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Devwudfw

Wkh glvfuhwh suredelolw| ghqvlw| ixqfwlrq iru wkh krsfrxqw ri wkh vkruwhvw sdwk ehwzhhq wzr

duelwudu| srlqwv lq wkh Lqwhuqhw lv vwxglhg1 Vlplodu wr frpsoh{ sk|vlfdo v|vwhpv/ d vwrfkdvwlf

dssurdfk wr prgho wkh Lqwhuqhw lv suhvhqwhg1 Ydulrxv wrsrorj| prghov duh dqdo|vhg dqg frpsduhg

zlwk Lqwhuqhw gdwd rewdlqhg yld wkh wudfh0urxwh xwlolw|1 Lw zdv irxqg wkdw wrsrorjlhv zlwk frqvwdqw

olqn zhljkwv kdugo| �w wkh gdwd/ zklfk vxjjhvwv wkdw wkh olqn zhljkwv lq Lqwhuqhw ydu| vljql�fdqwo|1

Rqh prgho/ udqgrp judskv ri wkh fodvv Js+Q, zlwk Q qrghv/ olqn ghqvlw| s dqg zlwk h{srqhqwldoo|

ru/ htxlydohqwo|/ xqlirupo| glvwulexwhg olqn zhljkwv lv ghprqvwudwhg wr h{sodlq wkh Lqwhuqhw krsfrxqw

surshuwlhv vxusulvlqjo| zhoo1 Wkh uhvxowlqj jhqhudwlqj ixqfwlrq ri wkh krsfrxqw kQ
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lv lqyduldqw lq wkh olqn ghqvlw| s dqg vhhpv urexvw xqghu rwkhu plqru fkdqjhv ri wkh prgho1
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Wklv duwlfoh irfxvhv rq wkh ehkdylru ri wkh suredelolw| ghqvlw| ixqfwlrq +sgi, ri wkh krsfrxqw ri wkh

vkruwhvw sdwk ehwzhhq wzr duelwudu| srlqwv lq wkh Lqwhuqhw1 Lq Lqwhuqhw/ urxwhuv iruzdug LS sdfnhwv

wr wkh qh{w krs urxwhu zklfk lv irxqg e| urxwlqj surwrfrov +vxfk dv RVSI, edvhg rq d vkruwhvw sdwk

dojrulwkp +h1j1 wkh Glmnvwud dojrulwkp,1 Wkh prwlydwlrq wr frqvlghu wkh vkruwhvw sdwk ehwzhhq wzr

duelwudu| qrghv vwhpv iurp wkh idfwv wkdw +d, wkh LS dgguhvv grhv qrw uh�hfw d suhflvh jhrjudsklfdo

orfdwlrq dqg +e, wkdw xqlirupo| glvwulexwhg zruog zlgh frppxqlfdwlrq +hvshfldoo| rq wkh zhe, vhhpv

qdwxudo ehfdxvh wkh lqirupdwlrq vwruhg lq vhuyhuv fdq eh orfdwhg lq sodfhv xqh{shfwhg dqg xqnqrzq

wr eurzvlqj xvhuv1 Wkh Lqwhuqhw w|sh ri frppxqlfdwlrq lv gl�huhqw iurp fodvvlfdo whohskrq| vlqfh

+d, whohskrqh qxpehuv kdyh d gluhfw elqglqj zlwk sk|vlfdo orfdwlrq dqg +e, wkh lqwhqvlw| ri dyhudjh

kxpdq lqwhudfwlrq udslgo| ghfuhdvhv zlwk glvwdqfh1 Ilqdoo|/ wkh hpskdvlv olhv rq wkh krsfrxqw ehfdxvh

lw lv vlpsoh wr phdvxuh yld wkh wudfh0urxwh xwlolw|/ lw lv dq lqwhjhu/ glphqvlrqohvv dqg qrw eoxuuhg e|
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looxvlyh idfwruv/ dqg wkh txdolw| ri vhuylfh +TrV, phdvxuhv +vxfk dv sdfnhw ghod|/ mlwwhu dqg sdfnhw orvv,

ghshqg rq wkh qxpehu ri wudyhuvhg urxwhuv1 Wkh uhfhqw lqwurgxfwlrq ri TrV dqg vhuylfh gl�huhqwldwlrq

lq Lqwhuqhw kdv h{whqghg wkh suhylrxvo| *frqqhfwlylw| rqo|* iruzduglqj ri ehvw h�ruw wr hqg0wr0hqg

TrV frqvwudlqw urxwlqj ^47/ 55`1 Hvshfldoo| uhdo0wlph vhuylfhv vxfk dv whohskrq| rq Lqwhuqhw ehfrph

xqdffhswdeoh li wkh hqg0wr0hqg ghod| h{fhhgv 533 pv1 Nqrzohgjh ri wkh sgi ri wkh vkruwhvw sdwk

krsfrxqw hqdeohv hvwlpdwhv ri hqg0wr0hqg ghod| lq wkh Lqwhuqhw ^4<` dqg/ khqfh/ ri wkh ihdvlelolw| ri

r�hulqj vhuylfh gl�huhqwldwlrq ^6` lq wkh fxuuhqw Lqwhuqhw wrsrorj|1

Lq dgglwlrq wr TrV dvshfwv/ wkh uhvxowv dovr frqwulexwh wr rxu xqghuvwdqglqj ri wkh Lqwhuqhw wrsr0

orjlfdo vwuxfwxuh1 Uhfhqwo|/ prgholqj wkh Lqwhuqhw wrsrorj| kdv uhfhlyhg lqfuhdvhg dwwhqwlrq +vhh h1j1

^5:`,1 Pdq| txhvwlrqv uhjduglqj wkh ghwdlov ri wkh Lqwhuqhw wrsrorj| duh ehlqj srvhg1 Xqgrxewhgo|/

vr idu wkhuh duh pruh txhvwlrqv wkdq uhvxowv zklfk lv d jhqhudo wkhph lq wkh eurdg �hog ri qhwzrunv

dv ghvfulehg lq wkh uhfhqw errn ri Zdwwv ^58`1 Zkhq frqvlghulqj wkh Lqwhuqhw dv d jurzlqj rujdqlvp/

vlplodulwlhv zlwk rwkhu frpsoh{ qhwzrunv dsshdulqj lq qdwxuh hyrnh pruh dqg pruh lqwhuhvw +vhh h1j1

^5`,1 Idorxwvrv hw do1 ^:` kdyh vxjjhvwhg wkdw pdq| Lqwhuqhw wrsrorjlfdo surshuwlhv reh| d srzhu odz1

Srzhu odzv kdsshq wr uhfhlyh pxfk lqwhuhvw gxh wr wkh vhplqdo zrun ri Pdqghoeurw ^46` dqg/ lq frp0

pxqlfdwlrq qhwzrunv/ ri Zloolqjhu hw do1 zkr vkrzhg wkdw wkh qdwxuh ri Lqwhuqhw wud�f lv vhoi0vlplodu

+hyhq pxowl0iudfwdo, dqg orqj udqjh ghshqghqw +vhh iru uhihuhqfhv ^59`,1 Lq vslwh ri wkh hvrwhulf idvfl0

qdwlrq iru srzhu odzv/ dowhuqdwlyh h{sodqdwlrqv ^57` ri wkh orqj udqjh ghshqghqfh dv fdxvhg hqwluho|

ghwhuplqlvwlfdoo| e| WFS/ fdxwlrq wr gudz frqfoxvlrqv wrr idvw1 Lq ^4:`/ zh ghprqvwudwh wkdw wkh

revhuyhg srzhu odz iru wkh pxowlfdvw h�flhqf| lq Lqwhuqhw/ frlqhg wkh Fkxdqj0Vluex odz/ krogv rqo|

dssur{lpdwho| lq d olplwhg uhjlph1

Zh frqvlghu udqgrp judskv +u1j1, dv d prgho iru wkh Lqwhuqhw1 Ri frxuvh/ wkh Lqwhuqhw wrsrorj| lv

qrw udqgrp1 Krzhyhu/ wkh Lqwhuqhw lv fkdrwlf dqg xqvwuxfwxuhg/ dqg rqh zd| wr prgho wklv fkdrwlf

vwuxfwxuh lv e| lqwurgxflqj udqgrpqhvv1 Wklv sulqflsoh �uvw dsshduhg lq sk|vlfv1 Zkhq frqvlghulqj

sduwlfohv lq d jdv wkhlu ehkdylru lv frpsohwho| ghwhuplqlvwlf1 Xqiruwxqdwho|/ lw lv wrr frpsoh{ wr eh

ghvfulehg h{solflwo|1 Dq h�flhqw zd| wr ghdo zlwk wklv frpsoh{lw| lv wr xvh d vwrfkdvwlf ghvfulswlrq1

Zh zloo xvh wkh vdph dssurdfk wr prgho wkh Lqwhuqhw1 Krzhyhu/ wkh deryh vwloo grhv qrw h{sodlq krz wr

prgho wkh Lqwhuqhw dv d udqgrp judsk1 Zh zloo lqyhvwljdwh vhyhudo wrsrorj| prghov zlwk gl�huhqw olqn

zhljkwv/ erwk frqvwdqw dv zhoo dv yduldeoh olqn zhljkwv�1 Zkhq frpsxwlqj wkh krsfrxqw glvwulexwlrq

lq wkhvh prghov/ zh whvw zklfk rqh �wv wkh dydlodeoh Lqwhuqhw gdwd ehvw1 Lw wxuqv rxw wkdw wkh h{wuhph

fdvh zkhuh doo zhljkwv duh htxdo grhv qrw ghvfuleh wkh krsfrxqw glvwulexwlrq zhoo/ dqg zh frqfoxgh wkdw

lq wkh Lqwhuqhw wkh olqn zhljkwv kdyh frqvlghudeoh yduldelolw|1 Zh dovr frqfoxgh wkdw wkh vwuxfwxuhg ru

uhjxodu judskv gr qrw �w zhoo/ dqg zh duh ohdg wr udqgrp judskv1 Zh �qdoo| �qg rqh prgho/ udqgrp

judskv ri wkh fodvv JR+Q, zlwk h{srqhqwldoo| ru/ htxlydohqwo|/ zlwk xqlirupo| glvwulexwhg olqn zhljkwv/

wkdw ghvfulehv wkh phdvxuhphqwv uhpdundeo| zhoo1 D ixuwkhu dfklhyhphqw ri wklv duwlfoh lv wkh suhflvh

ghwhuplqdwlrq ri wkh olplwlqj jhqhudwlqj ixqfwlrq K� +{, ri wkh krsfrxqw k� ri wkh vkruwhvw sdwk

ehwzhhq wzr duelwudu| qrghv zkhq wkh qxpehu ri qrghv Q $4 lq wkdw prgho/
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iurp zklfk wkh dyhudjh krsfrxqw H^k� `/ wkh yduldqfh ydu^k� ` dqg wkh suredelolw| wkdw wkh krsfrxqw

ri wkh vkruwhvw sdwk frqvlvwv suhflvho| ri n krsv iroorz dv

H^k� ` @ oqQ . � � 4 . r+4, +5,

ydu^k� ` @ oqQ . � � �2

9
. r+4, +6,

Su^k� @ n` @
+4 . r+4,,
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oq&36Q

+n �p,$
> +7,

zkhuh � lv Hxohu*v frqvwdqw +� @ 3=8::5489 = = =, dqg f& duh wkh Wd|oru frh�flhqwv ri �
KE%� olvwhg lq ^4/

914167`1 Zh dujxh wkdw wklv nh| uhvxow lv txlwh xqlyhuvdo lq wkdw lw krogv iru pdq| fodvvhv ri udqgrp

judskv/ lw lv lqghshqghqw ri wkh suhflvh ghwdlov ri wkh wrsrorj| +h1j1 ri wkh qxpehu ri olqnv, exw lw

lv vhqvlwlyh wr wkh ehkdylru ri wkh glvwulexwlrq ri wkh olqn phwulfv z/ I�+{, @ Su^z � {`/ iru { & 31
Pruhryhu/ wkh olplw odz +7, djuhhv uhpdundeo| zhoo zlwk Lqwhuqhw phdvxuhphqwv1 Zh fdq frqfoxgh

wkdw hlwkhu wkh olplwlqj glvwulexwlrq +7, lv urexvw xqghu plqru fkdqjhv wr wkh prgho ghwdlohg deryh/

dqg wkdw wkh Lqwhuqhw lv d plqru fkdqjh wr wkdw prgho/ ru wkdw wkh prgho zh kdyh fkrvhq ghvfulehv

wkh krsfrxqw ri wkh vkruwhvw sdwk lq Lqwhuqhw zhoo1

Iluvw/ zh suhvhqw Lqwhuqhw phdvxuhphqwv ri wkh krsfrxqw/ iroorzhg e| jhqhudo prghoolqj dvvxps0

wlrqv1 Edvhg rq wkhvh Lqwhuqhw phdvxuhphqwv/ vrph wrsrorj| prghov zlwk frqvwdqw olqn zhljkwv iru

zklfk wkh sgi ri wkh krsfrxqw fdq eh frpsxwhg dqdo|wlfdoo| duh glvfxvvhg lq vhfwlrq 71 Vhfwlrq 8

suhvhqwv revhuydwlrqv dqg surshuwlhv ri wkh krsfrxqw ri wkh vkruwhvw sdwk lq u1j1*v zlwk yduldeoh olqn

zhljkwv ghgxfhg iurp vlpxodwlrqv1 Wkhvh revhuydwlrqv duh h{sodlqhg lq vhfwlrq 9 yld d pdwkhpdwlfdo

dqdo|vlv1 Wkh ghwdlov ri wkh pdwkhpdwlfdo ghulydwlrqv dqg surriv ri wkh wkhruhpv duh irxqg lq d frp0

sdqlrq sdshu ^4;`1 Wkh olplw odz +7, lv vwdwlvwlfdoo| yhul�hg lq vhfwlrq :1 Ilqdoo|/ zh frqfoxgh zlwk d

eulhi glvfxvvlrq1
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Uhfhqwo|/ Ydqkdvwho hw do1 ^56` kdyh uhsruwhg phdvxuhphqwv ri wkh krsfrxqw +ri wkh vkruwhvw sdwk, lq

wkh Lqwhuqhw rewdlqhg yld wkh zhoo0nqrzq wudfh0urxw xwlolw| ^48` dqg shuiruphg phglr 4<<;1 Wkh| irxqg

wkdw wkh dyhudjh qxpehu ri krsv zdv durxqg 4;1 Dovr/ wklv qxpehu kdugo| ydulhg ryhu wkh gl�huhqw

uhjlrqv lq wkh zruog/ zklfk vhhpv wr lqglfdwh wkdw wkh Lqwhuqhw wrsrorj| lv txlwh krprjhqhrxv ru

lvrwurslf dqg/ dw wkh vdph wlph/ fkdrwlf dqg xqvwuxfwxuhg1

Sd{vrq ^48` kdv uhsruwhg erwk wkh dyhudjh dqg wkh vwdqgdug ghyldwlrq +vghy, ri Lqwhuqhw phdvxuh0

phqwv ri wkh krsfrxqw ri wkh vkruwhvw sdwk1 Lq klv phdvxuhphqw shuiruphg lq Qryhpehu0Ghfhpehu

4<<7/ H^k� ` @ 48=9 dqg vghy @ 7=8 +ydu^k� ` @ 53=58,/ zkloh lq wkh Qryhpehu0Ghfhpehu 4<<8 phdvxuh0

phqwv/ kh irxqg H^k� ` @ 49=5 dqg dovr vghy @ 7=8 +ydu^k� ` @ 53=58,1 Krzhyhu/ lq wkhvh phdvxuhphqwv

wkh vdpsoh vl}h V zdv udwkhu vpdoo +durxqg 63,1 Iurp wkhvh phdvxuhphqwv/ wkh udwlr .d�� o
�@od�� o lq wkh

�uvw shulrg lv 31:: dqg 31; lq wkh odwwhu1 Gdwd iurp Ghphhvwhu hw do1 ^56` vkrz wkdw .d�� o
�@od�� o @ 4=7 dqg

duh sorwwhg lq Iljxuh 4 wrjhwkhu zlwk rxu phdvxuhphqwv dw Ghoiw Xqlyhuvlw| ri Whfkqrorj| zlwk .d�� o
�@od�� o

durxqg 41 Wkh odwwhu wzr phdvxuhphqwv kdyh fkrvhq urxwhuv xqlirupo| vsuhdg ryhu wkh frqwlqhqwv

zklfk zhuh ehlqj uhdfkhg iurp Jhqw +Ehojlxp, dqg Ghoiw +Wkh Qhwkhuodqgv,/ uhvshfwlyho|1 Dowkrxjk
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phdvxuhg iurp gl�huhqw orfdwlrqv dqg dw gl�huhqw wlphv/ Iljxuh 4 ghprqvwudwhv d uhdvrqdeoh djuhh0

phqw1
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 Europa:      E[h] = 15.3, var[h] = 20.0,  S = 201
 Asia:           E[h] = 20.1, var[h] = 21.3,  S = 173 
 North Am.:  E[h] = 16.3, var[h] = 14.4,  S = 265
 World         E[h] = 17.8, var[h] = 12.7 , S = 217
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Iljxuh 4= Wkh sgi ri wkh krsfrxqw lq Hxursh/ Dvld dqg Qruwkhuq Dphulfd dv phdvxuhg dw Ghoiw

Xqlyhuvlw| ri Whfkqrorj| +Dxjxvw/ 5333,/ zkhuhdv wkdw ri wkh zruog dw wkh Xqlyhuvlw| ri Jhqw +phglr

4<<;,1 Wkh odvw froxpq jlyhv wkh vdpsoh vl}h V ri hdfk gdwd vhw1

� �������� ���
���

Wkh lqwhufrqqhfwlrq sdwwhuq ri d qhwzrun zlwk Q qrghv +urxwhuv lq wkh Lqwhuqhw, fdq eh uhsuhvhqwhg2

e| d Q �Q frqqhfwlylw| pdwul{ W frqvlvwlqj ri hohphqwv W�� wkdw duh hlwkhu rqh ru }hur ghshqglqj rq

zkhwkhu wkhuh lv d olqn ru hgjh ehwzhhq qrgh l dqg m ru qrw/ exw iru dq| m/ zh kdyh wkdw W�� @ 31

Dsduw iurp wkh wrsrorjlfdo vwuxfwxuh vshfl�hg yld wkh frqqhfwlylw| pdwul{ W / wkh olqn ehwzhhq qrgh

l dqg m lv ixuwkhu fkdudfwhul}hg e| d yhfwru z+l $ m,/ zlwk p srvlwlyh frpsrqhqwv/ hdfk uh�hfwlqj

d TrV phdvxuh +vxfk dv ghod|/ mlwwhu/ orvv/ frvw/ dgplqlvwudwlyh zhljkw/ hwf1,1 Khuh zh frq�qh wr rqh

+p @ 4, dgglwlyh olqn phwulf1 Khqfh/ wkh vkruwhvw sdwk iurp D$ E lv wkh sdwk S�<� wkdw plqlpl}hvS
�<�M��<�

z+l$ m,1

Zh dvvxph v|pphwu| lq erwk gluhfwlrqv/ z+l $ m, @ z+m $ l, dqg/ khqfh/ dovr hqg0wr0hqg

v|pphwu| vxfk wkdw wkh vkruwhvw sdwk iurp D$ E htxdov wkdw iurpE $ D1 Dowkrxjk wklv dvvxpswlrq

vhhpv udwkhu wulyldo/ zh srlqw rxw wkdw lq whohfrppxqlfdwlrqv/ wudqvsruw ri lqirupdwlrq lq xs0olqn dqg

grzq0olqn lv/ lq jhqhudo/ qrw v|pphwulfdo1 Yld Lqwhuqhw phdvxuhphqwv/ Sd{vrq ^48` irxqg wkdw/ lq

2�|�ih hiThiti?|@|�L?t @hi |�i @_�@Ui?U) *�t| @?_ |�i *�?! t|@|i |@M*i E@t �? �5�6��
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4<<8/ derxw 83( ri wkh sdwkv iurp D $ E zhuh gl�huhqw iurp wkrvh iurp E $ D= Iruwxqdwho|/ dv

h{sodlqhg lq vhfwlrq 8/ wkh olplwlqj ehkdylru ri wkh sgi iru Q $ 4 ri wkh krsfrxqw ri wkh vkruwhvw

sdwk lv lqvhqvlwlyh wr wklv dv|pphwu|1

Lqlwldoo| lq Lqwhuqhw zlwk ULS/ doo olqn zhljkwv z+l $ m, @ 4 dqg erwk urxwlqj dqg WWO zhuh

xvlqj krsfrxqw dv phwulfv1 Lq RVSI wrgd|/ rshudwruv kdyh wkh iuhhgrp� wr vshfli| wkh olqn phwulf

z+l$ m, A 3 rq wkh lqwhuidfhv ri wkhlu urxwhuv1 Zh dujxh wkdw lw lv uhdolvwlf wr frqvlghu gl�huhqw zhljkwv

iru gl�huhqw olqnv1 Frqirup wr rxu dssurdfk/ zh dvvxph wkdw wkh olqn zhljkwv duh fkdudfwhul}hg yld d

fhuwdlq glvwulexwlrq I�+{, @ Su^z � {`1 Wkh gl�fxow| wkhq olhv lq ghwhuplqlqj wkh suhflvh ghwdlov ri

I�+{, iru wkh Lqwhuqhw1

Dsduw iurp wkh olqn zhljkw glvwulexwlrq I�+{,/ dovr wkh wrsrorjlfdo vwuxfwxuh ri wkh Lqwhuqhw lv

xqnqrzq1 Wkhuh duh wkuhh uhdvrqv zk| klhudufklfdo judskv duh qrw frqvlghuhg/ dowkrxjk urxwlqj lq

Lqwhuqhw frqvlvwv ri wzr0ohyhov/ lqwhugrpdlq dqg lqwudgrpdlq1 Iluvw/ wkh phdvxuhphqwv ri Ydqkdvwho hw

do1 ^56` dqg rxuv lq Iljxuh 4 vkrz d uhpdundeoh ghjuhh ri krprjhqhlw| ryhu wkh gl�huhqw frqwlqhqwv

zklfk lv gl�fxow wr h{sodlq zlwk d klhudufklfdo prgho vlqfh wkh qxpehu ri vhuylfh surylghuv +lqwudgr0

pdlqv, lv qrw vr xqlirupo| glvwulexwhg ryhu wkh zruog1 Vhfrqg/ uhjduglqj wkh krsfrxqw/ wkhuh lv qr

gl�huhqfh ehwzhhq wudyhuvlqj d erughu jdwh zd| urxwhu ru d lqwhulru grpdlq urxwhu= erwk frqwulexwh 4

krs1 Wkhuhiruh/ zkhq rqo| frxqwlqj wkh krsv ri wkh hqg0wr0hqg vkruwhvw sdwk/ zh fdqqrw glvwlqjxlvk

ehwzhhq wkhvh wzr ohyhov1 Wkh lq�xhqfh ri EJS srolf| urxwlqj fdq eh prghohg yld wkh suredelolw|

wkdw wkhuh lv d olqn ehwzhhq wzr qrghv iru wkh sdfnhw xqghu lqyhvwljdwlrq1 Srolf| urxwlqj vrphkrz

hqkdqfhv wkh udqgrpqhvv dqg ghfrxsohv wkh sk|vlfdo wrsrorj| iurp wkh dfwxdo iroorzhg sdwk1 Wkh

wklug uhdvrq reylrxvo| lqyroyhv wkh prgholqj ri wkh klhudufk|= Zklfk sdudphwhuv duh hqrxjk wr gh0

whuplqh dq Lqwhuqhw klhudufklfdo vwuxfwxuhB Hyhq li hyhu|erg| djuhhv rq wkh sduwlfxodu klhudufklfdo

vwuxfwxuh +dv h1j1 lq SQQL,/ wkh qh{w txhvwlrq lv krz wr fkrrvh wkh uhdolvwlf ydoxhv ri wkh sdudphwhuv

wkdw ghvfuleh wkdw klhudufk|1 Hyhq iru wkh zhoo0gh�qhg SQQL klhudufk|/ qrgh dqg olqn djjuhjdwlrq

txdqwl�huv +vhh h1j1 ^53`, uhpdlq yhu| gl�fxow wr h{wudfw iurp phdvxuhphqwv1

Wkhuhiruh/ zh zloo frqvlghu krprjhqhrxv wrsrorj| prghov iru zklfk wkh krsfrxqw fdq eh frpsxwhg1

Zh zloo vwduw dqdo|}lqj gl�huhqw wrsrorj| prghov doo zlwk frqvwdqw olqn zhljkwv htxdo wr 41 Frpsdu0

lqj wkh uhvxowlqj krsfrxqw ehkdylru zlwk Lqwhuqhw phdvxuhphqwv vxjjhvwv wr lqyhvwljdwh prghov zlwk

yduldeoh olqn zhljkwv1

� �������� �
�� �

�����

Lq wklv vhfwlrq/ zh frqvlghu vhyhudo wrsrorjlfdo vwuxfwxuhv lq zklfk hdfk olqn kdv xqlw zhljkw1 Lq wkhvh

fdvhv/ hyhu| vkruwhvw sdwk ehwzhhq wzr duelwudu| fkrvhq qrghv D dqg E dovr plqlpl}hv wkh krsfrxqw1

Zh hpskdvl}h wkdw wkh frqvlghuhg wrsrorjlhv duh lq jhqhudo qrw jrrg prghov iru wkh Lqwhuqhw wrsrorj|1

Udwkhu/ wkh sxusrvh ri wkh dqdo|vlv lv wr looxvwudwh wkh kljko| xqolnholqhvv ri frqvwdqw olqn zhljkwv1

��� � ������
	
�

Dq h{wuhpho| uhjxodu judsk lv d g0odwwlfh zkhuh hdfk qrgdo srvlwlrq fruuhvsrqgv wr d srlqw zlwk lqwhjhu

frruglqdwhv zlwklq d g glphqvlrqdo k|shu0fxeh zlwk vl}h ]1 Dsduw iurp erughu qrghv/ hdfk qrgh kdv

��? @TThL@U� |L LT|�4�3i |�i �5�6 �i�}�|t |L hi�iU| @U|�@* |h@�U *L@_t �t Thiti?|i_ M) 6Lh|3 @?_ A�Lh�T dbo�
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d frqvwdqw ghjuhh +qxpehu ri qhljkeruv,/ suhflvho| htxdo wr 5g1 Dvvxplqj wkdw doo olqn phwulfv duh

htxdo wr rqh/ wkh suredelolw| glvwulexwlrq ri wkh krsfrxqw ri wkh vkruwhvw sdwk ehwzhhq wzr xqlirupo|

fkrvhq srlqwv lv uhdglo| frpsxwhg1 Lqghhg/ lq rqh glphqvlrq/ wkh krsfrxqw ri wkh vkruwhvw sdwk

ehwzhhq wzr xqlirupo| fkrvhq srlqwv {� dqg {� htxdov wkh glvwdqfh ehwzhhq {� dqg {�1 Wkxv/

Su^m{� � {�m @ n` @ �
~ 4&'f .

2E~3&�
~2 4�$&$~3� zlwk fruuhvsrqglqj jhqhudwlqj ixqfwlrq

*+{, @
~3�[
&'f

Su^m{� � {�m @ n`{& @
] � ]{2 . 5{+{~ � 4,

]2+{� 4,2
=

Vlqfh wkh qrghv duh xqlirupo| fkrvhq/ doo frruglqdwh glphqvlrqv duh lqghshqghqw dqg wkh jhqhudwlqj

ixqfwlrq ri wkh krsfrxqw ri wkh vkruwhvw sdwk lq d g0odwwlfh lv *_+{,1 Vlqfh H^k� ` @ +*_,�+4, dqg
ydu^k� ` @ +*_,��+4, . +*_,�+4, � ^+*_,�+4,`2/ wkh dyhudjh qxpehu ri krsv lv lpphgldwh dv H^k� ` @
_
�~ +]

2 � 4, dqg wkh yduldqfh dv ydu^k� ` @
_E~23��E~2n2�

�H~2 / zkloh .d�� o
�@od�� o @

S~
~2n2 1 Wkh wrwdo qxpehu ri

qrghv lq wkh g0odwwlfh lv Q @ ]_ vxfk wkdw/ iru odujh Q / zh rewdlq

H^k� ` * g

6
Q�*_> +8,

dqg

ydu^k� ` * g

4;
Q2*_> +9,

erwk lqfuhdvlqj lq g A 4 +iru frqvwdqw Q, dv lq Q +iru frqvwdqw g,1 Krzhyhu .d�� o
�@od�� o * 9Q3�*_ lv

ghfuhdvlqj dqg whqgv iru odujh Q wr }hur +iru �qlwh g,/ zklfk frqwudglfwv Lqwhuqhw phdvxuhphqwv1

��� ��
 ����� ��

�

Ohw xv frqvlghu wkh n0du| wuhh ri ghswke G zlwk wkh qrgh D dw wkh urrw +ohyho 3, ri wkh wuhh dqg wkh

qrgh E 9@ D udqgrpo| lq wkh n0du| wuhh1 Wkh n0du| wuhh pd| eh d prgho iru wkh vkruwhvw sdwk wuhh ri

qrgh D1 Doo olqn zhljkwv duh htxdo wr rqh1 Vlqfh hyhu| qrgh dw ohyho m ? G kdv suhflvho| n0fkloguhq

qrghv dw ohyho m . 4/ wkh wrwdo qxpehu ri qrghv vdwlv�hv

Q @ 4. n . n2 . = = =. n( @
n(n� � 4

n � 4
> +:,

Wkh suredelolw| ri wkh krsfrxqw ri wkh vkruwhvw sdwk ehwzhhq D dqg E htxdov Su^k� @ m` @ &�

�3� /

iru 4 � m � G> dqg wkh fruuhvsrqglqj jhqhudwlqj ixqfwlrq lv *&+{, @ H
k
{��

l
@ &%

�3�
E&%�(3�
&%3� 1 Diwhu

dssursuldwh gl�huhqwldwlrq ri *&+{, zh rewdlq

H ^k� ` @
QG

Q � 4
� 4

n � 4
.

G

+Q � 4,+n � 4,
>

ydu ^k� ` @
n

+n � 4,2
� G2Q

+n � 4,+Q � 4,2
G2

+n � 4,2+Q � 4,2
=

Iru odujh Q / zh �qg zlwk G @
m
*L}d�n�E&3��o

*L} & � 4
n
� orj&Q . orj&+4� 4@n, .R+4@Q,> wkdw

H^k� ` @ orj&Q . orj&+4� 4@n,� 4

n � 4
.R

�
orj&Q

Q

�

ydu ^k� ` @
n

+n � 4,2
.R

#
orj2&Q

Q

$

eA�i _iT|� ( �t i^�@* |L |�i ?�4Mih Lu �LTt uhL4 |�i hLL| |L @ ?L_i @| |�i *i@�it�
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Khqfh/ iru krsfrxqw ri wkh vkruwhvw sdwk lq wkh n0du| wuhh zh �qg wkdw/ iru odujh Q / ydu ^k� ` lv doprvw

frqvwdqw dqg .d�� o
�@od�� o * E&3��2

& orj&Q / zklfk jurzv xqerxqghg/ frqwudu| wr Lqwhuqhw phdvxuhphqwv1

���  ����� !�����

Wkhuh h{lvwv dq dvwrqlvklqjo| odujh dprxqw ri olwhudwxuh rq surshuwlhv ri udqgrp judskv +u1j1*v,1

Zh uhihu wr wkh errn ri Erooredv ^7` iru dq h{fhoohqw glvfxvvlrq/ wkh zrun ri Mdqvrq hw do1 ^44` rq

hyroxwlrqdu| surfhvvhv lq u1j1*v dqg wkh vxuyh| sdshu rq uhfxuvlyh wuhhv e| Vp|wkh dqg Pdkprxg ^49`1

Wkh wzr prvw iuhtxhqwo| rffxuulqj prghov iru u1j1*v duh JR+Q, dqg J+Q>H,1 Wkh fodvv ri u1j1*v ghqrwhg

e| JR+Q, frqvlvwv ri doo judskv zlwk Q qrghv lq zklfk wkh hgjhv +ru olqnv, duh fkrvhq lqghshqghqwo|

dqg zlwk suredelolw| s1 D qdwxudo uh�qhphqw ri JR+Q, lv wkh prgho JtR���+Q, zkhuh wkh hgjhv duh vwloo

fkrvhq lqghshqghqwo| exw zkhuh wkh suredelolw| ri l $ m ehlqj dq hgjh lv h{dfwo| s��1 Wkh Zd{pdq

judsk/ lqyhvwljdwhg lq vhfwlrq 816/ lv dq h{dpsoh ri JtR���+Q,1 Wkh fodvv J+Q>H, frqvwlwxwhv wkh vhw

ri judskv zlwk Q qrghv dqg H hgjhv1 Erooredv ^7/ ss1 6:` uhpdunv wkdw *wkh qhduhu wkh u1j1 duh wr

ehlqj lqghshqghqw/ wkh hdvlhu lw lv wr kdqgoh wkhp1 Wklv lv wkh uhdvrq zk| JR+Q, lv pruh sohdvdqw wr

zrun zlwk wkdq J+Q>H,1 Lq JR+Q, wkh hgjhv duh fkrvhq lqghshqghqwo|/ zkloh lq wkh prgho J+Q>H,

wkh fkrlfh ri dq hgjh grhv kdyh d +iruwxqdwho| vpdoo, h�hfw rq wkh fkrlfh ri dqrwkhu hgjh*1 Lq wkh fodvv

JR+Q, wkh qxpehu ri olqnv lv qrw ghwhuplqlvwlf/ exw nqrzq rq dyhudjh dv sH6@% zkhuh wkh pd{lpxp

qxpehu ri olqnv H6@% lq d +el0gluhfwlrqdo, wrsrorj| zlwk Q qrghv lv H6@% @ �E�3��
2 � ��

2

�
1 Wklv

vlwxdwlrq lv frlqhg d ixoo phvk dqg J�+Q, @ J+Q>H6@%, lv fdoohg wkh frpsohwh judsk N� 1 Lq wkh

fodvv J+Q>H,/ wkh qxpehu ri gl�huhqw qhwzrun wrsrorjlhv zlwk Q qrghv dqg H olqnv zh fdq frqvwuxfw

htxdov
�.6@%

.

�
zklfk fruuhvsrqgv wr wkh qxpehu ri zd|v zh fdq glvwulexwh d vhw ri H rqhv lq wkh H6@%

srvvleoh sodfhv lq wkh xsshu wuldqjxodu sduw deryh wkh gldjrqdo ri wkh pdwul{ W 1 Lq frqvwuxfwlqj d u1j1

lq J+Q>H,/ hdfk ri wkh srvvleoh H6@% olqnv kdv htxdo suredelolw|1 Ixuwkhupruh/ wkhuh duh suhflvho|

H olqnv htxlydohqw wr H qrq0}hur hohphqwv lq wkh xsshu wuldqjoh ri W 1 Wkh suredelolw| wkdw W�� @ 4

htxdov s @ .
.6@%

dqg frqyhuvho|/ wkh suredelolw| wkdw W�� @ 3 htxdov t @ 4 � s1 Lq wkh vhtxho/ zh

phuho| frqvlghu wkh fodvv JR+Q, ehfdxvh/ iru odujh Q / wkh wrwdo qxpehu ri olqnv H lv forvh wr R�2

2 dqg

JR+Q, lv doprvw lq J+Q> R�
2

2 ,1

Iurp wkh srlqw ri ylhz ri whohfrppxqlfdwlrq qhwzrunv/ e| idu wkh prvw lqwhuhvwlqj judskv duh wkrvh

zlwk frqqhfwhg wrsrorj|1 Wklv olplwdwlrq uhvwulfwv wkh ydoxh ri s iurp ehorz e| d fulwlfdo wkuhvkrog/

l1h1 s A sS/ zkhuh/ iru odujh Q / sS � *?�
� fruuhvsrqgv wr wkh olqn ghqvlw| ohdglqj wr glvfrqqhfwlylw| lq

wkh u1j1*v1 Frqqhfwhgqhvv ri u1j1*v kdv uhfhlyhg frqvlghudeoh dwwhqwlrq lq wkh sdvw ^7/ fkdsw1 :`1 Wkh

surshuwlhv ri JR+Q, fkdqjh gudpdwlfdoo| ehorz wkh frqqhfwlylw| wkuhvkrog sS � *?�
� 1 Wkh gudzedfn

ri wkh frqqhfwlylw| uhtxluhphqw lq JR+Q, lv wkdw wkh plqlpdo qrgdo ghjuhh lv sSQ � oqQ / zklfk

phdqv wkdw wkh dyhudjh qxpehu ri qhljkerulqj qrghv ehfrphv xqerxqghg dv Q $ 41 Iruwxqdwho|/

wkh whqghqf| wr wklv olplw lv vorz= li Q * 43S/ wkh dyhudjh qxpehu ri qhljkeruv lv sSQ * oqQ @ 46=;1

71614 Wkh udqgrp judsk zlwk frqvwdqw zhljkwv

Wkh dyhudjh ghjuhh shu qrgh lq wkh Lqwhuqhw/ khuh ghqrwhg e| �> lv d �qlwh qxpehu +durxqg 6,/ zklfk

lpsolhv/ iru odujh Q / wkdw s @ b
� zlwk � A 41 Lq wkdw fdvh/ wkhuh lv d srvlwlyh suredelolw| wkdw d jlyhq

qrgh lv qrw frqqhfwhg wr wkh odujhvw foxvwhu1 Wklv odujhvw foxvwhu lv ri wkh rughu Q / dqg zh wkhuhiruh

frq�qh wr wkh vlwxdwlrq wkdw erwk wkh qrghv D dqg E duh lq wklv odujhvw foxvwhu1 Zh fodlp wkdw wkh

:



qxpehu ri qrghv wkdw fdq eh uhdfkhg lq q vwhsv iurp hlwkhu ri wkhvh qrghv D ru E jurzv olnh Z��
?/

uhvshfwlyho|/ Z��
?/ dv orqj dv �? lv pxfk vpdoohu wkdq Q 1 Iurp wkh wkhru| ri eudqfklqj surfhvvhv

^43/ s1 483`/ lw iroorzv/ iru Q odujh/ wkdw Z�>Z� duh lqghshqghqw lghqwlfdoo| glvwulexwhg udqgrp

yduldeohv zlwk phdq doprvw htxdo wr 41 Lqghhg/ zh fdq ylhz wkh qxpehu ri hgjhv frqqhfwhg wr hdfk

qrgh dv wkh r�vsulqj lq d eudqfklqj surfhvv i]&j&Df1 Dv orqj dv wkh foxvwhuv uhpdlq ri rughu vpdoohu

wkdq Q / wkdw qxpehu ri hgjhv kdv d elqrpldo glvwulexwlrq zlwk wkh sdudphwhuv/ lq ohdglqj rughu/ Q

dqg s1 Iru Qs2 vpdoo/ wkh elqrpldo glvwulexwlrq fdq eh dssur{lpdwhg e| wkh Srlvvrq glvwulexwlrq

zlwk phdq � @ Q � s1 Iurp wkh pduwlqjdoh frqyhujhqfh wkhruhp ^43/ s1 63<`/ pruh vshfl�fdoo| iurp

wkh h{dpsoh rq sdjh 644 ri wklv uhihuhqfh/ lw iroorzv wkdw Z? @ ~?
.d~?o

/ zkhuh ]? lv wkh qxpehu ri

lqglylgxdov lq wkh q0wk jhqhudwlrq/ frqyhujhv doprvw vxuho| wr d olplw Z 1 Lq rxu h{dpsoh wkh qxpehu

ri lqglylgxdov lq wkh q0wk jhqhudwlrq htxdov wkh qxpehu ri qrghv wkdw fdq eh uhdfkhg lq q vwhsv dqg

H ^]?` � �?1 Wklv prwlydwhv wkh fodlp1 Wkh jhqhudwlqj ixqfwlrq ri wkh r�vsulqj glvwulexwlrq +ru

udwkhu ri wkh dssur{lpdwlqj Srlvvrq+�, glvwulexwlrq , lv *+v, @
S"

&'f v
&h3b b

&

&- @ h{si��+4� v,j1 Zh

frqglwlrq wkh qrghv wr eh lq wkh odujhvw foxvwhu/ zklfk h�hfwlyho| frqglwlrqv rq Z�>Z� A 31 Wkh

suredelolw| wkdw Z� @ 3/ zklfk lv fdoohg wkh h{wlqfwlrq suredelolw| s"/ lv/ iru odujh Q / forvh wr wkh

vpdoohvw qrq0qhjdwlyh urrw ydoxh ri wkh htxdwlrq v @ *+v, ^43/ s1 486` dqg/ khqfh/ s" lv forvh wr h3b

iru � odujh/ vr wkdw wkh suredelolw| wkdw Z� A 3 lv dssur{lpdwho| 4� h3b1
Ghqrwh e| F�+o,/ uhvshfwlyho| F�+o,/ wkh vhw ri srlqwv wkdw fdq eh uhdfkhg iurp D/ uhvshfwlyho| E/

lq o ru ohvv vwhsv1 Zh nqrz wkdw wkh krsfrxqw lv odujhu wkdq 5o suhflvho| zkhq F�+o,_F�+o, lv hpsw|1

Frqglwlrqdoo| rq mF�+o,m @ F�/ uhvshfwlyho| mF�+o,m @ F�/ wklv kdsshqv zlwk suredelolw|��3�
��

���3��3�
��

�
��3�
��

���3�
��

� @
+Q �F� � 4,+Q �F� � 5, = = = +Q �F� �F�,

+Q � 4,+Q � 5, = = = +Q �F�,

@
+4� ��n�

� ,+4� ��n2
� , = = = +4� ��n��

� ,

+4� �
� ,+4� 2

� , = = = +4� ��
� ,

=

Iru Q odujh/ dssur{lpdwlqj 4� �
� e| h3

�
� ohdgv wr

Su ^k� A 5ommF�+o,m @ F�> mF�+o,m @ F�` � h3
S��

�'�
E��n��*�

h3
S��

�'�
�*�

@ h3����*� =

Khqfh/ zh rewdlq wkdw

Su^k� A 5o` � H

�
h3

���E,�����E,��

�

���D>E duh erwk lq wkh odujhvw foxvwhu

�
=

Qrwlqj wkdw mF�+o,m �Z�
S,

&'f �
& �Z��

,n�@+�� 4,/ dqg vlplodu iru F�+o,/ zh kdyh

Su^k� A 5o` � H

%
h
3`�`�b

2,n2

�Eb3��2
���Z�>Z� A 3

&
=

Vlqfh wkh vdph dv|pswrwlfv dovr krogv iru rgg ydoxhv ri wkh krsfrxqw/ zh �qdoo| duulyh/ iru n � 4/ dw

Su^k� A n` � H

%
h
3`�`�b

&n2

�Eb3��2
���Z�>Z� A 3

&
=

Qrz frqvlghu d glvfuhwh udqgrp yduldeoh \� zlwk vxssruw i4> 5> = = = >Q � 4j dqg vxuylydo suredelolwlhv

Su^\� A n` @ h3S
b&

� > n @ 4> 5> = = = > Q � 5

;



Wkh phdq ydoxh ri wklv udqgrp yduldeoh htxdov

H^\� ` @
�3�[
&'�

nSu^\� @ n` @
�32[
&'f

Su^\� A n` @
�32[
&'f

h3S
b&

� =

Wkh pdlq frqwulexwlrq ri wkh vxp vwhpv iurp ydoxhv ri n/ zkhuh �& � +Q@f,1 Lqghhg/ zkhq n uxqv

wkurxjk wkh ydoxhv 3 xs wr wkh odujhvw lqwhjhu zlwk �& � +Q@f,/ iru odujh Q / wkh wdlo suredelolw| h3S
b&

�

ghfuhdvhv iurp 4 wr wkh ydoxh h3�> zkhq �& lv vljql�fdqwo| odujhu wkdq Q@f +dqg vlqfh � A 4/ zh rqo|

qhhg d �qlwh qxpehu ri whupv eh|rqg n @ ^orjb+Q@f,` wr uhdfk wklv jrdo,/ wkh wdlo suredelolw| h3S
b&

�

lv doprvw 31 Wklv h{sodlqv wkdw wkh w|slfdo ydoxh ri H^\� ` lv vxfk wkdw �& @ Q@f/ l1h1/ n � orjb+Q@f,1

Iru wklv ydoxh ri n/ ehfdxvh ri wkh frqqhfwlrq n @ 5o/ erwk mF�+o,m dqg mF�+o,m duh ri wkh rughu

Z��
,n�@+� � 4, @ R+

s
Q, @ r+Q, dqg wkh lqlwldo dssur{lpdwlrq 4 � ��n��

� � h{si���n��
� j lv

dffxudwh1 Khqfh/ zh kdyh vkrzq khxulvwlfdoo| wkdw

H^k� ` � orjb+Q,�H

%
orjb

#
Z�Z��

2

+�� 4,2

$&
� orjb+Q,� 5 orjb

�
�

+�� 4,

�
>

zkhuh zh kdyh xvhg Mhqvhq*v lqhtxdolw| dqg H^Z�` � H^Z�` � 41 Iru wkh yduldqfh ri \� zh wdnh

f @ 4/ ehfdxvh zh fdq uhvfdoh Q e| wkh wudqvirupdwlrq Q :$ Q@f1 Vlplodu wr wkh h{suhvvlrq iru H^\� `

zh �qg

ydu^\� ` @
�32[
&'f

++5n . 4,�H^\� `,Su^\� A n` �
�32[
&'f

+5n . 4� orjb+Q,, h3
b&

� =

Wkh whupv zlwk n � orjb+Q, rqo| frqwulexwh d qxpehu lqghshqghqw ri Q 1 Wkh whupv zlwk n ?

+orjbQ,@5 jlyh d qhjdwlyh frqwulexwlrq zklfk lv lq devroxwh ydoxh odujhu wkdq wkh frqwulexwlrq iurp

wkh whupv zlwk +orjbQ,@5 ? n � orjbQ / ehfdxvh h3
b&

� lv ghfuhdvlqj1 Khqfh ydu^\� ` uhpdlqv erxqghg

zkhq Q lqfuhdvhv dqg wklv lqglfdwhv wkdw wkh vdph lv wuxh iru ydu^k� `= Khqfh/ wkh udwlr
.d�� o
�@od�� o lqfuhdvhv

xqerxqghgo| zkhq Q lqfuhdvhv1

Wkh deryh frqvlghudwlrqv krog iru �{hg � dqg s @ b
� 1 Dw wkh rwkhu hqg ri wkh vfdoh frqvlghu wkh

fdvh zkhuh s @ SI
�

zklfk fruuhvsrqgv wr � @ f � sQ / dqg wkh deryh dqdo|vlv qr orqjhu dssolhv iru

vxfk odujh ydoxhv ri �1 Iruwxqdwho|/ lq wkdw fdvh/ dq h{dfw dv|pswrwlf dqdo|vlv lv srvvleoh1 Lw lv qrw

kdug wr vkrz wkdw H^k� ` * 5�s dqg ydu^k� ` * s+4�s,1 Lq idfw k� lv hlwkhu 4 ru 5 zlwk suredelolw| s

ru +4� s,
�
4� +4� s2,�32

�
uhvshfwlyho|/ dqg kljkhu ydoxhv ri k� duh h{wuhpho| xqolnho| iru s � �I

�

vlqfh Su ^k� A 5` @ +4� s,
�
4� s2

��32
whqgv wr }hur1 Wkhvh uhvxowv djuhh zlwk wkrvh iru �{hg � vlqfh/

iru � @ f � sQ / H^k� ` � *?�
*?b @ *?�

*? Sn �
2
*?�

$ 5/ dv Q $4 dqg wkh yduldqfh lv erxqghg1 Lqwxlwlyho|/

iru odujhu �/ wkh qxpehu ri hgjhv lq �uvw dssur{lpdwlrq lv htxdo wr Qs dqg zh fdq frpsduh wkh prgho

zlwk wkh n0du| wuhh zlwk wkh sdudphwhu n htxdo wr wkh elqrpldo phdq Qs @ �1 Li zh h{wudsrodwh wkh

uhvxowv ri Vhfwlrq 715 iru wkh n0du| wuhh/ wkhq zh rewdlq

H^k� ` � orj&Q @ orjbQ > ydu^k� ` � n

+n � 4,2
� 4

�
=

Frpsxwhu vlpxodwlrqv zlwk Q @ 43> 333 dqg ydulrxv ydoxhv ri � frq�up wkh deryh vnhwfkhg slfwxuh=

lq doprvw doo vlpxodwlrqv wkh krsfrxqw htxdov ^orjb+Q,` 	 4/ lqglfdwlqj wkdw wkh krsfrxqw lv doprvw

ghwhuplqlvwlf1 Wkh deryh frqvlghudwlrqv ohdg lqhylwdeo| wr wkh frqfoxvlrq wkdw u1j1*v ri wkh fodvv JR+Q,

zlwk frqvwdqw zhljkwv gr qrw �w Lqwhuqhw phdvxuhphqwv iru wkh vkruwhvw sdwk1

<
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Dowkrxjk wkh dqdo|vlv deryh lv qrw h{foxvlyh qru ghflvlyh/ lw qhyhuwkhohvv vxjjhvwv wkdw judskv zlwk

frqvwdqw olqn zhljkwv duh olnho| wr srvvhvv gl�huhqw surshuwlhv wkdq wkrvh ghgxfhg iurp Lqwhuqhw phd0

vxuhphqwv1 Lq wkh vhtxho/ wkhuhiruh/ zh zloo lqyhvwljdwh wkh lq�xhqfh ri yduldwlrqv lq wkh olqn zhljkwv1

" ��
 #����
�� $��� %
�&

� � ��� '( )%�
�*��
����

Lq wklv vhfwlrq/ zh suhvhqw 0 qrw dozd|v lqwxlwlyho| h{shfwhg 0 revhuydwlrqv iurp vlpxodwlrqv/ zklfk zloo

eh h{sodlqhg lq vhfwlrq 9 edvhg rq d uljrurxv pdwkhpdwlfdo dqdo|vlv1 Wkh suhflvh prgholqj dvvxpswlrqv

duh=

41 Zh frq�qh rxuvhoyhv wr u1j1*v ri wkh fodvv JR+Q,=

51 Hdfk qrgh lq wkh u1j1 lq JR+Q, kdv rq dyhudjh H^O` @ s+Q � 4, olqnv zlwk rwkhu qrghv dqg wkh

yduldqfh ri wkh qxpehu ri olqnv O shu qrgh ydu^O` @ +Q � 4,s+4� s, lv vpdoo frpsduhg wr wkh

vtxduh ri wkh dyhudjh/ l1h1 ydu^O` ?? +H^O`,21 Iru wkh u1j1/ wklv frqglwlrq phdqv wkdw sQ AA 4

dqg lw lv qhhghg iru wkh frxsolqj dujxphqw lq wkh surri +vhh vhf1 916,1

61 Wkh zhljkw z+l $ m, ri wkh olqn ehwzhhq qrgh l dqg qrgh m lv +d, lqghshqghqw ri rwkhu olqnv

dqg +e, ghvfulehg e| wkh vdph glvwulexwlrq ixqfwlrq I�+{, @ Su^z � {`1

Iru el0gluhfwlrqdo olqnv zkhuh z+l$ m, dqg z+m $ l, duh lghqwlfdo dqg lqghshqghqw/ wkh vkruwhvw

sdwk wuhh iurp D $ E dqg wkdw iurp E $ D duh lghqwlfdo lq glvwulexwlrq1 Wklv dujxphqw h{sodlqv

zk| zh ixuwkhu frq�qh wr wkh v|pphwulfdo fdvh1

"�� #
�����
��� 
� ��
 	���� �R/�0�

Zh zloo vwduw suhvhqwlqj uhvxowv rewdlqhg iru wkh fodvv JR+Q, zlwk xqlirupo| ^3> 4` glvwulexwhg olqn

phwulfv z/ l1h1 I�+{, @ Su^z � {` @ {/ iru 3 � { � 41 Fohduo|/ wkh krsfrxqw k� ri wkh vkruwhvw sdwk

lv lqghshqghqw iurp d olqn zhljkw vfdolqj idfwru dqg wkh frq�qhphqw wr wkh lqwhuydo ^3> 4` grhv qrw

d�hfw wkh jhqhudolw|1 Xvlqj Sulp*v plqlpxp vsdqqlqj wuhh dojrulwkp ^8`/ hyhu| u1j1 lv �uvw whvwhg wr

dvvxuh wkdw wkh u1j1 lv frqqhfwhg1 Glvfrqqhfwhg u1j1*v duh uhpryhg dqg d wrwdo ri rqh ploolrq frqqhfwhg

u1j1*v kdyh ehhq frqvwuxfwhg iru hdfk vlpxodwlrq1 Lq hdfk u1j1 ri wkh fodvv JR+Q,/ wkh vkruwhvw sdwk

ehwzhhq qrgh 4 dqg Q kdv ehhq frpsxwhg zlwk Glmnvwud*v dojrulwkp1 Wkh qxpehu ri krsv ri wklv

vkruwhvw sdwk kdv ehhq vwruhg lq d klvwrjudp/ iurp zklfk wkh sgi ri wkh krsfrxqw k� lv ghgxfhg1 Wkh

vshfldo lqwhuhvw lq wklv duwlfoh olhv lq wkh ehkdylru ri wkh sgi ri wkh krsfrxqw k� ri wkh vkruwhvw sdwk

dv Q lqfuhdvhv1 Iru wkdw sxusrvh/ wkh phdq H^k� ` dqg yduldqfh ydu^k� ` duh sorwwhg lq Iljxuh 5/ iru

d vdph ydoxh ri s @ 3=;/ dv d ixqfwlrq ri Q 1

"�� ���
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�� � +�� ����
 � �

Wkh ghshqghqf| rq wkh olqn ghqvlw| s ehfrphv ydqlvklqjo| vpdoo dv Q jurzv dv looxvwudwhg lq Iljxuh

61 Zh revhuyh wkdw wkh fxuyhv iru s @ 3=5 dqg s @ 3=; frpsxwhg iru d vdph qxpehu ri qrghv Q whqg

wr hdfk rwkhu zkhq Q lqfuhdvhv1 Wklv phdqv wkdw/ iru vx�flhqwo| odujh judskv +lq sudfwlfh iru Q A 83
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Number of Nodes N

 E[hN ]

 var[hN]

 Limit Law (2)

1.0

1.2

1.4

1.6

1.8

2.0

2.2

 ratio : 1.14 + 9.615/N

ratio E[h
N ]/var[h

N ]

Iljxuh 5= Wkh phdq H^k� ` dqg wkh yduldqfh ydu^k� ` dv d ixqfwlrq ri Q ghgxfhg iurp Jf�H+Q, zlwk

xqlirupo| glvwulexwhg olqn phwulfv z1 Wkh erog olqh lv wkh wkhruhwlfdo olplw odz1

lq JR+Q,,/ wkh ehkdylru ri wkh krsfrxqw ri wkh vkruwhvw sdwk rqo| ghshqgv rq wkh qxpehu ri qrghv

Q lq wkh wrsrorj| ri wkh fodvv JR+Q,1 Lq rwkhu zrugv/ dv orqj dv s A 3 lv frqvwdqw/ wkh suhflvh ydoxh

ri s lv qrw lpsruwdqw lq wkh olplw Q $4 1 Wklv skhqrphqrq lv h{sodlqhg lq vhfwlrq 9141

"�� ��
 ��
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 ��� 
���������

Zd{pdq judskv duh eholhyhg wr eh ehwwhu uhsuhvhqwdwlyhv ri whohfrppxqlfdwlrq qhwzrunv wkdq u1j1*v ri

wkh fodvv JR+Q,1 Wkh Zd{pdq judsk ehorqjv wr wkh idplo| JR�� +Q, zlwk s�� @ i+�u� � �u�,/ zkhuh wkh

yhfwru �u� uhsuhvhqwv wkh srvlwlrq ri d qrgh l dqg doo qrghv duh xqlirupo| glvwulexwhg lq d k|shu0fxeh ri

vl}h ] lq wkh p0glphqvlrqdo vsdfh1 Wkh ghshqghqfh rq glvwdqfh i+�u, lv d srvlwlyh/ uhdo ixqfwlrq ri wkh

p frruglqdwhv ri wkh yhfwru �u 1 Iru h{dpsoh/ wkh Zd{pdq judskv duh vshfl�hg e| i+�u, @ h3k�Oo�/ zkhuh
m�um lv d qrup/ ghqrwlqj d glvwdqfh iurp wkh ruljlq1 Wkh lghd ri uhodwlqj wkh suredelolw| ri d olqn ehwzhhq

qrgh l dqg m wr vrph ixqfwlrq ri wkh glvwdqfh ehwzhhq wkrvh qrghv vwhpv iurp wkh fruuhvsrqghqfh

zlwk uhdolvwlf whohfrppxqlfdwlrqv qhwzrunv1 Wkh iduwkhu wzr qrghv olh vhsdudwhg/ wkh vpdoohu wkh qhhg

iru d gluhfw olqn ehwzhhq wkhp1

Iurp wkh gh�qlwlrq ri wkh olqn ghqvlw| s @ .
.4@ 

/ zkhuh H ghqrwhv wkh dyhudjh qxpehu ri olqnv lq
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Iljxuh 6= Iru ydulrxv ydoxhv ri Q / wkh sgi ri wkh krs frxqw ri wkh vkruwhvw sdwk lv gudzq iru s @ 3=5

+xsshu fxuyh, dqg s @ 3=; +orzhu fxuyh,1 Wkh olqn phwulf z lv xqlirupo| glvwulexwhg lq ^3> 4`1

wkh Zd{pdq judsk/ wkh ghfd| udwh d @ �] ri wkh h{lvwhqfh ri wkh olqn lv h{suhvvhg ^54` xqltxho| lq

whupv ri s dv/ iru d A 3/

s+d, @
5

de

k
9
�
4� 5 h3@ . h3

I
2@
�
. 5d

�
�7� 5 h3@ . 6

s
5 h3

I
2@
�
. d2

�
7h3

I
2@ . �

�l
.
; j�+d,

d
.
; j2+d,

d2
>

+;,

zlwk/ ri frxuvh/ s+3, @ 4 dqg zkhuh

j�+|, @
gj2+|,

g|
@

] I
2

�
h3+%

s
{2 � 4 g{ +<,

j2+|, @

] I
2

�
h3+%

t
4� 4@{2 g{ +43,

Uhodwlrq +;, vkrzv wkdw wkh olqn ghqvlw| s+d, lv rqo| d ixqfwlrq ri wkh ghfd| udwh d +dqg qrw ri rwkhu

sdudphwhuv dv ],1 ]hjxud hw do1 ^5:` kdyh frqvlghuhg s�� @ � h{s+�m�u� � �u�m@�O, dqg zhuh ohg wr wkh

vdph frqfoxvlrq frqfhuqlqj s+d, yld h{whqvlyh vlpxodwlrqv1

Lq Iljxuh 7/ wkh sgi ri wkh krsfrxqw ri wkh vkruwhvw sdwk lv gudzq wrjhwkhu zlwk wkh fruuhvsrqglqj

sgiv lq JR+43,1 Vxusulvlqjo| shukdsv/ iru lghqwlfdo olqn ghqvlwlhv dv frpsxwhg yld +;,/ wkhuh grhv qrw

vhhp wr eh dq| vljql�fdqw gl�huhqfh ehwzhhq wkh vkruwhvw sdwk ehkdylru lq JR+Q, dqg wkh Zd{pdq
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Iljxuh 7= Wkh sgi ri wkh vkruwhvw sdwk lq d Zd{pdq judskv zlwk Q @ 43 qrghv dqg ydulrxv olqn

ghqvlwlhv s @ i3=5> 3=7> 3=9> 3=;j1 Lq grwwhg olqh/ zh kdyh dovr dgghg wkh fruuhvsrqglqj sgi*v ri JR+43,1

judsk/ hyhq qrw iru vpdoo qhwzrun vl}hv dv Q @ 43/ lq vslwh ri wkhlu gh�qlwho| gl�huhqw wrsrorjlhv dv

looxvwudwhg ehorz1 Wklv uhvxow lqglfdwhv wkdw wkh ghwdlov ri wkh wrsrorjlfdo vwuxfwxuh ri wkh udqgrp

judsk ehfrph revrohwh zkhq xvlqj udqgrp olqn phdvxuhv1

1

D Zd{pdq judsk +Q @ 433/ d @ 44> s @ 3=37,1 Wkh judsk Jf�fe+433,1
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Dsduw iurp xqlirupo| glvwulexwhg olqn phwulfv z/ rwkhu w|shv vxfk dv wkh h{srqhqwldo I�+{, @ 4�h3%/
zlwk { � 3 dqg sro|qrpldo glvwulexwlrq ixqfwlrqv I�+{, @ {k zlwk { 5 ^3> 4` dqg 3 ? � ? 4/ kdyh

ehhq frqvlghuhg1 Wkh xqlirup glvwulexwlrq lv d vshfldo fdvh ri d sro|qrpldo glvwulexwlrq zlwk � @ 4/

zkhuhdv wkh h{srqhqwldo glvwulexwlrq kdv wkh vdph olplw iru { & 3 dv wkh xqlirup glvwulexwlrq1 Qrwh

wkdw iru � 9@ 4/ olp%�f I �
�+{, @ 3 iru � A 4/ zkloh olp%�f I �

�+{, @ 4 iru � ? 41 Wkh sdudphwhu � lv

nqrzq dv wkh h{wuhph ydoxh lqgh{ ri wkh suredelolw| glvwulexwlrq ri z1 Iljxuh 8 vkrzv wkdw wkh udwlr
.d�� o
�@od�� o $ � iru Q $ 4/ zklfk zloo eh h{sodlqhg lq vhfwlrq 9141 Iljxuh 8 ixuwkhu looxvwudwhv wkdw d

xqlirup +� @ 4, dqg h{srqhqwldo glvwulexwlrq iru z ohdg wr qhduo| lghqwlfdo uhvxowv/ hvshfldoo| iru odujh

Q 1 Doo rwkhu sro|qrpldo glvwulexwlrqv zlwk h{srqhqwv � 9@ 4/ ohdg wr glvwlqfwo| gl�huhqw ehkdylru iru

wkh krsfrxqw k� =

Wkh ghshqghqfh ri wkh krsfrxqw rq � lv h{sodlqhg lqwxlwlyho| dv iroorzv1 Wkh vkruwhvw sdwk lv

prvw vhqvlwlyh wr vpdoo ydoxhv ri z1 Wkh pruh pdvv wkh sgi ri wkh glvwulexwlrq ri z kdv durxqg }hur

+l1h1 wkh vpdoohu �,/ wkh odujhu zh pd| h{shfw wkh krsfrxqw ri wkh vkruwhvw sdwk ehfdxvh wkh vkruwhvw

ohqjwk lv kdugo| fkdqjhg e| lqfoxglqj dq dgglwlrqdo krs1 Rq wkh rwkhu kdqg/ iru odujh �/ prvw ri wkh

olqn zhljkwv kdyh d ydoxh durxqg 4 dqg wkh vkruwhvw sdwk fkdqjhv urxjko| e| rqh li dq dgglwlrqdo krs

lv lqfoxghg1 Khqfh/ wkh d�qlw| wr lqfoxgh pdq| krsv lv orz1
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Number of Nodes N

Iljxuh 8= Wkh udwlr .d�� o
�@od�� o yhuvxv qxpehu ri qrghv Q +orjdulwkplf vfdoh, iru ydulrxv �

Pruh uljrurxvo|/ wkh ghshqghqfh rq � lv uh�hfwhg wkurxjk wkh glvwulexwlrq ri wkh plqlpxp ri wkh

olqn zhljkwv1 Vlqfh wkh olqn zhljkwv z� duh lqghshqghqw zlwk glvwulexwlrq I�+{, @ {k zlwk { 5 ^3> 4`/
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dw hdfk krs/ wkh plqlpxp olqn zhljkw kdv glvwulexwlrq

Su^plq+z�> � � � > z?, A {` @ Su^z� A {> � � � > z? A {` @ +Su^z A {`,? @ +4� {k,? =

Khqfh/ iru odujh q/

Su

�
plq+z�> � � � > z?, A

{

q�*k

�
@

�
4� {k

q

�?
$ h3%

k

lv d olplw glvwulexwlrq zlwk h{wuhph ydoxh lqgh{ �1 Wkxv/ d w|slfdo plqlpxp olqn zhljkw lv ri rughu

q3�*k zklfk whqgv wr 4 li � $ 4/ dqg wr 3 li � $ 31 Lq fdvh Flvfr*v vxjjhvwlrq wr xvh RVSI olqn

zhljkwv lqyhuvh htxdo wr �fH

�` / zkhuh EZ ghqrwhv wkh edqgzlgwk ri wkh olqn lq elw2v/ lv iroorzhg e| d

pdmrulw| ri qhwzrun dgplqlvwudwruv/ wkh uhodwlrq

Su ^EZ A {` @ Su

�
4

EZ
� 4

{

�
@ Su

%
z � 43H

{

&
@

#
43H

{

$k

lqglfdwhv wkdw wkh edqgzlgwk glvwulexwlrq lq Lqwhuqhw iroorzv d srzhu odz zlwk h{srqhqw � forvh wr 41

, ��
 �����
�� ���� %
�&

� � ��� '( ��
����

Wkh dqdo|vlv wkdw ohdgv wr wkh nh| uhvxowv ghulyhg iurp +4, lv suhvhqwhg1 Iluvw/ wkh revhuyhg lqghshq0

ghqfh rq s lv glvfxvvhg yld dq rughu fdofxoxv zkhuh sro|qrpldoo| glvwulexwhg olqn zhljkwv duh wuhdwhg1

Zh wkhq frqfhqwudwh rq wkh sduwlfxodu dqg prvw hdv| fdvh ri wkh frpsohwh judsk N� / zkhuh s @ 4 dqg

zkhuh doo zhljkwv ru olqn phwulfv duh h{srqhqwldoo| glvwulexwhg zlwk sdudphwhu 41 Ilqdoo|/ wkh jhqhudo

fdvh iru wkh olqn ghqvlw| s @ s� @ i+Q, lv rxwolqhg1 Dv phqwlrqhg ehiruh/ wkh uljrurxv pdwkhpdwlfdo

surriv fdq eh irxqg lq ^4;`1

,�� )��
� 	��	����

Lq wklv vhfwlrq zh frqvlghu wkh udqgrp judsk JR+Q,/ zlwk zhljkwv fkrvhq lqghshqghqwo| dffruglqj wr

wkh glvwulexwlrq ixqfwlrq

I�+{, @ {k4dfc�o+{, . 4d�c"�+{,> � A 3> +44,

zlwk fruuhvsrqglqj ghqvlw| i�+{, @ �{k3�> 3 ? { ? 41 Zh zloo jlyh d khxulvwlf dujxphqw wkdw wkh

krsfrxqw k� vdwlv�hv wkh fhqwudo olplw wkhruhp=

olp
�<"

Su

%
k� � +oqQ,@�s

+oqQ,@�2
� {

&
@

4s
5�

] %

3"
h3�

2*2 gx> +45,

zklfk lqglfdwhv lq sduwlfxodu wkdw iru Q odujh

H^k� ` � oqQ

�
> +46,

ydu^k� ` � oqQ

�2
> +47,

dqg wkdw wkh krsfrxqw lv +dw ohdvw dv|pswrwlfdoo|, lqghshqghqw ri wkh olqn ghqvlw| s1

Iru wklv dujxphqw zh lqwurgxfh vrph qrwdwlrq= zh �{ wkh qrghv D dqg E/ dqg ghqrwh e| �, wkh

vhw ri doo sdwkv lq JR+Q, iurp D wr E/ zlwk o olqnv ru krsv1 D sduwlfxodu sdwk ri wkh vhw �, lv ghqrwhg
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e| �,1 Wkh suredelolw| wkdw dq duelwudu| sdwk �, 5 �, lv suhvhqw lq JR+Q, lv s,/ e| lqghshqghqfh1 Zh

ghqrwh wkh zhljkw ri � e| z+�,1 Ohw z� eh wkh +udqgrp, zhljkw ri wkh vkruwhvw sdwk ehwzhhq D dqg

E lq JR+Q, zlwk l1l1g1 olqn zhljkwv fkrvhq dffruglqj wr +44,1 Zh zloo irfxv rq wkh hyhqw

ik� � n>z� � }j=

Wklv hyhqw lpsolhv wkdw wkhuh lv d sdwk �, 5 JR+Q,/ o � n/ zlwk zhljkw z+�,, � } dqg/ wkhuhiruh/

Su^k� � n>z� � }` � Su^^&,'� ^�MK, iz+�, � }j` �
&[
,'�

Su^^�MK,z+�, � }`> +48,

zkhuh wkh vhfrqg lqhtxdolw| iroorzv iurp Erroh*v lqhtxdolw| +Su^^D�` �S
Su^D� `,1 Djdlq xvlqj Erroh*v

lqhtxdolw| dqg wkh lqghshqghqfh ri wkh olqn dqg wkh olqn zhljkwv/

&[
,'�

Su^^�MK,z+�, � }` �
&[
,'�

[
@,, �

Su^� 5 �,> z+�, � }`

@
&[
,'�

[
@,, �

Su^� 5 �,` Su^z+�, � }` @
&[
,'�

H^m�,m` Su^z+�,, � }`

Wkh dyhudjh qxpehu ri sdwkv iurp D wr E zlwk o krsv ^4<` htxdov H^m�,m` @
� �32
�3,3�

�
s,1 Zlwk wkh

lqhtxdolw|
� �32
�3,3�

� � Q ,3�/ zh rewdlq

&[
,'�

Su^^�MK,z+�, � }` �
&[
,'�

Q ,3�s, Su^z+�,, � }` = +49,

Frpelqlqj +48, dqg +49, ohdgv wr

Su^k� � n>z� � }` �
&[
,'�

Q ,3�s, Su^z+�,, � }`=

Iurp wklv uljrurxv lqhtxdolw| zh lqihu wkh khxulvwlf vwdwhphqw

Su^k� @ n>z� � }` * Q&3�s&I &W
� +},>

zkhuh wkh glvwulexwlrq ixqfwlrq I &W
� +}, lv wkh suredelolw| wkdw d vxp ri n lqghshqghqw udqgrp yduldeohv

hdfk zlwk g1i1 I� lv dw prvw } dqg lv jlyhq e| wkh n0irog frqyroxwlrq=

I &W
� +}, @

] 5

f
I E&3��W
� +} � |,i�+|, g|> n � 5>

dqg zkhuh I �W
� @ I�1 E| lqgxfwlrq lw uhdglo| iroorzv iurp +44,/ wkdw iru } & 3/

I &W
� +}, � }k&+��+�,,&

�+�n . 4,
=

Khqfh

Su ^k� @ n>z� � }` * Q&3�s&
}k&+��+�,,&

�+�n . 4,
= +4:,

49



Iru d w|slfdo ydoxh ri }/ wkh suredelolwlhv lq +4:, vkrxog vxp wr 4/ |lhoglqj=

4 @
4

Q

�3�[
&'�

+�Qs�+�,}k,&

�+�n . 4,
* 4

Q

] "

f

+�Qs�+�,}k,%

�+�{. 4,
g{

@
4

�Q

] "

f

+�Qs�+�,}k,�*k

�+x. 4,
gx * 4

�Q

"[
&'f

+�Qs�+�,}k,&*k

�+n . 4,

@
4

�Q
h{si+�Qs�+�,,�*k}j=

Khqfh d w|slfdo ydoxh iru wkh zhljkw ri wkh vkruwhvw sdwk lv wkh vroxwlrq ri �Q @ h{si+�Qs�+�,,�*k}j/
|lhoglqj

} � oq+�Q,

+�Qs�+�,,�*k
=

Vxevwlwxwlrq ri wklv uhvxow lq +4:, vkrzv wkdw wkh krsfrxqw suredelolw| vkrxog vdwlvi|

Su^k� @ n` * 4

Q

+oq�Q,k&

�+�n . 4,
> +4;,

zkhuh wkh hyhqw iz� � }j lv ghohwhg ehfdxvh zh vxevwlwxwh wkh w|slfdo ydoxh ri }/ vr wkdw Siz� � }j
lv forvh wr 41

Iru � @ 4/ wkh uljkw0kdqg vlgh ri +4;, htxdov wkh suredelolw| wkdw d Srlvvrq yduldeoh zlwk sdudphwhu

+oqQ, htxdov n/
4

Q

+oq�Q,k&

�+�n . 4,
@ h3 *?� +oqQ,&@n$>

vr wkdw iru � @ 4 dqg Q odujh H^k� ` * ydu^k� ` * oqQ 1 Wklv uhvxow kdv ehhq suryhq uljrurxvo|

lq ^4;` zlwk wkh xqlirupo| glvwulexwhg zhljkwv uhsodfhg e| h{srqhqwldo zhljkwv1 Wklv uhsodfhphqw lv

luuhohydqw/ ehfdxvh/ dv zdv srlqwhg rxw lq wkh lqwurgxfwlrq wr wklv vhfwlrq/ wkh h{srqhqwldo dqg wkh

xqlirup glvwulexwlrq duh lq wkh vdph plqlpdo grpdlq ri dwwudfwlrq1 Wkh surri iru h{srqhqwldo zhljkwv

zloo eh vnhwfkhg lq vhfwlrq 9161

Iru � 9@ 4/ d urxjk �uvw rughu dssur{lpdwlrq iru wkh Jdppd0ixqfwlrq lv �+�n . 4, * +�n,k&/ dqg

khqfh +4;, vxjjhvwv wkdw �n * oq�Q @ oqQ . oq�1 Wr frq�up wklv dqg wr fdofxodwh wkh dv|pswrwlf

yduldqfh ri wkh krsfrxqw zh vxevwlwxwh

n @
4

�
oqQ . y> +4<,

lq +4;,1 Xvlqj Vwluolqj*v irupxod +�+x. 4, � �
�
e

��s
5�x,/

4

Q

+oq+�Q,,k&

�+�n . 4,
*

�
oqQ . oq�

oqQ . �y

�*?�nk� hk�s
5�+oqQ . �y,

* hk�s
5� oqQ

h{s

�
�+oqQ . �y, � oq

�
oqQ . �y

oqQ . oq�

��
=

Qrz xvh oq+4 . {, @ {� {2@5/ xs wr vhfrqg rughu wr rewdlq

hk�s
5� oqQ

h{s

�
�+oqQ . �y, � oq

�
4 . �y@+oqQ,

4 . oq�@+oqQ,

��
* �h3k

2�2*E2 *?��n *?k
*?�

tk�3E*?k�*2�
s
5� oqQ

=

Wr lqwhusuhw wklv uhvxow surshuo| qrwh wkdw zh frpsduhg +dv|pswrwlfdoo|, d glvfuhwh suredelolw| e| d

frqwlqxrxv ixqfwlrq lq y/ zkhuhdv +frpsduh +45,,/ zh vkrxog dssur{lpdwh wkh fxpxodwlyh suredelolwlhv

4:



ri wkh vwdqgdugl}hg krsfrxqw zlwk wkh vwdqgdug qrupdo glvwulexwlrq ixqfwlrq1 Li d udqgrp yduldeoh

[� lv dv|pswrwlfdoo| qrupdoo| glvwulexwhg/ wkhq

Su

�
[� � ��

��
� {

�
$ 4s

5�

] %

3"
h3�

2*2 gx>

zkhuh �� @ H^[� ` dqg �2� @ ydu^[� `1 Wklv vwdwhphqw doprvw dozd|v +exw qrw qhfhvvdulo|, lpsolhv

orfdo frqyhujhqfh ri wkh ghqvlwlhv=

�� Su

�
[� � ��

��
5 ^{> {. g{,

�
@g{$ 4s

5�
h3%

2*2> { 5 ?=

Qrz vxevwlwxwlrq ri y @ {
s
+oqQ,@�2 lq +4;, dqg +4<, jlyhv

Su

%
k� � +oqQ,@�s

+oqQ,@�2
5 ^{> {. g{,

&
@g{ * �h3%

2*2n�EE*?��3�*2�

s
5� oqQ

=

Wklv lqglfdwhv wkdw +45, lqghhg krogv zlwk �� * +oqQ,@� dqg �2� � +oqQ,@�21 Khqfh/ zh h{shfw dovr

+46, dqg +47, wr krog1 Lw wkhq iroorzv wkdw wkh udwlr .d�� o
�@od�� o $ � iru Q $4/ dv revhuyhg lq Iljxuh 81

Wkh vwdwhphqwv +45,0+47,/ iru � 9@ 4/ dowkrxjk yhu| sodxvleoh/ vhhp kdug wr suryh uljrurxvo|/ ehfdxvh

ri odfn ri rughu ehwzhhq wkh qrghv ri wkh udqgrp judsk1 Fodvvlfdo fhqwudo olplw wkhru| zlwk vrph nlqg

ri pl{lqj dqg ru wkh fhqwudo olplw wkhruhp iru pduwlqjdoh gl�huhqfh vhtxhqfhv vhhpv wkhuhiruh kdug wr

dsso|1 Wkh surri iru � @ 4 uholhv rq wkh htxlydohqfh ri xqlirup dqg h{srqhqwldo zhljkwv lq wkh vkruwhvw

sdwk sureohp dqg wkh wkhru| ri frqwlqxrxv wlph Pdunry fkdlqv/ dv h{sodlqhg lq wkh qh{w vhfwlrq1

,�� ��
 	����
�
 ����� ��

Wkh suhylrxv uhvxowv srlqw wr wkh lqghshqghqfh ri wkh krsfrxqw rq s dqg vxjjhvw wr frqvlghu wkh

vlpsohvw fdvh ri wkh frpsohwh judsk N� zkhuh s @ 41 Wkh sureohp ri �qglqj wkh vkruwhvw sdwk

ehwzhhq wzr qrghv D dqg E lq N� zlwk h{srqhqwldoo| glvwulexwhg olqn phwulfv fdq eh uhskudvhg lq

whupv ri d Pdunry glvfryhu| surfhvv1 Wkh glvfryhu| surfhvv hyroyhv dv d ixqfwlrq ri wlph dqg vwrsv

dw d udqgrp wlph W zkhq qrgh E lv irxqg1 Wkh surfhvv lv vkrzq lq Iljxuh 91

Wkh hyroxwlrq ri wkh glvfryhu| surfhvv fdq eh ghvfulehg e| d frqwlqxrxv wlph Pdunry fkdlq [+w,/

zkhuh [+w, ghqrwhv wkh qxpehu ri glvfryhuhg qrghv dw wlph w/ ehfdxvh wkh fkdudfwhulvwlfv ri d Pdunry

fkdlq ^;` duh edvhg rq wkh h{srqhqwldo glvwulexwlrq dqg wkh phpru|ohvv surshuw|1 Ri sduwlfxodu lqwhuhvw

khuh lv wkh surshuw| wkdw wkh plqlpxp ri q lqghshqghqw h{srqhqwldo yduldeohv hdfk zlwk sdudphwhu

�� lv djdlq dq h{srqhqwldo yduldeoh zlwk sdudphwhu
S?

�'� ��1

Wkh glvfryhu| surfhvv vwduwv dw wlph w @ Wf zlwk wkh vrxufh qrgh D dqg iru wkh lqlwldo glvwulexwlrq

ri wkh Pdunry fkdlq/ zh kdyh Su^[+Wf, @ 4` @ 41 Wkh vwdwh vsdfh ri wkh frqwlqxrxv Pdunry fkdlq lv

wkh vhw V� frqvlvwlqj ri doo srvlwlyh lqwhjhuv q zlwk q � Q 1 Iru wkh frpsohwh judsk N� / wkh wudqvlwlrq

udwhv duh jlyhq e|

�?c?n� @ q+Q � q,> q 5 V� = +53,

Lqghhg/ lqlwldoo| wkhuh lv rqo| wkh vrxufh qrgh D/ khqfh q @ 41 Iurp wklv �uvw qrgh D suhflvho| Q � 4

qhz qrghv fdq eh uhdfkhg lq wkh frpsohwh judsk N� 1 Dowhuqdwlyho| rqh fdq vd| wkdw Q � 4 qrghv

duh frpshwlqj zlwk hdfk rwkhu hdfk zlwk h{srqhqwldoo| glvwulexwhg vwuhqjwk wr eh glvfryhuhg dqg wkh

zlqqhu dprqjvw wkhp/ vd| F/ lv wkh rqh uhdfkhg lq vkruwhvw wlph zklfk fruuhvsrqgv wr dq h{srqhqwldo

4;



T0

T1

T2

T3

T

X(T) = n 

node A

time

B

Iljxuh 9= Wkh glvfryhu| surfhvv dv ixqfwlrq ri wlph1 Wkh wlph krul}rq lv gudzq dv d grwwhg vhpl0flufoh

fhqwhuhg dw wkh vwduwlqj qrgh D1 Dw wlph W wkh surfhvv vwrsv zkhq E lv irxqg1

yduldeoh zlwk udwh Q � 41 Diwhu kdylqj uhdfkhg F iurp D dw klwwlqj wlph W2/ q @ 5> dqg wkh glvfryhu|

surfhvv uhvwduwv iurp erwk D dqg F1 Dowkrxjk dw wlph W2 zh zhuh douhdg| surjuhvvhg d fhuwdlq glvwdqfh

wrzdugv hdfk ri wkh Q�5 rwkhu/ qrw |hw glvfryhuhg qrghv/ wkh phpru|ohvv surshuw| ri wkh h{srqhqwldo

glvwulexwlrq whoov xv wkdw wkh uhpdlqlqj glvwdqfh wr wkhvh Q�5 qrghv lv djdlq h{srqhqwldoo| glvwulexwhg
zlwk wkh vdph sdudphwhu 41 Khqfh/ wklv doorzv xv wr uhvwduw wkh surfhvv iurp D dqg F e| hudvlqj

wkh suhylrxvo| sduwldo glvwdqfh dv li zh ljqruh wkdw lw zhuh hyhu wudyhoohg1 Iurp W2 rq/ wkh glvfryhu|

surfhvv kdv grxeoh vwuhqjwk wr uhdfk suhflvho| Q � 5 qhz qrghv1 Khqfh/ wkh qh{w zlqqhu/ vd| G/ lv

uhdfkhg lq wkh plqlpxp wlph rxw ri 5+Q �5, olqnv1 Wklv qrgh G kdv htxdo suredelolw| wr eh dwwdfkhg

wr D ru F ehfdxvh ri v|pphwu|1 Zkhq G lv dwwdfkhg wr F +wkh dujxphqw ehorz krogv vlploduo| iru

dwwdfkphqw wr D,/ v|pphwu| dsshduv wr eh eurnhq/ ehfdxvh G dqg D kdyh rqo| rqh olqn xvhg zkhuhdv

F kdv douhdg| wzr olqnv xvhg1 Krzhyhu/ vlqfh zh duh lqwhuhvwhg lq wkh vkruwhvw sdwk sureohp/ wkh gluhfw

olqn iurp D wr G lv orqjhu wkdq wkh sdwk D$ F $ G dqg/ wkxv/ zh h{foxgh wklv olqn lq wkh glvfryhu|

surfhvv khuhe| hvwdeolvklqj djdlq wkh ixoo v|pphwu| lq wkh Pdunry fkdlq1 Wklv h{foxvlrq dovr phdqv

wkdw wkh Pdunry fkdlq pdlqwdlqv vlqjoh sdwkv iurp D wr hdfk qhzo| glvfryhuhg qrgh dqg wklv sdwk lv

dovr wkh vkruwhvw sdwk1 Khqfh/ wkhuh duh qr f|fohv srvvleoh1 Ixuwkhupruh/ vlplodu wr Glmnvwud*v vkruwhvw

sdwk dojrulwkp/ hdfk qhzo| uhdfkhg qrgh lv zlwkgudzq iurp wkh qh{w frpshwlwlrq urxqg jxdudqwhhlqj

wkdw wkh Pdunry fkdlq hyhqwxdoo| whuplqdwhv1 Ehvlghv whuplqdwlqj e| h{wlqfwlrq ri doo dydlodeoh qrghv/

diwhu hdfk wudqvlwlrq +ru qhzo| glvfryhuhg qrgh,/ wkh Pdunry fkdlq vwrsv zlwk suredelolw| htxdo wr
�

�3? vlqfh hdfk ri wkh q douhdg| glvfryhuhg qrghv kdv suhflvho| 4 srvvlelolw| rxw ri wkh uhpdlqlqj Q�q
wr uhdfk E dqg rqo| rqh ri wkhp lv wkh glvfryhuhu1 Wkh vwrsslqj wlph W lv gh�qhg dv wkh lq�pxp iru

4<



w � 3 dw zklfk ghvwlqdwlrq qrgh E lv glvfryhuhg1 Lq vxppdu|/ wkh ghvfulehg Pdunry glvfryhu| surfhvv

prghov h{dfwo| wkh vkruwhvw sdwk iru doo ydoxhv ri Q 1

Qh{w/ vlqfh zh duh phuho| lqwhuhvwhg lq wkh krsfrxqw ri wkh vkruwhvw sdwk/ zh qhhg wr ghwhuplqh

iru hdfk qrgh wkh vpdoohvw qxpehu ri krsv wr D1 Wkhuhiruh/ zh frqvlghu dq dvvrfldwhg wuhh wr wkh

Pdunry surfhvv zlwk htxdo qxpehu ri qrghv [+w, dw wlph w frqvwuxfwhg dv iroorzv1 Mxvw dv wkh

glvfryhu| surfhvv/ wkh dvvrfldwhg wuhh vwduwv dw wkh urrw D1 Diwhu hdfk wudqvlwlrq lq wkh frqwlqxrxv

wlph Pdunry fkdlq/ [+w, $ [+w, . 4/ dq hgjh ri xqlw ohqjwk lv dwwdfkhg udqgrpo| wr rqh ri wkh q

douhdg| glvfryhuhg qrghv lq wkh dvvrfldwhg wuhh ehfdxvh d qhz hgjh lv htxdoo| olnho| wr eh dwwdfkhg

wr dq| ri wkh q glvfryhulqj qrghv1 Khqfh/ e| frqvwuxfwlrq ri wkh dvvrfldwhg wuhh/ doo frq�jxudwlrqv

duh htxdoo| olnho| dqg wkh suredelolw| s
E&�
� wkdw d xqlirupo| fkrvhq qrgh lq wkh wuhh kdv krsfrxqw n

^49`/ lv s
E&�
� @

E3���3&7
E&�
�

� - / zkhuh V
E&�
� lv wkh Vwluolqj qxpehu ri wkh �uvw nlqg ^4/ 571416`1 Rq wkh h{dfw

uhirupxodwlrq ri wkh vkruwhvw sdwk sureohp lqwr wkh Pdunry glvfryhu| surfhvv dqg dv vkrzq lq wkh

dsshqgl{ D/ wkh jhqhudwlqj ixqfwlrq iru wkh krsfrxqw ri wkh vkruwhvw sdwk lq wkh frpsohwh judsk N�

lv

K� +{, @
Q

Q � 4

�
�+Q . {,

�+Q . 4,�+{. 4,
� 4

Q

�
= +54,

Dowkrxjk h{dfw iru doo Q / wkh �qdo vwhs lqyroyhv wkh dv|pswrwlf ehkdylru iru odujh Q zklfk lv ehvw

rewdlqhg iurp wkh Wd|oru vhulhv h{sdqvlrq durxqg { @ 3 ri wkh jhqhudwlqj ixqfwlrq ri wkh krsfrxqw ri

wkh vkruwhvw sdwk K� +{, iru odujh Q jlyhq e| +4,1

,�� '
���� ��
 �����
�
 !�����

Lq wklv vhfwlrq zh ghprqvwudwh wkdw wkh uhvxow ghulyhg iru wkh frpsohwh judsk/ wkxv dvvxplqj s @ 4/

vwloo krogv iru dq| frqvwdqw s 5 +3> 4,/ dqg pruhryhu iru vhtxhqfhv s @ s� vxfk wkdw s� $ 3 dqg

Qs� $4 dw d fhuwdlq udwh1

Wkh edvlf lqjuhglhqw lv djdlq wkh dvvrfldwhg xqlirup wuhh dv ghvfulehg iru wkh frpsohwh judsk1 Wkh

xqliruplw| ri wkh wuhh iru wkh frpsohwh judsk lv edvhg rq d vdph ghwhuplqlvwlf qxpehu ri +Q � q,

rxwjrlqj olqnv iurp hdfk qrgh lq wkh wuhh ri vl}h q1 Lq wkh udqgrp judsk JR+Q,/ wkh fruuhvsrqglqj

qxpehu ri rxwjrlqj olqnv shu qrgh lv d elqrpldo glvwulexwhg udqgrp yduldeoh zlwk sdudphwhuv Q � q

dqg s= Wkxv/ lq JR+Q,/ wkh qxpehu ri rxwjrlqj olqnv lv qrw qhfhvvdulo| wkh vdph iru hdfk qrgh lq wkh

foxvwhu ri vl}h q/ exw kdv dq dyhudjh ydoxh +Q �q,s dqg yduldqfh +Q �q,s+4�s,1 Lq ^4;`/ lw lv suryhq

wkdw iru hdfk vhtxhqfh s� 5 +3> 4,/ zlwk Qs�@+oqQ,� $4/ wkh dv|pswrwlf ehkdylru iru wkh krsfrxqw

k� vwloo krogv1 Zh zloo jlyh d vnhwfk ri wkdw surri khuh1 Lq wkh txrwhg sdshu lw lv �uvw vkrzq wkdw wkh

qxpehu ri rxwjrlqj olqnv iurp hdfk qrgh lq wkh foxvwhu ri vl}h q fdq/ zlwk ryhuzkhoplqj suredelolw|/

eh vdqgzlfkhg ehwzhhq wkh ghwhuplqlvwlf ydoxhv

+Q � q,s� 	
t
D+Q � q,s� oqQ>

li D lv odujh1 Frqvhfxwlyho|/ d Pdunry glvfryhu| surfhvv [3
� +w,/ zlwk wudqvlwlrq udwh

�3?c?n� @ q �
�
+Q � q,s� �

t
D+Q � q,s� oqQ

�
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lv frqvwuxfwhg1 Wklv Pdunry fkdlq jhqhudwhv d +xqlirup, uhfxuvlyh wuhh ri vl}h Q3/ zkhuh q @ Q3 lv

wkh odujhvw qxpehu iru zklfk �3?c?n� lv srvlwlyh1 Wklv jlyhv

Q3 � Q � D oqQ

s�
> Q $4= +55,

Wkh ydoxh Q3 lv wkh �qdo vl}h ri wkh xqlirup wuhh dvvrfldwhg zlwk [3
� 1 Wkh krsfrxqw k� ri JR� +Q,

lv wkhq suryhq wr kdyh dv|pswrwlfdoo| wkh vdph glvwulexwlrq dv wkh khljkw ri qrgh E lq wkh xqlirup

wuhh dvvrfldwhg zlwk [3
� > iru wklv uhvxow wkh whfkqlfdo frqglwlrq Qs�@+oqQ,� $ 4 lv qhhghg1 Wklv

frqglwlrq lv voljkwo| pruh ghpdqglqj wkdq wkh +plqlpdo, frqglwlrq Q3@Q $ 4/ zklfk dv fdq eh vhhq

iurp +55, krogv l� Qs�@ oqQ $ 41 Wkh idprxv dv|pswrwlf uhvxow ri Hug�rv dqg U�hq|l ^9` vwdwhv

wkdw wkh suredelolw| wkdw J+Q> ^Q oqQ@5.{Q `, +ri wkh fodvv J+Q>H,, lv frqqhfwhg/ lv dv|pswrwlfdoo|

htxdo wr h{s+�h32%,1 Wklv uhvxow vxjjhvwv wkdw zkhq s� ? sS @
*?�
� / wkh judsk JR+Q, lv zlwk srvlwlyh

suredelolw| glvfrqqhfwhg1 Lq rwkhu zrugv rxu uhvxow +7, krogv/ dsduw iurp d vpdoo whfkqlfdo jds + *?��
yhuvxv *?��

� ,/ iru doo frqqhfwhg judskv ri wkh fodvv JR+Q,1

Lq rughu wr forvh wkh jds ehwzhhq wkh frqqhfwlylw| wkuhvkrog sS @ *?�
� dqg s� / vdwlvi|lqj wkh

frqglwlrq �R�
*?��

$ 4/ zh kdyh vlpxodwhg wkh krsfrxqw lq JR+Q, zlwk s� @ b
� iru ydulrxv ydoxhv

ri � iurp �S @ oqQ wr ��S 1 Iru Q @ 4333 zkhuh �S @ 9=<3/ wkh ydoxhv � @ 9> � @ :/ � @ 7< dqg

� @ :� @ 676 duh vlpxodwhg1

Wkh vlpxodwlrq uh�hfwv wkh Pdunry glvfryhu| surfhvv1 Zh vwduw zlwk dq lqlwldo qrgh +wkh vrxufh,

dw khljkw 3 dqg vlpxodwh d elqrpldoo| glvwulexwhg qxpehu [� ri olqnv zlwk sdudphwhuv Q � 4 dqg

s @ b
� 1 Lq hdfk vwhs wkh qxpehu ri iuhh olqnv shu qrgh/ l1h1 wkh qxpehu ri olqnv wr zklfk d qhz qrgh

fdq eh dwwdfkhg dqg wkh khljkw ri wkh qrgh lv pdlqwdlqhg1 Wkh vlpxodwlrq wkhq surfhhgv dv iroorzv1

D udqgrpo| fkrvhq iuhh olqn rxw ri wkh [� vhuyhv dv wkh hqgsrlqw iru d vhfrqg qrgh lq wkh foxvwhu dw

khljkw 41 Wkh qxpehu [� ri iuhh olqnv ri wkh urrw lv ghfuhdvhg e| rqh dqg wkh qxpehu [2 ri iuhh olqnv

ri wkh vhfrqg qrgh lv ghwhuplqhg dv d elqrpldoo| glvwulexwhg qxpehu zlwk sdudphwhuv Q � 5 dqg s1

Wkh wrwdo qxpehu ri iuhh olqnv lq wkh foxvwhu glvfryhuhg vr idu lv htxdo wr [�.[2�4 dqg rqh ri wkhvh

olqnv dv dwwdfkphqw iru wkh wklug qrgh lv fkrvhq dw udqgrp1 Surfhhglqj lq wklv zd|/ wkh n0wk qrgh lv

xqlirupo| fkrvhq iurp wkh [� . = = =.[&3� � +n � 5, dydlodeoh iuhh olqnv1 Wklv qrgh lv vxssolhg zlwk

d elqrpldoo| glvwulexwhg qxpehu ri olqnv +zlwk sdudphwhuv Q � n dqg s,1 Wkh khljkw ri wkh qhz qrgh

lv htxdo wr rqh soxv wkh ghswk ri lwv dqfhvwru qrgh o wr zklfk lw zdv dwwdfkhg1 Dw wkh vdph wlph/ rqh

ri wkh iuhh olqnv ri qrgh o lv uhpryhg/ l1h1 [, $ [, � 41 Wkh vlpxodwlrq hqgv zkhq wkh wrwdo qxpehu

ri iuhh olqnv lv }hur ru zkhq doo qrghv duh glvfryhuhg/ l1h1 zkhq wkh foxvwhu kdv Q qrghv1 Revhuyh wkdw

qr h{srqhqwldoo| glvwulexwhg udqgrp yduldeohv duh vlpxodwhg1 Zh xvh wkh surshuw| wkdw hdfk ri wkh

frpshwlqj iuhh olqnv lv htxdoo| olnho| wr kdyh wkh plqlpxp zhljkw dqg wkhuhiruh wkh olqn lv fkrvhq dw

udqgrp1 Wklv revhuydwlrq vlpsol�hv wkh vlpxodwlrq gudvwlfdoo|= rqo| rqh orrs ri ohqjwk Q pxvw eh

vlpxodwhg1

Zh shuiruphg 4333 uxqv zlwk Q @ 4333 dqg wkh wkuhh ydoxhv ri � phqwlrqhg deryh1 Diwhu hdfk

uxq/ rqh qrgh gl�huhqw iurp wkh lqlwldo qrgh/ zdv vhohfwhg dw udqgrp iurp wkh foxvwhu ri wkh lqlwldo

qrgh dqg lwv krsfrxqw zdv ghwhuplqhg dv lwv khljkw1 Wkh phdq dqg wkh yduldqfh ri wkhvh 4333 uxqv

zhuh ghqrwhg e| �{ dqg �2/ uhvshfwlyho|1 Wkh wkhruhwlfdo ydoxhv dffruglqj wr +5, dqg +6, duh ghqrwhg

e| H^k� ` dqg ydu^k� `/ uhvshfwlyho|> wkhvh ydoxhv uhpdlq frqvwdqw iru ydu|lqj ydoxhv ri �/ dv wkh| gr

qrw ghshqg rq s1 Wkh uhvxowv duh lq wkh wdeoh ehorz1
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H^k� ` �{ ydu^k� ` �2

� @ 9 917;8 9175 8/7;3 8186

� @ : 917;8 9187 8/7;3 81;<

� @ 7< 917;8 9195 8/7;3 9153

� @ 676 917;8 9185 8/7;3 914<

Wkh vlpxodwlrqv zlwk phuo| 4333 uxqv vkrz frqylqflqjo| wkdw wkh krsfrxqw lv lqghhg lqghshqghqw ri

s� 1 Orqjhu vlpxodwlrq +zlwk pruh uxqv, dssurdfk wkh wkhruhwlfdo ydoxhv forvhu1 Dv orqj dv wkh judskv

duh frqqhfwhg +hyhq ehorz sS,/ vlpxodwlrqv lqglfdwh wkh fruuhfwqhvv ri wkh wkhruhwlfdo uhvxowv1

Ilqdoo|/ zh suhvhqw dq dowhuqdwlyh dujxphqw wkdw H^k� ` lv/ wr �uvw rughu/ lqghshqghqw ri s1 Wkh

wudqvlwlrq udwhv fdq eh zulwwhq dv �?c?n� @ qs+Q � q, . y+q,/ zkhuh y+q, lv d vwrfkdvwlf yduldwlrq

durxqg wkh phdq qxpehu ri olqnv dw hdfk qrgh gxh wr wkh udqgrpqhvv ri wkh judsk1 Iru odujh Q /

qs+Q � q, AA y+q,> vxfk wkdw zh fdq qhjohfw wklv vwrfkdvwlf h�hfw lq d �uvw rughu frpsxwdwlrq1 Wkh

glvfryhu| wlph W& wkhq htxdovD
S&

?'�H{s+qs+Q � q,,
&
@ �

R

S&
?'�H{s+q+Q � q,, ru/ wkh qrgh n lv

glvfryhuhg lq wkh Pdunry fkdlq fruuhvsrqglqj wr JR+Q, suhflvho| d idfwru �
R odwhu wkdq lq wkh frpsohwh

judsk1 Vlqfh d wlph vfdolqj grhv qrw dowhu wkh vwuxfwxuh ri wkh glvfryhuhg foxvwhu qru wkh dvvrfldwhg

uhfxuvlyh wuhh/ wkh dujxphqw ghprqvwudwhv wkdw H^k� ` grhv lqghhg qrw ghshqg rq s1

- #���
��
	�� .
�
/	��
�� �+ 0�1�

Lq rughu wr +vwdwlvwlfdoo|, yhuli| wkdw wkh Lqwhuqhw krsfrxqw glvwulexwlrq �wv +7,/ zh kdyh xvhg wkh

phdvxuhphqwv +frqvlvwlqj ri 54: gdwdsrlqwv, rq wkh krsfrxqw glvwulexwlrq surylghg e| Ghphhvwhu dqg

fr0zrunhuv1 Wkh fodvvlfdo "20jrrgqhvv ri �w whvw lv edvhg rq

W6 @
6[
&'�

+r& � h&,
2

h&
> +56,

zkhuh r& lv wkh revhuyhg iuhtxhqf| ri d krsfrxqw n> p lv wkh ohqjwk ri wkh yhfwru r +zklfk lv wkh

qxpehu ri gl�huhqw ydoxhv ri wkh revhuyhg krsfrxqw, dqg h& wkh h{shfwhg iuhtxhqf| rewdlqhg iurp

+7, dv

h& @
54:

Q
�

&[
�'f

oq� Q

m$
f&n�3�= +57,

Wklv surfhgxuh kdv wzr gudzedfnv= +l, wkh ydoxh ri Q lv xqnqrzq> +ll, wkh glvwulexwlrq ri W lv rqo|

nqrzq dv|pswrwlfdoo|1

Hylghqwo| zh kdyh wr hvwlpdwh wkh qxpehu ri urxwhuv Q / iurp wkh dydlodeoh gdwd/ dvvxplqj wkdw

wkh prgho lv wuxh1 Iru wklv zh xvh wkh dv|pswrwlf h{suhvvlrq iru wkh h{shfwdwlrq ri wkh krsfrxqw

jlyhq e| +5, dv H^k� ` � �3=75 . orjQ 1 Dqrwkhu frpsolfdwlqj pdwwhu lv wkdw wkh phdvxuhphqw ri wkh

krsfrxqw shuiruphg lq Ghphhvwhu*v oderudwru| +wkh vhqghu vlgh, lqfoxghv 7 sursulhwdu| krsv ri wkh

sulydwh xqlyhuvlw| qhwzrun wkdw duh qrw sduw ri wkh +sxeolf, Lqwhuqhw1 Krzhyhu/ wkh vdph vlwxdwlrq

krogv iru wkh uhfhlyhu vlgh1 Wklv lqkhuhqw glvdgydqwdjh ri wudfh0urxwh phdvxuhphqwv shuiruphg iurp

d frpsxwhu dwwdfkhg wr d sulydwh qhwzrun olplwv wr frpsxwh suhflvh qxpehuv ri H^k� `/ ydu^k� ` dqg

D6Lh @?) i TL?i?|�@* �@h�@M*ic .%REb@�c ��|� T@h@4i|ih b@ �L*_t �? _�t|h�M�|�L? |�@| .%REb@�
&
' �

b
.%RE@� uLh @?)
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55



.d�� o
�@od�� o / dqg lv rqo| vx�flhqw wr vwxg| whqghqflhv dv lq wklv sdshu1 Ohw xv ghqrwh { dv wkh dyhudjh

qxpehu ri sursulhwdu| krsv dw wkh uhfhlyhu vlgh1 E| lqvshfwlqj wkh LS0dgguhvvhv/ wkh phdvxuhphqwv

lqglfdwhg wkdw wkh dyhudjh { @ 51 Wkhuhiruh/ wkh dyhudjh krsfrxqw ri 4:=;7/ uhsruwhg lq ^56`/ lv

glplqlvkhg zlwk d wrwdo ri 7 . { @ 9 krsv uhvxowlqj lq dq hvwlpdwhg qxpehu ri urxwhuv/

aQ @ eh{si4:=;7� 9 . 4� �jf @ 544> 9:3= +58,

Wkxv/ zh hvwlpdwh wkh qxpehu ri sxeolf Lqwhuqhw urxwhuv lq wkh zkroh Lqwhuqhw +phglr 4<<;, dw derxw

Q � 544> 9:31 Dv uhsruwhg lq ^48`/ wkh hvwlpdwhg qxpehu ri Lqwhuqhw krvwv zdv 9=9 43S lq Mxo| 4<<8/

exw vr idu/ zh glg qrw �qg uhsruwhg ydoxhv rq wkh qxpehu ri qrghv +urxwhuv, lq wkh Lqwhuqhw1

Wr dyrlg lqdffxudflhv iurp wkh dvvxphg qrupdolw| ri wkh fhoo txdqwlwlhv +r& � h&,@
s
h&/ zh xvh wkh

errwvwuds/ d frpsxwlqj lqwhqvlyh phwkrg zklfk lv e| qrz zhoo hvwdeolvkhg ^45`1 Wkh errwvwuds lv d

phwkrg wr rewdlq wkh glvwulexwlrq ri wkh whvw0vwdwlvwlf W e| vlpxodwlrq1 Jlyhq wkh k|srwkhvlv Kf= %wkh

dv|pswrwlf prgho lv fruuhfw%/ wkh phdvxuhphqwv duh rewdlqhg iurp vdpsolqj iurp wkh glvwulexwlrq +7,1

Pruh vshfl�fdoo|/ wkh errwvwuds jhqhudwhv 4333 vdpsohv ri vl}h 54: +wkh vl}h ri wkh gdwd vhw phdvxuhg

e| Ghphhvwhu, iurp wkh glvwulexwlrq +7,/ zlwk wkh ydoxh ri Q @ 544> 9:3 dv hvwlpdwhg lq +58,1 Iru

hdfk vdpsoh zh frpsxwh

W W6 @
6[
&'�

+rW& � hW&,
2@hW&>

zkhuh rW& lv wkh revhuyhg iuhtxhqf| ri wkh ydoxh n lq wkh errwvwuds vdpsoh dqg hW& htxdov wkh h{shfwhg
iuhtxhqf| fdofxodwhg iurp wkh glvwulexwlrq +7, zlwk Q @ QW/ wkh hvwlpdwhg qxpehu ri urxwhuv rewdlqhg

iurp wkh vdpsoh rW�> = = = > rW6/ l1h1

QW @ h{s

3
C 6[
�'�

mrW� . 4� �

4
D =

Lq wklv zd| zh rewdlq 4333 errwvwuds ydoxhv=

wW�> = = = > w
W
�fff

ri wkh whvw vwdwlvwlf W W61 Lw lv zhoo nqrzq wkdw wkh glvwulexwlrq ri W W6 jlyhv dq dghtxdwh uhsuhvhqwdwlrq

ri wkh glvwulexwlrq ri W W6 xqghu Kf1 Khqfh zh sursrvh wr uhmhfw Kf zkhq

mim = wW� A 55=88jm
4333

? �>

zlwk � @ 3=38 wkh vljql�fdqfh ohyho ri wkh whvw/ dqg W W6 @ 55=88 lv wkh uhdol}dwlrq ri wkh whvw vwdwlvwlf

+56, zlwk p @ 581 Lw wxuqv rxw wkdw wWEbD�� @ :<=88 dqg wkdw wkh phgldq ri wkh errwvwuds vdpsohv

wW�> = = = > wW�fff lv pW @ 59=4<1 Khqfh/ zh gr qrw uhmhfw Kf1 Lqghhg wkh �w lv jrrg dv fdq dovr eh revhuyhg

lq wkh wdeoh ehorz wkdw vkrzv wkh vkliwhg revhuydwlrqv r& wrjhwkhu zlwk wkh wkhruhwlfdo fhoo iuhtxhqflhv

h& jlyhq wkurxjk +57, zlwk Q @ 5449:31

n 4 5 6 7 8 9 : ; < 43 44 45 46

r& 3 3 5 5 5 9 44 45 55 59 4< 5; 53

h& 3 14 17 414 51: 819 <1: 471; 4<1; 561; 581; 5818 5615

n 47 48 49 4: 4; 4< 53 54 55 56 57 58

r& 4; 48 48 9 6 6 7 6 3 3 3 3

h& 4<18 4815 4414 :19 71< 51< 41: 1< 18 15 14 14
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Zh kdyh suhvhqwhg dq dv|pswrwlf h{suhvvlrq +7, iru wkh sgi ri wkh krsfrxqw ri wkh vkruwhvw sdwk

ghulyhg iurp u1j1*v ri wkh fodvv JR+Q, zlwk h{srqhqwldoo| ru xqlirupo| glvwulexwhg olqn zhljkwv1 Dv

lpsruwdqw surshuwlhv/ zh kdyh vkrzq wkdw/ iru odujh Q / wkh krsfrxqw lv lqghshqghqw ri wkh olqn ghqvlw|

s/ lqvhqvlwlyh wr wkh suhflvh ghwdlov ri wkh wrsrorj| +dv wkh uhvxowv dovr krog iru Zd{pdq judskv, exw

lw ydulhv zlwk wkh olqn zhljkw glvwulexwlrq1 Wkh dv|pswrwlf h{suhvvlrq +7, kdv ehhq frpsduhg zlwk

Lqwhuqhw phdvxuhphqwv dqg wkh djuhhphqw zdv vxusulvlqjo| jrrg1

Dowkrxjk wkh Lqwhuqhw lv qrw d udqgrp judsk ri wkh fodvv JR+Q,/ wkh uhvxowv ghgxfhg lq wkh zd|

suhvhqwhg khuh fdq eh xqghuvwrrg dv iroorzv1 Iluvw ri doo/ dq| judsk lv d vxejudsk ri wkh frpsohwh

judsk/ dovr wkh judsk ri wkh Lqwhuqhw1 Qh{w/ zh kdyh udqgrpo| wklqqhg wkh frpsohwh judsk lq wzr

gl�huhqw zd|v= e| dowhulqj wkh vwuxfwxuh yld s dqg e| vxshu0lpsrvlqj zhljkwv rq wkh olqnv1 Dq| judsk

zkhuh frppxqlfdwlrq wdnhv sodfh ehwzhhq duelwudu| qrghv xvlqj d vkruwhvw sdwk dojrulwkp fdq eh

rewdlqhg lq wklv zd|/ e| hudvlqj iurp wkh frpsohwh judsk wkh dssursuldwh olqnv wkdw duh qrw suhvhqw

lq wkh uhdo judsk/ dqg sxwwlqj wkh uljkw zhljkwv rq wkh dydlodeoh olqnv1 Qh{w/ wkh irfxv rq wkh vkruwhvw

sdwkv vwduwlqj iurp d ghvwlqdwlrq qrgh D wrzdugv dq duelwudu| qrgh E lq wkh qhwzrun ohdgv xv wr

frqvlghu d vkruwhvw sdwk wuhh1 Rqo| olqnv ri wklv vkruwhvw sdwk wuhh pdwwhu iru wkh krsfrxqw dqg d

odujh qxpehu ri olqnv lq wkh wrsrorj| vhhpv vxshu�xrxv1 Wkxv/ e| frq�qlqj wr wkh vkruwhvw sdwk/ zh

�owhu wkh dfwxdo wrsrorj| wr d wuhh urrwhg dw D wkdw lv ghshqghqw rq wkh olqn zhljkwv1 Wklv h{sodlqv

wkh dssduhqw qhjoljleoh lq�xhqfh rq wkh ghwdlov ri wkh wrsrorj| dqg xqghuolqhv wkh lpsruwdqfh ri wkh

olqn zhljkw glvwulexwlrq1 Lw dovr vkrzv wkdw lqirupdwlrq derxw wkh krsfrxqw dorqh lv lqvx�flhqw wr

frqvwuxfw wkh Lqwhuqhw wrsrorj|= qrw wkh qxpehu ri olqnv iurp d jlyhq qrgh pdwwhuv exw wkh qxpehu

ri olqnv zlwk vpdoo zhljkwv1 Khqfh/ suhylrxv revhuydwlrqv ri srzhu odzv lq Lqwhuqhw ^:/ 5` fdqqrw eh

yhul�hg iurp rxu dqdo|vlv1

Zh frqfoxgh wkdw hlwkhu wkh olplwlqj glvwulexwlrq +7, lv urexvw xqghu plqru fkdqjhv wr wkh prgho

ghwdlohg deryh/ dqg wkdw wkh Lqwhuqhw lv d plqru fkdqjh wr wkdw prgho/ ru wkdw wkh prgho zh kdyh

fkrvhq ghvfulehv wkh krsfrxqw ri wkh vkruwhvw sdwk lq Lqwhuqhw zhoo1 Dvlgh iurp wkh vlpsolflw| ri

rxu prgho/ wkh sduvlprqlrxv sdudphwhuv lqyroyhg dqg wkh hohjdqw/ dqdo|wlfdo uhvxow pd| eh xvhixo wr

hqkdqfh rxu xqghuvwdqglqj ri wkh frpsoh{ urxwlqj skhqrphqd lq wkh Lqwhuqhw1

Dfnqrzohgjphqwv1

Zh zrxog olnh wr wkdqn Suri1gu1lu1 S1 Ghphhvwhu iurp U1X1Jhqw dqg I1 Ehjwdvhylf iurp Ghoiw

Xqlyhuvlw| ri Whfkqrorj| iru surylglqj wkh phdvxuhphqw gdwd ri wkh krsfrxqw1
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