nodes is deemed relevant for the
hopcount to an anycast group with relatively small m. Hence,
the URT models the hopcount and the degree of the shortest
path deduced from trace-routes accurate enough to deserve due
analytic treatment as presented here. At last, together with the
regular trees, the URT seems one of the very few stochastic
trees that permits analytic modeling as presented here.

ITII. GENERAL ANALYSIS.

Let us consider a particular shortest path tree 7" rooted at
node A. Denote by {X](\f)} the k-th level set of T" or the set
of nodes in the tree 7" at hopcount & from the root A in a graph
with N nodes and by Xj(f) the number of elements in the set

X ](\f) . Then, we have X](\?) = 1 because the zeroth level can
only contain the root node A itself. For all & > 0, holds that
0< X < N — 1 and that

N—-1
S xy =N (1)
k=0

Another consequence of the definition is that, if X](\}l) = 0 for

some level n < N — 1, then all X](\?) = 0 for levels j > n.
Clearly, in such a case, the longest possible shortest path in the
tree has a hopcount of n. The level set

Ly = {1.x0xQ, . x{Y)

of a tree T' is defined as the set containing the number of nodes
X J(f) at each level k. An example of a tree organized per level
is drawn in Figure 1.

Further, suppose that the result of uniformly distributing m
anycast group members over the graph leads to a number m (%)
of those anycast group member nodes that are k hops away



Fig. 1.

A tree with N = 26 organized per level 0 < k < 4.

from the root. These m ()
x{y

First, m(®) = 0 means that none of the m anycast group mem-
bers coincides with the root node A or m(®) = 1 means that
one of them (and at most one) is attached to the same router
A as the querying device. Also, for all & > 0, holds that
0<mk < XJ(\’f) and that

distinct nodes all belong to the set

k)

}. Similarly as for X ( , some relations are immediate.

N—

[y

m*) =m )
k=0

Given the tree T specified by the level set Ly and
the anycast group members specified by the set
{m©@ m® . m=DY we  will derive the lowest
non-empty level m(7), which is equivalent to k().
Let us denote by e; the event that all first j + 1 levels are not
occupied by an anycast group member,
N {m(j ) = 0}

e; = {m(o) = 0} N {m(l) = 0} N

The probability distribution of the minimum hopcount,
Pr[hn(m) = j|Ly], is then equal to the probability of the
event e;_1N {m) >0}. Since the event {m¥) >0} =
not {m\) = 0}, using the conditional probability yields

Pr[hy(m) =j|Ln] = Pr Hm(j) > 0} |ej,1} Prle;_4]

(15 [fo? =0} )

x Prilej_i] 3)

Since e; = ej_1 N {m) = 0}, the probability of the event e;
can be decomposed as

Prle;] = Pr [{m(j) = 0} |€j_1} Prle;_1] “4)

The assumption that all m anycast group mem-
bers are uniformly distributed enables us to compute
Pr[{m) =0} |e;_1] exactly. Indeed, by the uniform
assumption, the probability equals the ratio of the favorable
possibilities over the total possible. The total number of ways

to distribute m items over N — Zi;%) Xz(\];) positions (the

latter constraints follows from the condition e;_;), equals

Lok . .
( ZJ XN ) Likewise, the favorable number of ways to
dlstrlbute m items over the remaining levels higher than 7,
leads to

Pr Hm(j) = 0} |€j71:| = gij—ijz; (5)

m

The recursion (4) needs an initialization, given by Pr[eg] =
Pr [m® = 0] =1 — 2, which follows from Pr [m(®) = 0] =

N-1
% and equals Pr [{m(®) =0} |e_1] (although the event
e_1 is meaningless). Observe that Pr [m(®) = 1] = 2 holds

for any tree such that

Pr[hy(m) =0] =

=2|3

By iteration of (4), we obtain

J N Dk OX(k))
Pr[ej] = H N Ezle("))

(k)
<N-Ze;o <)
= (6)

(m)

where the convention in summation is that Zzza fe = 0if
a > b. Finally, combining (3) with (5) and (6), we arrive at the
general (conditional) probability for the minimum hopcount to
the anycast group,

(V- Z’ 6 X“)) _ (N—Z?;:o
(n)
(7)

Clearly, while Pr [hn(0) = j|Ly] = 0 since there is no path,
we have form = 1,

X}J“’)

Prlhn(m) = j|Ln] =

x )
Prihy (1) = j|Ln] = =7
It directly follows from (7) that
()

Prlhn(m) <n|Ly]=1- ®)

(m)
IfN - OX( ) < m or, equivalently, Zk 1 X(k) <m,
then (8) shows that Pr[hy(m) > n|Ly] = 0. The maxi-
mum possible hopcount of a shortest path to an anycast group
strongly depends on the specifics of the shortest path tree or the

level set L. Yet, a general result is worth mentioning,
Theorem 1: For any graph holds that

PrlAn(m) >N —-m] =0
In words, the longest shortest path to an anycast group with
m members can never possess more than N — m hops.
Proof: This general Theorem 1 follows from the fact that
the line topology is the tree with longest hopcount (N — 1)
and only in case all m last positions (with respect to the source



or root) are occupied by the m anycast group members, the
maximum hopcount is N — m. ]
For the URT in Sec. V, Pr[hy(m) = N — m] is computed
exactly in (16).
Corollary 2: For any graph holds that

Prlan(N —-1)=1] = 1

Proof: This Corollary follows from Theorem 1 and the
law of total probability. Alternatively, if there are N — 1 anycast
members in a network with NV nodes, the shortest path can only
consist of 1 hop if none of the anycast members coincides with
the root node. This chance is precisely % ]
Since for any discrete random variable Y holds that E [Y] =

> oheo Pr[Y > k], it is immediate from (8) that

N-2 (k

m

Elhn(m)|Ln] =

from which we find,

Elhn(1)|Ly] =

N—
Z kx ()
k:

Thus, given Ly, a performance measure 1 for anycast over uni-
cast can be quantified as

_ Elhn(m)|Ly]
" Elhw iy <

Using the law of total probability, the distribution of the min-
imum hopcount to the anycast group is

Pr[hn(m = > Prlhn(m) = j|Ly]Pr[Ly] (10)
all Ly
or,
Y5 ey _ (Ei5h w
Pl"[hN< ) ]] — Z ( m ) m )

N
ZkN;1l Tp=N-1 (m)
x Pr [XJ(\}) = xhX](\?) = X9,

. 7X](VN_1) = fol}

where x; > 0 for all k. This expression explicitly shows
the importance of the level structure Ly of the shortest path
tree T. The level structure Ly entirely determines the shape
of the tree T. Unfortunately, a general form for Pr[Ly]| or
Pr [hn(m) = j] is difficult to obtain.

IV. THE k-ARY TREE.

For regular trees explicit expressions are possible because the
summation in (10) simplifies considerably. For example, for the
k-ary tree,

XZ(\?) —kJ

Provided the set L only contains these values of X 1(3) for each
Jj, we have that Pr [Ly] = 1, else it is zero (because then Ly is

not consistent with a k-ary tree). Summarizing, for the k-arry

tree with N = £ ,: = L and D levels, the distribution of the

minimum hopcount to the anycast group is

N-bShy | (N-Et
j]:( n )(N() a )

m

Pr[hy(m) = (11

Extension of the integer k to real numbers in the formula (11)
is expected to be of value as suggested by previous work [18]
where we have computed the gain in the number of used links
in multicast as compared to unicast. When a k-ary tree was
used to fit corresponding Internet multicast measurements, we
found that a remarkably accurate agreement was obtained for
the value & ~ 3.2, which is about the average degree of the
Internet graph. Hence, if we were to use the k-ary tree as model
for the hopcount to an anycast group, we expect that £ ~ 3.2
is the best value for Internet shortest path trees. However, we
feel we ought to mention that the hopcount distribution of the
shortest path between two arbitrary nodes is definitely not a k-
ary tree, because Pr [hy (1) = j] increases with the hopcount j
which is in conflict with Internet trace-route measurements (see

e.g. [9]).

il

Pr[h(m) <

0.0 I I I \

Fig. 2. The distribution function of hsoo(m) versus the hops j for various
sizes of the anycast group in a k-ary tree with & = 3 and N = 500

Figure 2 displays Pr [h(m) < j] for a k-ary with outdegree
k = 3 possessing a number of nodes equal to N = 500. This
type of plot allows us to solve the ’server placement problem’.
For example, assuming that the k-ary tree is a good model and
the network consists of N = 500 nodes, Figure 2 shows that at
least m = 10 servers are needed to assure that any user is not
more than four hops separated from an arbitrary server of the
anycast group with a probability of 93%. More precisely, the
equation Prlhsoo(m) > 4] < 0.07 is obeyed if m > 10.

Figure 3 gives an idea how the performance measure 7 de-
creases with the size of the anycast group in k-ary trees (all
with outdegree k = 3), but with different size V. For small m,
we observe that 17 decreases logarithmically in m, which is in
agreement with the law n =~ 1 — alogm.



m/N

Fig. 3. The performance measure 7 for several size of k-ary trees (with k = 3)
as a function of the ratio of anycast nodes over the total number of nodes.

V. THE UNIFORM RECURSIVE TREE (URT).

A uniform recursive tree (URT) of size IV is a random tree
that starts from the root A and where at each stage a new node
is attached uniformly to one of the existing nodes until the total
number of nodes is equal to V.

A. Motivation.

The interest in URTs is four-fold. First, as mentioned above,
the URT is the prototype of an irregular tree. Second, we have
demonstrated earlier [16] that the shortest path tree in a con-
nected random graph G,(N) (and also in the Waxman graph
[20]) with independent and uniformly or exponentially distrib-
uted link weights is a URT. As mentioned in [19],[16],[17] the
law of the hopcount Ay = hy (1) of the shortest path between
two arbitrary nodes is, for 0 < k < N — 1,

Prlhny =k] = —N
-1 N717k5(k+1)
R

where S](\];) denote the Stirling numbers of the first kind [1,
24.1.3] with corresponding generating function

I'(N +2)
(N + D)I(z+1)

N—-1
on(z) =D Prihy =k * = (13)
k=0

Third, from the hopcount distribution of paths in the Internet
deduced from trace-route measurements, we found [9] that this
distribution is reasonably well modeled by that of the URT
given by (12). Fourth and last motivation, a more striking agree-
ment with the URT is shown by the degree law [9]: for small
multicast groups (m around about 50) from a root to uniformly
spread users the measured multicast tree possesses a degree dis-
tribution close to the Pr [deg = k] ~ 27% of the URT (for large
N) [7][11]. (At the time of writing, this correspondence with
the URT is further studied in order to understand the transition

m-i anycast
members

i anycast N-k nodes

members

Fig. 4. A uniform recursive tree consisting of two subtrees 77 and 75 with k
and N — k nodes respectively. The first clusters contains ¢ anycast members
while the cluster with N — k nodes contains m — ¢ anycast members.

from an exponential degree law (small m) towards a power law
degree law observed in Internet (see e.g. [5]) if m increases)

These arguments motivate that the URT is believed to provide
areasonable, first order estimate for the hopcount problem to an
anycast and multicast group in Internet.

B. Recursion for Pr [h(m) = j]

Usually, a combinatorial approach such as (10) is seldom
successful for URTs while structural properties often lead to
results. Previously, we have proved in [19] that,

Lemma 3: Let {Y]ka:)}k;)]\fzo and {Z%ﬂ)}szo be two inde-
pendent copies of the vector of level sets of two sequences of
independent URTs. Then

(14)

where on the right-hand side the random variable N7 is uni-
formly distributed over the set {1,2,..., N — 1}.

This Lemma 3, applied to the anycast minimum hop prob-
lem, is illustrated in Figure 4.

Figure 4 shows that any URT can be separated into two sub-
trees 77 and 75 with size k and N — k respectively. More-
over, Lemma 3 states that each subtree is independent of
the other and again an URT. Consider now a specific sep-
aration of an URT T into 17 = ¢; and Ty = t5, where
the tree ¢; contains k£ nodes and ¢ of the m anycast mem-
bers and to possesses N — k nodes and the remaining m — ¢
anycast members. The event {hr(m) = j} equals the union
of all possible sizes N; = k and subgroups m; = ¢ of
the event {h, (i) = j — 1} N {he,(m — i) > j} and the event
{ht1(l) >.7_ ]-} n {htz(m_z) :]}s

{hr(m) =j} =

d _
{(XP ezo 2 YNV + 25 3, heso,

U{{he, () > j — 1} 0 {hs, (m — i) = j}}

Because hy(0) is meaningless, the relation must be modified
for the case i = 0 to

{hr(m) = j} = {hs,(m) = j}

U Ui {{he, (i) = 5 = 1} 0 {hey (m — i) > j}}



and for the case i = m to

{hr(m) = j} = {he,(m) = j — 1}

This decomposition holds for any URT 73 and 75, not only for

the specific ones ¢; and ¢5. The transition towards probabilities
becomes

Prlhr(m) =j] = (Prlhe, (i) = j — 1]
all t1,t2,k,i
X Pr[he,(m — i) > j]
+Pr[ht1(.)>j_l}Pr[ht2( )

XPI‘[Tl—tl,TQ—tQ,Nl—I{Z myp = ]

Since 77 and T5 and also m, are independent given N7, the last
probability [ simplifies to

| = Pr[ly=t,Ts =ts, Ny = kymy = i
= Pr[Th =t,|N, = k]
% Pr [Ty = to| Ny = ]
x Pr[my = i|N; = k]
x Pr[Ni = K|

Lemma 3 states that V7 is uniformly distributed over the set
with N — 1 nodes such that Pr [Ny = k] = 2. The fact that
i out of the m anycast members, uniformly chosen out of N
nodes, belong to the recursive subtree 77 implies that m — ¢
remaining anycast members belong to 75. Hence, analogous to
a combinatorial problem outlined by Feller [6, pp. 43] that lead
to the hypergeometric distribution, we have

() Gu?)
(m)

because all favorable combinations are those (%) to distribute i
anycast members in 73 with size & multiplied by all favorable
(]:1 ’f) to distribute the remaining m — ¢ in T, containing N — k
nodes. The total way to distribute mm anycast members over [N
nodes is ( ) At last, we remark that the hopcount of the short-
est path to m anycast members in a recursive tree (or random
graph) only depends on its size. This means that the sum over
all t; of Pr [Ty = t1| Ny = k|, which equals 1, disappears and
likewise also the sum over all ¢5. Combining the above leads to

Pr [ml = Z|N1 = ]ﬂ] =

S S (Pr ()

k=1 i=1
XPr[hN (m—1) > 7]
>j 1]

k
[ k( —1i) =j])

Prihy(m) =j] = =j—1]

x Pr hN

(HE
(N—l)( )
3 IP [An—k(m) = j] )

+

+Prfhy(m) =~ 1

By substitution of &’ = N — k and m’ = m — 4, this expression
simplifies to the recursion for Pr [hy (m) = j] in the URT,

N—-1m-—1

Prian(m) =j] = i > (Prlhax(i) = j — 1] + Pr[hx(s) = 4])
k=1 i=1
(k —k —k—
X — o ) (IZ:J r[An_k(m —1i) = q]
N-1
+ Y (Prlag(m) = j] + Pr [hy(m) = j — 1])
k=1
) )
X(N—l)(i\;) (15)
This recursion (15) is solved numerically for N = 20.

The result is shown in Figure 5 which demonstrates that
Pr[hny(m) > N —m] = 0 or, the path with the longest hop-
count to an anycast group of m members consists of N — m
links.

10 S— T T
3
o N=20 )
10+ -
10°+ 4
= 10°}F 4
I
E 10
= 10 -
a: 12
10 :
10" -
10"+ :
10—18 | _
0 5 10 15 20
j
Fig. 5. The pdf of hx(m) in a recursive tree with N = 20 nodes for all

possible m. Observe that Pr[h (m) > N — m] = 0. This relation connects
the various curves to the value for m.

Since there are (N — 1)! possible URTs [19] and there is
only one line tree with N — 1 hops where each node has pre-
cisely one child node, the probability to have precisely N — 1
hops from the root is xy; (Which also is Pr [y = N — 1]
given in (12)). The longest possible hopcount from a root to
m anycast members occurs in the line tree where all m anycast
members occupy the last m positions. Hence, the probability
for the longest possible hopcount equals

m)
(N =11

because there are m/! possible ways to distribute the m anycast
members at the m last positions in the line tree while there are
(T]:/L ) possibilities to distribute m anycast members at arbitrary
places in the line tree.

Prihny(m)=N —m] =

(16)



C. Analysis of the recursion relation.

The product of two probabilities in the double sum in (15) seriously complicates a possible analytic treatment. A relation for a
generating function of Pr [hx(m) = j] and other mathematical results are derived in the Appendices.

Therefore, some partial results are presented.

(a) Let us check Pr [hy (m) = 0] = 2. Using Pr [h (i) > —1] = 1, Pr [hy,(i) = —1] = 0and Pr [hy i (m — i) = 0] = 7=,
the right hand side of (15), denoted by r, simplifies to

R e zz Z<’“)<ii’§)

(b) Observe that Pr [Ax(N) = j] = 0 for j > 0.

(c)Form =1,
N-— 1 I

Pr[hN—j N

NI J)+Prihy =7—-1]) =
k:l

Multiplying both sides by 27, summing over all j leads to the recursion for the generating function (13)

(N + Denti(2) = (2 4+ N)en(2)

from which (13) and (12) follows.
(d) The case m = 2 is solved in Appendix IX and the result is given in (34). In [19] we have demonstrated that the covariance
between the number of nodes at level  and j for < j in the URT is

(r) 3 ) - Pyt (2R HT =T gl
B X\ XY ] _1|Z ( 0TSy

B[x{ VX

For j — r = 1, the last term in (34) is recognized as 6 a ] . Since (Qkk_l) :% (Qkk), the first sum in (34) is
2

. E X(?))2 ] 1
2Nt 2%—1\ (hiji1) [( N ] 2(—1)N—i-1 gJ+
72(_1) +k+1< B )51\];+ +1) _ 2@]) + Y ]}/‘V!

k=1

Hence, since %S(]H) 2Pr[hn = j], we obtain
N2
G-1) ) E{(X(j))}
E X X N -1 J
. 2N ) N N 2 +k
Pr[hy(2) = j] = 57— Prihy =] + [ — ] - - Z(J > 1)k+7 ght
(5) 2(5) )=

It would be of interest to find an interpretation for the last sum.
Without proof!, we mention the following exact results:

For m < N — 3 holds that

m! N 1
Pr[hN(m):N—m—l]:m [<2>+(m—l)(m/2+1)+(m+l)ZE

k=2

The complexity of the few analytic results mentioned only reveals that the remaining expressions are very likely to be more
complicated and, hence, difficult to interpret. In addition, an asymptotic approach or solution of (15) for large N, would be
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Fig. 6. The probability that the hopcount to an anycast group of size m exceeds In(V), the average number of hops.

desirable because (a) exact results fail to provide insight and (b) numerical evaluation of the recursion (15) is limited to /N around
150 (on a PC).

Figure 6 plots the overflow probability that the hopcount to an anycast group exceeds In(N') hops, which is about the average
number of hops from the root to an arbitrary anycast member. The average number of hops follows from (13) E [hn(1)] =
¢(1) =1In(N) + v — 1 + o(1), where the Euler constant is v = 0.5772....If the URT is an acceptable model, this plot allows
to choose the number of servers m such that the probability that any user exceeds the average number of hops (In(V)) is smaller
than some quality level, say 10~#. The strong difference in structure between a k-ary tree and a URT is also exemplified by this
Figure 6 and Figure 2, which makes a comparison difficult.

D. Numerical approximation for Pr [hy (m) = j| and for .
Only for m = 1 with (12) and for m = 2 via (34), large values of the number of nodes N can be computed as shown in Figure
7. The similar shape between m = 1 and m = 2 suggests that Pr [hy(2) = j] is close to a Poisson density because it is shown in

[17] that for large N, Pr[hn(1) = j] ~ W By curve fitting, we found very accurately for N > 50 that

E [hn(2)] = —0.7390 + 0.85317 In(N)

Figure 5 further suggests that for small values of m, the shape of Pr [hn(m) = j] versus j is similar. Likely, for large N and
small m, we assert that _
Elh J
J!

with

E[hn(m)] = am + by In(N) (17)
where a,, < G,—1 and by, < by,—1. By solving the recursion (15) up to N = 150 for 1 < m < 10, we found that all E' [k (m)]
follow the scaling law (17) very close for NV > 30. Curve fitting as illustrated in Figure 8 yields

am =~ —0423 -0402lnm = (y—1)(1 —Ilnm)

b 1—0.253Inm + 0.0418n?m

%

These guesses of the asymptotic behavior (large ) are about as far as we currently can go. From a practical point of view, it
allows us to compute rather easily and sufficiently accurate the target addressed in this paper.
The performance measure 7 is plotted in Figure 9. The legend shows the best linear fits (ignoring the point m = 1 for which
n = 1) which approximately suggest that n ~ — lolgv(ﬁ) . The approximate asymptotic analysis gives
_Qm + by, In(N)
~ a1 + b, In(N)

1By substitution into the recursion (15), one may verify these relations.
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and for large N and small m, n ~ by, ~ 1 — 0.253Inm + 0.0418 In? m. The fit of b,,, does not happen to be entirely linear on a
lin-log plot which explains the small correction (the quadratic term in In (m)).

E. Approximate Analysis.

Since the general solution (10) is in many cases difficult to compute as shown for the URT in section V, we consider a simplified
version of the above problem where each node in the tree has equal probability p = %+ to be a server. Instead of having
precisely m servers, the simplified version considers on average m servers and the probability that there are precisely m servers
is (M)p™ (1 — p)N~™. In the simplified version, the associated equations to (5) and (4) are

pel{m = o}1e] = e[ o}

= (1-p¥

Prle;] = ﬁPr [{m(j) = OH
1=0

_ (1 7p)2?;ol X%)
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Fig. 9. The performance measure ) for several sizes IV of recursive trees as a function of the ratio m/N. The dotted line present the approximation for n where
E[hn(m)] is computed as E[hn (m)] but E[hx(1)] by its exact value.

which implies that the probability that there are no servers in the tree is (1 — p)?V. Since in that case, the hopcount is meaningless,
we consider the conditional probability (3) of the hopcount given the level set contains at least one server (which is denoted by

b (m)) is
(1= =py¥) (1 = p)Zi XV
1-(1-p~

Pr [EN(m) - j|LN} =
Thus,

. 1—(1—p)Zize X¥
Pr [hN(m) §n|LN] = 1((1)p)N

Finally, to avoid the knowledge of the entire level set Ly, we use E {Xj(\l,) ] = NPr[hy (1) =] as the best estimate for each

X 1(\? and obtain the approximate formula

(10 BT) gyt o]

Pr [EN(m) = j] - - (18)

In dotted lines in Figure 9, we have added the approximate result for the URT where E [k (m)] is computed based on (18), but
where E[hy(1)] is computed exact. For m = 1, the approximate analysis (18) is not wel suited: Figure 9 illustrates this deviation

in the fact that n,,,,.(1) = £ {ﬁ N(l)] /E [hn(1)] < 1. For higher values of m we observe a fairly good correspondence. We

found that the probability (18) reasonably approximates the exact result plotted on a linear scale. Only the tail behavior (on
log-scale) and the case for m = 1 deviate significantly. In summary for the URT, the approximation (18) for Pr [hx(m) = j] is
much faster to compute than the exact recursion and it seems appropriate for the computation of 7 for m > 1. However, it is less
adequate to solve the server placement problem that requires the tail values Pr [y (m) > j].

VI. THE PERFORMANCE MEASURE 7 IN THE EXPONENTIALLY GROWING TREES.

In this section, we present an order estimate that supports our claimed law 7 =~ 1 — alogm for a much larger class of trees,
namely the class of exponentially growing trees to which both the k-ary tree and the URT belong. Also most trees in the Internet are

A\ 174
exponentially growing trees. A tree is said to grow exponentially in the number of nodes N with degree & if lim;_, (X J(\?)) =

K or, equivalently, X 5\?) ~ K7, for large j. As explained earlier [18], the fundamental problem with this definition is that it
only holds for infinite graphs N = oo. For real (finite) graphs, there must exists some level j = [ for which the sequence

XJ(\Z,H), X 1(\l,+2), e ,X](\,Nfl) ceases to grow because Zj\;l X](\f) = N < oo. This boundary effect complicates the definition
of exponential growth in finite graphs. The second complication is that even in the finite set X ](\(,)), X J(\}), e, X ](\l,) not necessary

all Xﬁ) with 0 < j < [ need to obey Xﬁ) ~ K7, but >enough’ should. Without the limit concept, we cannot specify the precise



conditions of exponential growth in a finite shortest path tree. If we assume in finite graphs that XJ(\;) ~ K7 for j < I, then

Z;:o X](\?) = alN with 0 < a < 1. Indeed, for k > 1, the highest hopcount level [ possesses by far the most nodes since
“1:11 ~ k! which cannot be larger than a fraction a /N of the total number of nodes.

We now present an order calculus to estimate 7 for exponentially growing trees based on relation (9). Let us denote

= - 1v)

m =0
For large NV and fixed m,
m—1 ¢S] e m—1
T x 1
logy = 1og(1— ,):—Z— T
§=0 N=j ok = (N —J)
-1
1 T2
- E o)
;(N—j) (N)
and
m—1 m—1 —1 m—1
1 1 J 1 J 2
- — 1-— < = — 1+=+0(N
Yy - w5 (%) cw (erroe)
7=0 7=0 7=0
m
= —+O0(N?
™o

Hence, logy = —42 + O ((%)2) or, for x = o (N)

Y = exp (—%) (1+o0(1))

In case the tree is exponentially growing for j < [ as X ](\?) =B, 7 with 3 ; some slowly varying sequence, only very few levels
Al (bounded by a fixed number) around [ holds that >, _, X](\f) = O(N) where n € [l — Al,l], while for all j > [, we have
>oreo X](\f) = p,, N with some sequence i, < pi, 11 < fpax, = 1. Applied to (9) where z = >reo Xz(\f) < N,

N-2 ((lf,un)N)

1
Blhy(m)| Lyl ~ (1 +0(1) Y exp (~ 58,6 ) + Y.
n=0

n=l+1 (z)

If there are only a few levels more than [, the last series is much smaller than 1. In the extreme case of a line topology from level
[ on, we have that 1,, = y; + % and

(l;Zi:TN ((1 —M;)IN _”) = (l_l’ﬁv_l (:) B ((1”_111)1]\[)

which again shows that the last series in F [hy(m)|Ly] can be omitted. Since the slowly varying sequence (3,, is unknown, we
approximate /3,, = (3 and

2 l
%BH er‘

gexp (—%,8"/@") R /Ol exp (—%B/@”) dn = 10;{/ Tdu

X8
1 oo ,—u —m
/ R
logk Jmpg u mlog Kk

N

1 e ™ m m
= logn (7 T T loeghto (N))

where in the last step a series [1, 5.1.11] for the exponential integral is used. Thus,

—'y—%—log m—log B
(1+===ge=et o ()

(1- 2528 1 0 (4))

logm el 1
1 1 1-— — n
(L+of ))< log N log N +O<log2N)>

n o~ (L+o(1)




Since by definition n = 1 for m = 1, we finally arrive at

logm el —¢ - 1
~1-— - n_ 4+ 0
g log N log N * (log2 N)
which supplies evidence for the conjecture  ~ 1 — alogm that exponentially growing graphs (such as the Internet) possess a
performance measure 7 that logarithmically decreases in m, which is rather slow.
Measurement data in Internet seem to support this log m-scaling law. Apart from the correspondence with Figures in the work

of [8], Figure 6 in Krishnan ef al. [10] shows that the relative measured traffic flow reduction decreases logarithmically in the
number of caches m.

VII. DISCUSSION AND CONCLUSIONS.

The probability density function of the hopcount to the nearest member of an anycast group has been analysed. Two types of
trees, the k-ary tree and the URT have been computed. The exact and simple results for the k-ary tree enable the computation
of Pr[hn(m) = j] for any reasonable size N. The computation of Pr [hy(m) = j] for the URT is, unfortunately, much more
complex. Although an exact recursion is presented as well as exact results for m = 1 and m = 2, only Poissonean asymptotics
for large N (and more realistic sizes) and small m are deduced from numerical computations.

Our results may shed some quantitative insight in the performance of anycast. At least two applications, the efficiency of

anycast over unicast and the server placement problem have been targeted. In both types of trees, the performance measure
Elhy(m)]

= FEhn@] decreases proportional with log m. More generally, an order calculus on exponentially growing graphs such as the
Internet supports the conjecture that =~ 1 — alogm for small m. The law n ~ 1 — alogm means that, if an anycast group
consists of m > 1 servers, adding a few more servers does not significantly improve the performance measure expressed in the
number of hops. Other studies seem to indicate that this anycast law also holds for performance measures such as delay and traffic
reduction.

Computations of Pr [hy(m) > j] < € for given strigency € and hop 7, allow to determine the minimum number m of servers.
The solution of this server placement problem may be regarded as an instance of the general quality of service (QoS) portofolio of
an network operator. When the number of servers for a major application offered by the service provider are properly computed,
the service provider may announce levels € of QoS (e.g. via Pr [hy(m) > j] < €) and accordingly price the use of the application.
More potential applications are envisaged as anycast is still in an embryonic state.

Finally, the focus on the URT as reasonable model for realistic trees can be motivated. Only very few classes of trees, including
the URT, make analytic computations possible. Apart from this computational argument, it [9] was found that measured trees in
the Internet are fairly well modeled by a URT. In ad-hoc networks with uniformly distributed mobile users, the URT may also
model the tree from one mobile user to the others. Recent work on peer-to-peer networks indicates that some of these networks
(such as Gnutella) possess properties well described by random graphs. Present results on the URT may also have value in the
context of peer-to-peer networking. For example, if the RIPE measurement boxes [9] are considered as peers, the distribution of
the peer-to-peer delay seems roughly exponentially distributed. In the complete graph (each peer has a connection to any other)
with exponentially distributed weights, the shortest path tree is a URT [16], [17].
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Appendix

VIII. GENERATING FUNCTIONS FOR Pr[hxn(m) = j] IN THE URT.
A. A differential equation.

We will transform the discrete recursion (15) into a relation for a generating function. Let u(%, k, j) = (’f) Pr [hg (i) = j], then
the relation (15) becomes

N—1m—1 N—k—1
u(m,N,j) = N 1};; u(i, k,j—1) +u(i, k, 7)) qz:; u(m—1,N — k,q)
N-1
N 1k:1umkj—1 + u(m, k; j) (19)

Let U (i, k, 2) = X272  u(i, k, j)2/ which is convergent for |z < R(i, k). Conversely, u(i, k, j) = 5 Jew) U(ljlilw) dw, then

1 N—-1m—1 oo N—k—1 .
U(m,N,z) = N1 ZZ(u(i,kz,j—l)—l—u(i,k,j)) Z u(m—1i,N —k,q)z’
k=1 i=1 j=0 q=J
N-1
(z+1)
+N71 U(m,k, z)
k=1
Denote by r
0o N—k—1 )
r = Z (i, k,j— 1) +u(i,k,7)] Z u(m —1i,N — k,q)z’
Jj=0 q=J
> =1 m—1i, N — k,w)
= ]z:(:) u(i k,j—1) +u(i, k, j) ZjZ?m/c pys dw
- 1 U(m—i,N — k,w)dw
];) bk g = 1) +uis k) 2 277@/0 wl(w—1)
1 1+ £
= — ( “’)U(m—i,N—k,w)U (i,kz, i) dw
2ri Jo (w—1) w

where the contour C lies in the w-plane between |w| < R(m — i, N — k) and |Z| < R(i, k). The approach is due to Hadamard
[15, sec. 4.6]. Hence, the recursion for u(i, k, j) is equivalent to the functional equation for the generating function U (4, k; 2),

U(m, N, 2) = ;Nim*l/ EHW) im it N~k wu (i, 2) dw+wNilU(m k, 2)
U T 9w (N = 1) = = Joww—1) ' ’ T N-1 = o
Denote V(z, N, z) = > -_  U(m, N, z)z™, then we obtain after multiplying by ™ and summing over all m > 0,
V(z,N,z) = Z (Z+w V(mN—kw)V(mki)dw+(z+1)N 1V:ckz
Y 271 (N —1) -1 7 ' w N-1 &~
or
N-1 (Z+’LU) N—-1

V(z, N — k,w)V (m k, 3) dw+(z+1) S V(a,k, 2)
w

T om = c w(w-—1) =

Finally, denote W (z,y,z) = > x_, V(m, N, z)y" then,

z
W v Yy W Y — d
dy 11—y = omi (@,y,w) (my w) v

We can write the left hand side as a contour integral,

yaW(w,y,Z):i/ W(w,w,j)dw
oy 2mi Joyy (w—1y)



If we can assume that the contour C(y) can be deformed to the contour C, we obtain, 5= [, f(w)dw = 0, where

(z +w)

oz yWi(z,w,z) 14 2y W(x,y,w)
flw) = mW(z,y,w)W (zaya E) -

(w —y)? -y (w—2)

In other words, f(w) is an analytic function in w inside C' and f(w) = f(o + it) satisfies the Cauchy-Riemann equations,

ORef(o+it)  Olm f(o +1it)
do N ot

ORe f(o+it)  OIm f(o +it)
ot - 9o

From this set of partial differential equations,

W(z,y,z ZZZ (m, N, j)zmyN 27

m>0N2>035>0

may be found in principle.

B. A difference equation recursive in m.

The difference equation (19) can be rewritten as

N—-1
(N = Du(m, N,j) = > [u(m, k,j — 1) + u(m, &, )] + t(m, N, 5)
k=1
where
N—-1m-—1 N—-k—1
t(m, N, j) = (u(i, k5 — 1) +uli, k;5) Y w(m—i,N —k,q) (20)
k=1 i=1 q=j

only contains terms in u(m/, N, j) with m’ < m. Subtracting (N — 1)u(m, N,j) — (N — 2)u(m, N — 1,j) and writing
f(maNa.]) :t(maNa.]) 7t(m7N7 15.]) leldS

(N = Du(m,N,j5) — (N —Du(m,N —1,5) —u(m,N — 1,5 — 1) = f(m, N, j) (21)

Define as above the generating function U(m, N, z) = Zj ou(m,N,j)z? and F(m,N,z) = Z;’io f(m, N, j)27. Making the
transition in (21) to generating functions gives

(N-1)U(m,N,z) = (N =1+ 2)U(m,N —1,z) = F(m, N, z) (22)

By iterating (22) g-times, we obtain

q q—1 k
H —n+z ZF(m,N—k,z) N-n+z

it = N-k—-1 it N-—n

U(m7 N7 Z) m N q’

with the convention that Hi:a = 1ifa > b. Recall that Pr[hn(N) = j] = d;0, where 0,y is the Kronecker delta which
i$ On = 1if m = n, else dn = 0. Applied to u(m, N,5) = () Pr[hn(m) = 5] implies that u(m,m,j) = d;o and
U(m,m, z) = 1. Thus, after ¢ = N — m iterations, we arrive at

Ny - n—l—z N 1Fm,N—k,z FN -tz
Ulm,N,2) = n_l(( ];) N—k-1 ) LN
_ T(N+2) (m—1)! F(N+z)N_m_1 (N —k—2)1F(m,N — k, 2)
N (N—l)'F(m+z) (N =1)! Z:: (N —k+=2)

Slightly rewritten, the solution of (22) is

CT(N+2) (m—1)! T(N+2) <~ (k—2)F(m,k,2)
U N.2) = N o T 2 T (V=1 kzznm T(k+2) @3)



This expression can be written as

I'(N +2) DF(m,k, z)
U(m,N,z) = T k;n Tt o) (24)
Indeed, the explicit expression for f(m, N, j) is,
f(m,N,j) = t(m,N,j)—t(m,N —1,j) (25)
m—1 | N-1 N—k—1
= > Dl ki — 1) +uli ki g) Y u(m—i, N —k;q)
i=1 | k=1 q=J
—2 N—k—2
—Z((zkz] )+ uli, k; ) Z u(m—14,N —1—Fk;q)
k=1 a=j
If j = 0, then
m—1 [N—1 N—k—1 N-2 N—k—2
f(manO) - Z[ U(Z,]{Z,O) u(mflaN kvq)f u(z,k,O) Z U( ZleQ)]
i=1 Lk=1 q=0 =1 7=0
m—1 [N—1 . N—k—1
k N -k
- Z[ (D20 X pelbweatm—i=d
. 1) k\m—1
=1 Lk=1 q=0
N—2 N—-k—2
k N-k-1
- ( >i< > Prlhn_—1(m —1) —q}]
1)k m—1
k=1 q=0
N—1m—2

B k-1 N—k \ = [(k-1\(N-k-1
== d J\m-1-i) s i m—1—i

o' (D650 = (1) and,

pol (o TR o G TRl B Gy I () B G

Recall [1, 24.1.1.B] that )

Hence?,
N-1 = (k-1 N -2 = k-1
fmn0) = (-1 > () - (I -2+ > (m o)
N -1 N -2
= oon|(2) - ()]
or N9
f(m,N,0) = (N —1) (m_Q) (26)
For j > 0 and using Theorem 1, we can write
m—1N—2 [ o i
f(m, N, j) = (w(i ki — 1) +u(i k; ) | D (w(m =i, N = k;q) —u(m — i, N — 1 - k; q)) @7
i=1 k=1 K

Now, if m = N, using Theorem 1, relation (27) reduces to

3
3

f(m,m, j) = (i, ks j = 1) +u(i k; 5)) | Y (wlm —i,m = k;q) —u(m —i,m — 1~ k; q))
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2As a check, the left hand side of (21) for j = 0 is

L = (N-1)u(m,N,0)— (N —1)u(m,N —1,0)

(N —1) {%(Z) _Nni1<NnZ1)] :(N—D(Zii)




The bounds in the ¢g-sum indicate that ¢ > k + j, while Theorem 1 applied to the k-sum learns that ¢ < k& + 1 — j or, that
f(m,m,j) = 0 for all j > 0, except for j = 0. In that case, relation (26) applies with result f(m,m,0) = m — 1. Thus,
F(m,m,z) =m — 1 and this proves the expression (24).

All difficulties are contained in F'(m, k, z) and it seems that, due to the sum of products u(i, k, j)u(i’, k', 5') in f(m, N, j),
a further explicit solution for general m is hard to find. By gradually solving first the case for m = 1, then m = 2 and so on,
U (m, N, z) and u(m, N, j) can be found if the generating F' (m, N, z) can be found. This approach is followed for m = 2 in
Sec. IX below.

Since the Stirling numbers that appear in the case m = 1 are integers, we deduce from the above recursion (23) that (N —
1)lu(m, N, j) are integers and consequently, that Pr [hy (m) = j] is rational.

IX. THE PROBABILITY DISTRIBUTION Pr [hy(2) = j] IN THE URT.
For m = 2, the generating function (23) reads

U(2,N,z) =

I'(N +2) N—|—z i q—2)F,(2) (28)

N-DTe+2) —1)! & Fq+z

while (20) reduces with (12) to

N-1 (—1)k— (S](cj)_sl(cjﬂ)) Nkl (_q)N—k-1- qS(q+1)
= 1) > ! (N—k—1)

k=1 q=j

In order to proceed, we must concentrate further on ¢(2, N, j), which can be rewritten using properties of the Stirling Numbers
[1,24.1.3] as

N—q—1 N— yN=j—1-q N4t
( 1)N-i—-1-q N -2 (q+1 g1 N =2y G+1) (q+1)
t(2, N, E S’ Sy SN
= (N —2)! Z (1%1) z_: “oyp 2 k—l)
p— k=j q=j k=j+1

Using the identity proved in [19],

s - o () 8 cor( 4 s,

k=j ]+q
yields
A (DN g -1y RS k(B oy, CDNTD L g -1y RS (k=1 o
(2, N, = , —Dk( Sy, + , —1k( s\
( 7) (N =2)! qz::]_ ( j—1 )k:%;q( ) <]+q—1> —1 (N =2)! q§rl< j )k;q( ) <g+q—1) N-1
(DN i1y R w (DN T gy RS k(RN o)
= = _ -1 Sy, + -1 s
(N —2)! (j—l)k:2j( ) (2j—1> (V-2 q;H ( j >k§.+q( ) <j+q—1) Nt
Then,
f(2,N,j) = t(2,N,j)—t(2,N—1,5)
(k=1)
_ 1 \N-—1(25-1 k—1\ Sy_»
T (N =1 =251 — 1) (=0 ( )2; (23‘*1) (Nf2)!+
N1 B gE=1) N2 N —2 1
H(—N-1 Jt+aq ) k-1 N-2 Jtq
AR NGO T = rep S GO TR I
Using the identity (38) derived in the Appendix
N—-1 b1 . _
S SNy = (—17rsgty (29)
- jt+qg—1
k=j+q

leads to

9i 1 S(zg) N—-1 97 4 1\ (—1 N+qS(q+2j+1)
F(2,N,j) = (—I)N_1< J— >(NN—2 4 Z < q+ j] + ) ( )(N _1;;!1 (30)
q=



Or again applying the above identity (29),

, 2j ; ' 2j—1
f NG = oV (P S ST S (9 COTNSE, (31)
Y j ) (N=2) (N —2)! = \J (N —2)!
The generating function F'(2, N z) corresponding to (31) is, recalling with (36) that ij:_ol (—1)N+i +1SJ(§+1) 2 = FF((JZLZ)) ,
N—1 . N-1j-1 .
(N = 2FE Nz = TN gy S (A ) g Y SO (T ) s @)
L(z+1) =\ e S
The first term F; = Fp(gif)) in (32) contributes to U (2, N, z) as
I'(N +2)
Ui(2,N,z) = (N -2)

T(z+ (N — 1)

For the second term in (32),

the contribution to U (2, N, z) is

N q 4 . o
Ua(2,N,2) = NN*';?z (=1) (QJj 1)5<2J)ZJ
Ca= =1

r =
(le) jN 1(f1)q+1gé2j)
 T'(g+2+1)

Invoking Lemma 6 yields

_1\N > y_ . .
U2, 2) = A S <1>’”<2J'1>S§3”m*”z”’”

J

Let p = j + m, then from 0 < p — j < oo it follows that

UQ(Q,N, 2:) = (5\7;—)]\/)' i i(_l)p—j <2J—1> S](\g[’erJrl) P

p=1 \Jj=1 J

We now concentrate on

N-1j5—-1 + ) o
Bo= (DY) (q . ‘7)<1>WS§?+W

=0 q=0 J
N—-2 j .
1 4 . ,
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The contribution to U (2, N, z) is

(N +2)z e (=1)7 2382 /k+j+1 , . .
LT RGN b 1) (UM S
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The triple sum, denoted by S5 needs further attention. Reversing the g-sum with the £-sum and j-sum yields,
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Invoking Lemma 6 in S5 gives
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At last,

N 1
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Substituting all contributions in (28) yields

L(N + 2) Y (v i (251 qGtern)
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The expansion of the first term follows from (36) as
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Finally, we arrive at the power series of the generating function U (2, N, z),
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U2,N,z) = (N—-1)+ - 1)' Z S(p+ p+2 p+1+g( ; )S](\g’+p+) P
Jj=1
-1
(—1)N-1 1§ pH+k+1 2k +1
+ (N ~ 1)' Z , _ . (71)k+p+1sjli[+p+1zp
" p=1k=0
from which,
, (“DN 1 ey, (CDV TS kit (2R=1Y q(ktitn)
W@ Ng) = S S o NP S
(N =2)! (N = k
—)NUI T k41 2% +1 : :
+((N)—1)l Z K] +j+ ) B ( ]j )] (—1)kHiH1ghtitt
" k=0

20

(33)

For j = 0, we indeed have u(2, N,0) = N —1, the constant term U (2, N, 0) in the power series of U (2, N, z). Since v (2, N, j) =

(5) Pr [hn(2) = 4], we finally arrive at

(-1 1 2%—1 .
Prihn(2) =j] = %S@“) e ) S Z y+k+1( h )SJ(([WH)
-1,
_A'_M [(J + k + 1> _ <2k + 1>:| (_1)k+j+15§7+j+1
N'(N — 1) =0 i k

X. IDENTITIES FOR STIRLING NUMBERS OF THE FIRST KIND.
From the generating function of the Stirling Numbers of the first kind [1, 24.1.3],

I'(z
(k)
I‘(:v—l—l—n ZS o

or, after putting x = —z
n

z+n 257

" 211 Jogoy) T(w + 1 —n)ak+l

we have that

(34

(35)
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(37



Lemma 4:

Proof: Letx = u+ w in (35), then

Tutwrion) — Sy (u+w) _ZS" Z i uw

After reversal of the summations, we obtain

Flu+w+1) [~ (k il
F(u+w+1n)_Z[Z(j)S’(‘k)uk ]w

If u = —1, the left hand side becomes with (35)

T'(w) I(w+ 1 & G+1)
T(w—mn) Z Spr” Z Sulry v

Equating the corresponding powers in w in both expression yields the identity (38).

Lemma 5: 1f
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Equating both yields
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or
(c—b)(—1)c1ze (b— N)(=1)N-1N
IFNa4+c—-1I'(b—c+1) T(@a+N-1)I'(b—N+1)
From which (40) follows. n
Lemma 6: For integers j, k and N and any complex number z such that |z| < 1 holds that,

(a—1+42(b-1)T(a,b;c) =
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Proof: Denoting the left-hand 51de by © and invoking (37), we have
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Invoking Lemma 5, the sum equals
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Further, for |z| < |z] < 1,
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The bound on |z| is derived from the condition on the contour C(0) not to encircle a pole of I'(z + 1) at x = —k for k > 0.
Hence,
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XI. ABOUT THE DEGREE OF THE URT.

The RIPE measurement configuration and the details of the measurements are explained elsewhere [9]. We have constructed
a graph G which is the union of m path trees where a path tree consists of the union of the most dominant non-erroneous
traceroutes from a root to m other destinations. Figure 10 shows that the probability density function (pdf) of the node degrees in
G1 is exponentially decreasing in the node degree with rate -0.668 over nearly the entire range.

Let us denote by { )} the set of nodes with degree k in a graph with N nodes and by D ) the cardinality (the number of

(k)

elements) of this set {D N } We can prove the following result:

Theorem 7: In the URT, the average number of degree k nodes is given by

(—1)N+h-1 S(k)

N - .
E [D(k)} 7 + (N — 1)!N ZS(J) _ J (42)
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E[degree] = 2.80511
Var[degree] = 2.06958
E[degree]/var[degree]=1.3554

B RIPE data
—— fit : In(Pr[degree = k]) = 0.433-0.668 k| -+

K]

Pr[degree

=)
[N
1

Fig. 10. The pdf of the degree of the graph 1, the union of most dominant traces from a source to m (around 30) anycast members.

and B [Dg\lf)] obeys the recursion

E D(kq)]
k N -1 k [ N
E DY), | = ——E8|DY] + ——F— 43)
For large N and using [1, 24.1.3.111], the asymptotic law is
(k)
i _ Lol N (44)
N 2k N?

The ratio of the average number of nodes with degree k over the total number of nodes decreases exponentially fast with rate In 2.
Na and Rapoport [11] claim to have an exact formula for £ [Dg\]f)] , but they only present an iterated version of the recursion (43).

In an entirely different context, Gastwirth [7] derives the asymptotic law (44) (without order term) using probabilistic estimates.
)

For large N, ?VN is very close to Pr[degree = k], the probability that an arbitrary node has degree k. Hence, the decay rate

of the pdf of the node degrees in the URT equals In 2 ~ 0.693. In summary, the pdf of the node degrees in G1 follows almost the

same law as that in the URT.

This intriguing agreement needs additional comments. It is not difficult to see that, in general, the union of two or more trees
(a) is not a tree and (b) has most degrees larger than that appearing in one tree. Hence, the close agreement points to the fact
that the intersection of the path trees rooted at a RIPE measurement box towards any other box is small (which has been verified)
such that the graph G1 is ’close’ to a URT. The discrepancy with the results of Faloutsos et al. [5], who have reported a power
law for the degrees in the graph of the Internet, is mainly due to the number of test boxes m (and path trees) considered in the
RIPE configuration where m varies from 30 to 40 which is small compared to the number of nodes. If m grows or more trees are
considered (as we did), the pdf of the degree starts bending from an exponential (URT) to a power law regime. Indeed, for small
m, the tree is an overlay (subtree) of the underlying Internet graph and only includes a fraction of the possible links.



