
���������	
�� �����
��� ��� ������������� ��������� ��� ������ ���

��� �� ��� ��	
�	�W �	� ��� ��	
�	�_

���� ��� ����

Devwudfw

Zh suhvhqw dq lqwhjudwhg dssurdfk wr sulflqj dqg vfkhgxolqj iru vhuylfhv wkdw duh gl�huhqwldwhg
lq whupv ri wkurxjksxw/ ghod| dqg orvv vshfl�fdwlrqv1 Wkh nh| exloglqj eorfn wr wkh prgho duh
txdolw| ydoxh fxuyhv wkdw vshfli| d xvhu*v ydoxh ri kljkhu txdolw| ohyhov1 Iurp wkh dqdo|vlv hphujhv
d sulflqj uxoh wkdw fkdujhv edvhg rq udwh dqg txdolw| judgh/ dqg d g|qdplf vfkhgxolqj uxoh/ fdoohg
wkh Jf� uxoh1 Wkh dqdo|vlv dovr ghulyhv wkh hfrqrplfdoo|0rswlpdo suredelolvwlf TrV jxdudqwhh
sdudphwhuv1

Zh frpsduh rxu prgho wr wkh ghwhuplqlvwlf dssurdfk ri TrV jxdudqwhhv xvlqj exuvwlqhvv frq0
vwudlqwv dqg idlu vfkhgxolqj uxohv1 Wkh vfkhgxolqj wkdw dulvhv iurp vxfk ghwhuplqlvwlf dssurdfk
lv wkh zhoo0nqrzq Jhqhudol}hg Surfhvvru Vkdulqj +JSV,1 D frpsdudwlyh dqdo|vlv lqvsluhv wkh idlu
Jf�0SV uxoh dv wkh vfkhgxolqj uxoh wkdw frpelqhv wkh xqltxh vwuhqjwkv ri JSV dqg Jf�1 Wklv
Jf�0SV uxoh lv sursrvhg dv d wdloruhg vfkhgxolqj vroxwlrq iru erwk wkh H{shglwhg Iruzduglqj fodvv
dqg wkh irxu Dvvxuhg Iruzduglqj fodvvhv lq wkh LHWI*v Gl�huhqwldwhg Vhuylfhv1
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Ryhuylhz D ihz |hduv djr/ wkh Lqwhuqhw frppxqlw| vwdqgdugl}hg _Lqwhjudwhg Vhuylfhv% ^69/ 63` dv
d prgl�hg DWP lpsohphqwdwlrq ri wkh qrwlrq ri TrV jxdudqwhh1 Lq DWP/ wkh qhwzrun dwwhpswv wr
vdwlvi| vshfl�f orzhu ohyhov iru jlyhq vhuylfh phwulfv/ w|slfdoo| fdoohg vhuylfh jxdudqwhhv1 Uhfrjql}lqj
wkh vwrfkdvwlf qdwxuh ri wkh qhwzrun �rzv dqg lwv uhvxowlqj shuirupdqfh/ vxfk vhuylfh jxdudqwhhv duh
h{suhvvhg dv suredelolvwlf frqvwudlqwv1 Iru h{dpsoh/ vhuylfh jxdudqwhhv wkdw fhoo wudqvihu ghod| g dqg
fhoo orvv udwlr fou zloo qrw h{fhhg dq xsshu erxqg G dqg %,/ uhvshfwlyho|/ pd| eh h{suhvvhg dv=

Su^g A G` � %_ dqg fou � %,/ +4,

zkhuh %_ lv d +w|slfdoo| vpdoo, suredelolw|1 Vlqfh jxdudqwhhlqj TrV iru hdfk �rz dvvxphv wkdw vwdwh
lqirupdwlrq iru hdfk �rz lv pdlqwdlqhg/ wkh odfn ri vfdodelolw| lq r�hulqj TrV iru wkh kxjh dprxqw
ri Lqwhuqhw �rzv kdv ohdg wr _Gl�huhqwldwhg Vhuylfhv/% zkhuh/ dsduw iurp h{shglwhg iruzduglqj/ vrph
uhodwlyh TrV iru djjuhjdwh �rzv lv lqwurgxfhg ^4/ 6`1 Dvlgh iurp wklv vfdodelolw| sureohp/ wkhuh duh rwkhu
gl�fxowlhv zlwk vxfk _jxdudqwhhg vhuylfh dssurdfk1% Iluvw/ lw lv gl�fxow wr vshfli| TrV sdudphwhuv olnh
G> %_ dqg %, ehiruh vhuylfhv duh zhoo ghyhorshg ^43`1 Vhfrqg/ dq| jxdudqwhh lv rqo| ohjdoo| phdqlqjixo
zkhq dffrpsdqlhg e| d shqdow| djuhhphqw/ zklfk zrxog vshfli| wkh frqwlqjhqf| shqdow| wr eh sdlg e|
wkh vhuylfh surylghu li wkh jxdudqwhhv duh qrw phw +vlplodu wr d _zduudqw|% sdfndjh iru rwkhu jrrgv,1
Wklug dqg uhodwhg/ wklv dssurdfk dvvxphv wkdw xvhu dssolfdwlrqv uhtxluh udwkhu kdug frqvwudlqwv +li wkh
xvhu vhwv wkh sdudphwhuv G dqg %_,> ru wkdw d frvw0ehqh�w dqdo|vlv kdv ehhq fduulhg rxw lq0dgydqfh wr
vshfli| hfrqrplfdoo| wkh ehvw jxdudqwhh sdudphwhuv e| zhljklqj wkhp wr wkh shqdowlhv +li wkh qhwzrun
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vhwv wkh sdudphwhuv,> ru d frpelqdwlrq ri wkhvh wzr +li wkh sdudphwhuv uhvxow iurp d qhjrwldwlrqv
ehwzhhq xvhuv dqg qhwzrun,1 Lq vxppdu|/ phdqlqjixo xvh ri d jxdudqwhhg vhuylfh dssurdfk�li lw lv
wr eh xvhg dw doo�uhtxluhv d odujhu hqfrpsdvvlqj prgho wr ghulyh wkh TrV jxdudqwhh sdudphwhuv1

Wkhuhiruh/ zh suhvhqw d pruh jhqhudo dssurdfk wr lqfrusrudwlqj TrV frqvlghudwlrqv wkdw grhv
qrw dvvxph h{rjhqrxvo| ghwhuplqhg TrV jxdudqwhhv1 Udwkhu/ dqwlflsdwhg TrV ohyhov duh frxsohg wr
wkh zloolqjqhvv ri xvhuv wr sd| iru vxfk ohyho ri TrV1 Wklv uh�hfwv rxu srvlwlrq wkdw TrV/ olnh prvw
rwkhu surgxfw ru vhuylfh dwwulexwhv lq olih/ lv d uhodwlyh frqfhsw zkrvh frqvxpswlrq ohyho ghshqgv
rq wkh sulfh dqg wkh xvhu*v qhhgv dqg �qdqfldo zloolqjqhvv wr sd| iru wkdw TrV ohyho1 Udwkhu wkdq
vhhnlqj TrV jxdudqwhhv e| lpsrvlqj vfkhgxolqj frqwuro erxqgv wr wkh qhwzrun +zlwkrxw frqvlghulqj
�qdqfldo lpsolfdwlrqv,/ rxu prgho ohwv vhoi0lqwhuhvwhg xvhuv dqg wkh qhwzrun fkrrvh dq hfrqrplfdoo|0
rswlpdo ohyho ri TrV e| wudglqj r� prqh| iru TrV1 Rxu prgho wkxv uhsodfhv wkh kdug frqvwudlqwv iurp
TrV jxdudqwhhv e| d TrV0ghshqghqw sd|phqw vwuxfwxuh1 Sulflqj pxvw eh uhodwhg wr ydoxdwlrq/ dqg
wkhuhiruh/ zh lqwurgxfh vhuylfh ydoxh fxuyhv dv rxu prgho exloglqj eorfnv wkdw vshfli| krz ydoxdeoh
d vhuylfh ohyho lv iru hdfk dssolfdwlrq1 Uhfrjql}lqj wkh frqwlqxrxv qdwxuh ri prvw dssolfdwlrqv/ wkhvh
vhuylfh ydoxh fxuyhv duh w|slfdoo| frqwlqxrxv lq frqwudvw wr wkh kdug TrV jxdudqwhhv1 Iru h{dpsoh/
wkh vhuylfh ydoxh fxuyh F�c@+g,/ ru ghod| frvw fxuyh lq wklv fdvh/ zrxog ghvfuleh wkh prqhwdu| frvw
wkdw xvhu l lqfxuv zkhq klv dssolfdwlrq d phvvdjh lv ghod|hg e| g wlph xqlwv1 E| prgholqj wkh ydoxh
ri txdolw| ri vhuylfh lq dgglwlrq wr wkh xvxdo ydoxh ru xwlolw| ri txdqwlw| +udwh, ri vhuylfh/ lw ehfrphv
phdqlqjixo dqg ihdvleoh wr dgguhvv wkh iroorzlqj txhvwlrqv= zkdw duh wkh qhwzrun rswlpdo txdolw| ri
vhuylfh ohyhovB Krz vkrxog wkhvh vhuylfh ohyhov eh sulfhg wr lqgxfh dq lqglylgxdoo| dfwlqj xvhu wr fkrrvh
wkhvh qhwzrun rswlpdo vhuylfh ohyhovB Krz vkrxog wkh qhwzrun eh vfkhgxohg wr surylgh wkhvh rswlpdo
vhuylfh ohyhovB Lq wklv sdshu zh zloo surylgh dq dqvzhu wr hdfk ri wkhvh wkuhh txhvwlrqv1 Gxulqj rxu
dqdo|vlv zh zloo ghulyh wkh rswlpdo vhuylfh vshfl�fdwlrqv wkdw d qhwzrun vkrxog r�hu1 Lq rwkhu zrugv/
rxu hfrqrplf0txhxlqj prgho fdq eh xvhg wr ghwhuplqh wkh rswlpdo vhw ri vhuylfh jxdudqwhh sdudphwhuv
+vxfk dv wkh G dqg %_,1

Wkh vfkhgxolqj uxoh wkdw hphujhv iurp wklv dqdo|vlv lv d g|qdplf h{whqvlrq ri wkh zhoo0nqrzq vwdwlf
sulrulw| f� uxoh wkdw zdv fdoohg dssursuldwho| wkh Jhqhudol}hg f� uxoh +Jf�, lq ^66`1 Wr dssuhfldwh wkh
ihdwxuhv ri wkh Jf� uxoh/ zh zloo uhodwh lw wr wkh Jhqhudol}hg Surfhvvru Vkdulqj +JSV, ^57`/ zklfk lv
d edvlf vfkhgxolqj uxoh iru d odujh fodvv ri udwh0edvhg vfkhgxohuv iru sdfnhw qhwzrunv +vxfk dv Lqwhuqhw
dqg DWP,1 Zkloh wkh Jf� uxoh ghulyhv iurp d vwrfkdvwlf dqdo|vlv/ wkh JSV uxoh lv prvw hdvlo| ghulyhg
iurp d ghwhuplqlvwlf dqdo|vlv1 Zh eulh�| uhylhz wkh ghwhuplqlvwlf dssurdfk wr jxdudqwhhlqj txdolw| ri
vhuylfh +TrV, dqg dovr uhodwh sulfh0vhwwlqj lq wkh vwrfkdvwlf v|vwhp wr sulfh0vhwwlqj lq wkh ghwhuplqlvwlf
dssur{lpdwlrq1 Iurp wklv frpsdudwlyh dqdo|vlv zh sursrvh Jf�0SV/ d vfkhgxolqj uxoh wkdw frpelqhv
wkh xqltxh vwuhqjwkv ri JSV dqg Jf�1

Remhfwlyh Wkh sulph remhfwlyh ri wklv sdshu lv wr suhvhqw d iudphzrun wkdw lqwhjudwhv whfkqrorj|
dqg hfrqrplfv wr ghulyh pxwxdoo| frqvlvwhqw sulflqj dqg vfkhgxolqj ghflvlrqv iru gl�huhqwldwhg vhuylfhv1
Zkloh pdq| sdshuv suhvhqw sulflqj uhvxowv ru sursrvh vfkhgxolqj uxohv/ rxu lqwhjudwhg iudphzrun
dsshduv qryho lq wkdw erwk vfkhgxolqj dqg sulflqj hphujh hqgrjhqrxvo| dqg duh wdloruhg wr wkh vshfl�f
vhuylfh ydoxh fxuyhv1 Wkh irfxv ri wklv sdshu/ wkhuhiruh/ lv rq prgholqj udwkhu wkdq dojrulwkp ghvljq
ru shuirupdqfh vlpxodwlrq1 Rxu vhfrqg remhfwlyh lv wr frpsduh wkh rswlpdo Jf� vfkhgxolqj uxoh wr wkh
zhoo0nqrzq JSV/ zklfk ghulyhv lwv vxffhvv gxh wr lqkhuhqw urexvwqhvv dqg idluqhvv1 Zh sursrvh Jf�0
SV/ d vfkhgxolqj uxoh wkdw frpelqhv wkh xqltxh vwuhqjwkv ri JSV +lqkhuhqw urexvwqhvv dqg idluqhvv,
zlwk wkrvh ri Jf� +rswlpdolw|/ lqfhqwlyh0frpsdwleoh sulflqj/ dqg �h{leoh txdolw| vhqvlwlylw| prgholqj,1

Rxwolqh Zh vwduw lq vhfwlrq 5 zlwk wkh jhqhudo prgho1 Vhfwlrq 6 suhvhqwv v|vwhp rswlpdo vhuylfh
ohyhov dqg glvfxvvhv krz wr sulfh wkhvh ohyhov lq d ghfhqwudol}hg v|vwhp1 Vhfwlrq 7 suhvhqwv wkh Jf�
vfkhgxolqj uxoh1 Vhfwlrq 8 eulh�| uhylvlwv wkh ghwhuplqlvwlf dssurdfk wr jxdudqwhhlqj TrV dqg uhodwhv
lw wr wkh JSV vfkhgxolqj uxoh1 Vhfwlrq 9 frpsduhv Jf� wr JSV dqg glvfxvvhv lpsolfdwlrqv iru lp0
sohphqwdwlrq ri vfkhgxolqj dqg sulflqj1 Vhfwlrq : frqfoxghv1 D vkruw qrwh rq rxu qrwdwlrq= zh zloo
qrw glvwlqjxlvk ehwzhhq vfdoduv dqg yhfwruv1 Wkh qxpehu ri vxevfulswv vkrxog pdnh wkdw fohdu1 Iru
h{dpsoh= li �� lv wkh yhfwru udwh ri fxvwrphu l/ wkh ��cr zloo ghqrwh klv vfdodu udwh wr judgh v1
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Olwhudwxuh uhylhz Sulflqj ri txhxlqj v|vwhpv kdv d orqj klvwru| lq wkh hfrqrplfv dqg rshudwlrqv
uhvhdufk frppxqlw|1 Wklv klvwru| lv vxppdul}hg lq ^67`1 Ryhu wkh odvw ghfdgh/ qhwzrun uhvhdufkhuv
iurp wkh hohfwulfdo hqjlqhhulqj dqg frpsxwhu vflhqfh frppxqlw| kdyh dgrswhg sulflqj phfkdqlvpv
dqg dssolhg wkhp wr vhwwlqjv zkhuh whfkqrorj| lv pruh ulfko| prghohg/ dv uhylhzhg lq ^9`1 Nhoo| dqg
fr0dxwkruv ghvfuleh fkdujlqj dqg udwh frqwuro ri hodvwlf wud�f ^43/ 47`1 Nhoo|*v lghdv kdyh uhfhqwo|
lqvsluhg vhyhudo rwkhu duwlfohv +vhh h1j1 ^59/ 4:`,1 Dv lq rxu prgho/ frqjhvwlrq ihhgedfn jlyhv fxvwrphuv
lqirupdwlrq rq krz wr vhw wkhlu udwhv wr pd{lpl}h wkhlu txdqwlw|0edvhg xwlolw| +plqxv sulfh,1 Rxu ds0
surdfk gl�huv lq wkdw zh dovr prgho txdolw| ydoxh/ lq dgglwlrq wr txdqwlw|0edvhg xwlolw|/ dqg suhvhqw dq
lqwhjudwhg iudphzrun wr vhw sulfhv dqg vfkhgxolqj wkdw duh qrw rqo| udwh0/ exw dovr txdolw|0ghshqghqw1
D eurdghu ryhuylhz ri vfkhgxolqj lv irxqg lq Nhvkdy*v errn ^48/ fkds1 <` dqg lq wkh uhfhqw uhylhz e|
Jx�hulq dqg Shulv ^45`1 Yhu| uhfhqwo|/ Vdulrzdq hw do1 ^5<` kdyh sursrvhg �h{leoh vhuylfh vshfl�fdwlrqv
yld d _vhuylfh fxuyh% wr jxdudqwhh d vshfwuxp ri TrV udwkhu wkdq d vlqjoh phdvxuh +vxfk dv plqlpxp
edqgzlgwk ru pd{lpxp ghod|,1 Vwrlfd hw do1 ^65` kdyh dgghg wzr glphqvlrqv/ klhudufk| dqg idluqhvv/
wr Fux}*v %vhuylfh fxuyh% frqfhsw1 Zkloh wkhlu vhuylfh fxuyhv dqg rxu vhuylfh ydoxh fxuyhv erwk doorz
iru d �h{leoh TrV prgho/ erwk gl�hu vxevwdqwldoo| lq dssurdfk dqg lqwhqw1 Vdulrzdq hw do1*v vhuylfh
fxuyh vshfl�hv wkh plqlpdo vhuylfh h�ruw wkdw d vhuyhu vkrxog doorfdwh g|qdplfdoo| wr dq lqsxw �rz
+l1h1/ lw lv d orzhu erxqg rq wkh vfkhgxolqj doorfdwlrq frqwuro surfhvv,1 Dv vxfk/ lw doorzv iru d frq0
wlqxrxv jhqhudol}dwlrq ri vlqjoh0qxpehuhg xvhu0dssolfdwlrq0vshfl�f kdug erxqgv rq ghod| dqg edfnorj/
zkloh wkh jrdo uhpdlqv wr �qg d vfkhgxolqj uxoh wkdw jxdudqwhhv wkdw vhuylfh fxuyh1 Lq frqwudvw/ rxu
vhuylfh ydoxh fxuyh ghqrwhv wkh prqhwdu| ydoxh ri d jlyhq vhuylfh ohyho wr d xvhu/ vlplodu wr d w|slfdo
udwh0edvhg xwlolw| fxuyh lq hfrqrplfv wkdw ghqrwhv wkh ydoxh ri d jlyhq udwh1 Lw doorzv iru dq lqwhjudwhg
prgho wr vhw dqg sulfh txdolw| ohyhov lq dq hfrqrplf pdqqhu dqg wr ghulyh d vxssruwlqj vfkhgxolqj
uxoh1 Ilqdoo|/ wkh suhvhqw iudphzrun fdq eh dssolhg wr wkh LHWI Gl�huhqwldwhg Vhuylfhv1 Uhfhqwo|/ Uhq
dqg Sdun ^5;` kdyh sursrvhg d gl�huhqw prgho iru Gl�vhuy wkdw lv dovr jdph0wkhruhwlf |hw vshfl�fdoo|
wxqhg iru Gl�vhuy djjuhjdwlrq dqg lpsohphqwdwlrq1 Wklv vkruw olwhudwxuh uhylhz lv vxssohphqwhg e|
dgglwlrqdo olwhudwxuh uhihuhqfhg lq wkh wh{w ehorz dw dssursuldwh sodfhv1
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D edvlf hohphqw ri d gl�huhqwldwhg TrV irupxodwlrq lv d prgho ri wkh khwhurjhqhlw| ri fxvwrphu
ehkdylru dqg ri vhuylfh r�hulqjv1 Iru wklv sxusrvh/ hdfk xvhu lv fodvvl�hg dv rqh ri vhyhudo w|shv/
lqglfdwhg e| l 5 L1 Vlploduo|/ hdfk vhuylfh r�hulqj e| wkh qhwzrun lv fodvvl�hg dv rqh ri vhyhudo TrV
judghv/ lqglfdwhg e| v 5 V1

TrV Prgholqj Pxowlphgld frppxqlfdwlrq frqvlvwv ri lqirupdwlrq wudqvihu iurp gl�huhqw dssol0
fdwlrqv +h1j1 yrlfh/ ylghr dqg gdwd �ohv, wkdw hdfk pd| uhtxluh vhyhudo gl�huhqw glphqvlrqv ri _vhuylfh
txdolw|% TrV/ vxfk dv ghod|/ mlwwhu/ sdfnhw orvv/ hwf1 Lq wklv vhfwlrq/ zh frq�qh rxuvhoyhv wr rqh TrV
phdvxuhv= ghod| +ru zdlwlqj wlph ehiruh d fxvwrphu uhfhlyhv vhuylfh,1 Lq vhfwlrq 8 zh zloo dovr frqvlghu
sdfnhw orvv1 TrV frqvlghudwlrqv duh lqfrusrudwhg wkurxjk txdolw| ydoxh fxuyhv/ zklfk frxsoh h{shul0
hqfhg TrV ohyhov wr wkh zloolqjqhvv ri xvhuv wr sd| iru vxfk ohyho ri TrV1 TrV ydoxh fxuyhv vshfli| wkh
ghjudgdwlrq lq ydoxh wkdw d xvhu h{shulhqfhv gxh wr d orzhu TrV ohyho1 Wkh TrV phwulf/ ghod|/ lv wkxv
prghohg e| d ghod| frvw ixqfwlrq F�+g, wkdw vshfl�hv wkh ghjudgdwlrq lq ydoxh wkdw d xvhu ri w|sh l
h{shulhqfhv zkhq klv mre h{shulhqfhv d ghod| g1 Zh dvvxph wkdw wkh txdolw| ydoxh ixqfwlrqv F�+�, duh
frqyh{ +dqg wkxv frqwlqxrxv dqg gl�huhqwldeoh doprvw hyhu|zkhuh, lqfuhdvlqj/ uh�hfwlqj wkh idfw wkdw
riwhq pruh zdlwlqj lv lqfuhdvlqjo| pruh frvwo|1 E| ydoxlqj TrV/ wkh ghod| frvw ixqfwlrqv F� zloo doorz
xv wr sulfh gl�huhqw ohyhov ri ghod|1

Xvhu Ghflvlrq Prgho Pdunhw vhjphqw ru w|sh l frqvlvwv ri pdq| vpdoo xvhuv zkr hdfk ghflgh
lqglylgxdoo| zkhwkhu ru qrw wr xvh wkh qhwzrun1 W|sh l fxvwrphuv vkduh wkh vdph ghod| frvw ixqfwlrq
F�/ zklfk pd| uh�hfw wkh vhqvlwlylw| ri d jlyhq dssolfdwlrq +wh{w/ ylghr/ yrlfh111,/ exw duh khwhurjhqhrxv
lq wkdw wkh| ghulyh gl�huhqw ydoxh iurp d jlyhq udwh ri surfhvvlqj1 Wkhvh vhwwlqjv zhoo fruuhvsrqgv
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zlwk wkh LHWI Gl�vhuy dssurdfk zkhuh/ ehvlghv vhuylfh gl�huhqwldwlrq/ djjuhjdwlrq ri �rzv lv nh| wr
surylgh d vfdodeoh qhwzrun vroxwlrq1

Vlplodu wr wudglwlrqdo ghpdqg fxuyhv lq hfrqrplfv/ w|sh l fxvwrphuv fdq eh rughuhg lq ghfuhdvlqj
ydoxh dqg lw lv frqyhqlhqw wr hqgrz wkhp zlwk d _odeho%= wkh fxvwrphu zlwk odeho {� uhfhlyhv ydoxh
y�+{�,�{� iurp vhuylfh dw udwh �{�1 Hdfk xvhu pd| fkrrvh d vhuylfh judgh v dw d sulfh sr shu xqlw
udwh1 cKljkhu* TrV judgh pd| surylgh pruh wlpho| vhuylfh/ wkhuhe| uhgxflqj ghod| frvwv/ exw dw d
kljkhu sulfh1 Zkhq pdnlqj klv ghflvlrq dv wr zkhwkhu wr vhqg udwh �{�cr wr judgh v/ hdfk xvhu vhhnv wr
pd{lpl}h klv h{shfwhg sur�w/ zklfk htxdov ydoxh y�+{�,�{�cr plqxv frvw/ zklfk kdv wzr frpsrqhqwv=
wkh fkdujh sr�{�cr dqg klv h{shfwhg ghod| frvw1 Wkh xvhu ohduqv derxw klv dqwlflsdwhg ghod| h{shulhqfh
gr zkhq vxeplwwlqj wr judgh v wkurxjk hlwkhu sdvw h{shulhqfh ru qhwzrun ihhgedfn vljqdov1 Wkxv/ zkhq
vhqglqj d udwh �{�cr wr judgh v/ wkh xvhu dqwlflsdwhv d ghod| frvw udwh �{�crH

o
\F�+gr,> zkhuh H

o
\ ghqrwhv

wkh h{shfwdwlrq rshudwru xqghu htxloleulxp frqglwlrqv zkhq wkh qhwzrun ordg lv � dqg vfkhgxolqj uxoh
lv u +wr eh gh�qhg lq qh{w sdudjudsk,1 Wkh h{shfwhg sur�w udwh ri wkh xvhu zlwk odeho {� zkhq vhqglqj
udwh �{�cr wr judgh v lv ghqrwhg e| e�cr+{�,�{�cr/ zkhuh=

e�cr+{�, @ y�+{�,� HoW

\ F�+gr,� sr= +5,

Ohw ��cr ghqrwh wkh odeho ri wkh _pdujlqdo w|sh l fxvwrphu% zkr lv lqgl�huhqw ehwzhhq vhqglqj wr
judgh v ru qrw= e�cr+��cr, @ 31 E| frqvwuxfwlrq y�+{�, ghfuhdvhv lq {�/ vr wkdw doo fxvwrphuv zlwk odehov
{� ? ��cr kdyh e�cr+{�, � 3 dqg vxeplw wr judgh v1 Wkhuhiruh/ wkh djjuhjdwh udwh iurp w|sh l xvhuv
fkrrvlqj judgh v lv

S
%�	b�cr

�{�cr1 Dgrswlqj vwdqgdug dvvxpswlrqv lq hfrqrplfv dv Phqghovrq dqg

Zkdqj ^54`/ Ohghuhu dqg Ol ^4;`/ dqg pdq| rwkhuv/ zh dvvxph wkdw fxvwrphuv duh dwrplvwlf dqg wkhlu

udwhv lq�qlwhvlpdo1 Wkh vxppdwlrq
S

%�	b�cr
�{�cr lv wkxv dssur{lpdwhg e| wkh lqwhjudo

U b�cr
f g{�cr/ vr

wkdw ��cr uhsuhvhqwv wkh djjuhjdwh udwh iurp w|sh l xvhuv fkrrvlqj judgh v/ zkhuh e�cr+��cr, @ 31 Wkh
odwwhu frqglwlrq uhsuhvhqwv wkh idploldu _ghpdqg fxuyh% iru judgh l vhuylfh iurp pdunhw vhjphqw l=
zkhq fkdujhg d sulfh sr/ wkh djjuhjdwh ghpdqg udwh zloo eh ��cr/ zkhuh ��cr lv rq wkh ghpdqg fxuyh=
e�cr+��cr, @ 31 Vlploduo|/ wkh djjuhjdwh ydoxh udwh dqg ghod| frvw udwh wr doo w|sh l xvhuv fkrrvlqj judgh

v duh ghqrwhg e| Y�+��cr, @
U b�cr
f y�+{�,g{�cr dqg GFo

\c�cr @ ��crH
o
\F�+wr,1

Qhwzrun Prgho= Wkh vhuylfh surylghu ghvljqv lwv vhuylfh r�hulqj wkurxjk wzr vwudwhjlf frqwuro
ohyhuv= sulflqj dqg vfkhgxolqj1 Wkh vhuylfh surylghu fdq sduwldoo| frqwuro h{whuqdo vxevfulswlrq udwhv
e| vhwwlqj wkh sulfh yhfwru s @ +sr,rM7 / gh�qhg hduolhu1 Lqghhg/ wklv pruh wdloruhg frqwuro lv h{dfwo| wkh
prwlyh ehklqg r�hulqj gl�huhqwldwhg vhuylfhv1 Lq dgglwlrq/ wkh vhuylfh surylghu kdv g|qdplf lqwhuqdo
frqwuro lq wkdw lw fdq ghflgh dw hdfk srlqw lq wlph krz wr vhuyh fxvwrphuv wkurxjk wkh qhwzrun1 Wkh
lqwhuqdo vfkhgxolqj uxoh xvhg wr pdqdjh wkh qhwzrun lv ghqrwhg e| u1 Zh frqvlghu g|qdplf vfkhgxolqj
uxohv wkdw pd| ghshqg rq wkh fxuuhqw lqwhuqdo vwdwh ri wkh txhxlqj surfhvv dqg wkh wrwdo udwh yhfwru
�/ zkhuh �r @

S
�MU ��cr/ zklfk lv wkh djjuhjdwh udwh lqwr hdfk judgh1 Wkhq/ uhjdugohvv ri wkh txhxlqj

v|vwhp*v frpsoh{lw|/ TrV phwulfv fdq eh vxppdul}hg e| d whfkqrorj| ixqfwlrq/ zklfk vshfl�hv krz
wkh frqwuro uxoh u wudqvirupv d wrwdo udwh yhfwru � lqwr TrV1 Zlwk rxu irfxv rq ghod| dv wkh TrV
phwulf/ wklv whfkqrorj| ixqfwlrq zrxog uhsuhvhqw wkh ghod| wlph glvwulexwlrq ixqfwlrqv I o

r +� m�, wkdw d
xvhu zrxog h{shulhqfh zkhq vxeplwwlqj wr judgh v zkloh wkh qhwzrun xvhv vfkhgxolqj uxoh u dqg wkh
wrwdo ordg lv �=

I o
r +{ m�, @ Su^gr � {mu>�`> ;{ � 3= +6,

Wkxv/ xvhu l*v h{shfwhg ghod| frvw zkhq vxeplwwlqj rqh mre ru sdfnhw wr judgh v lv=

Ho
\ ^F�+gr,` @

]
F�+w,gI

o
r +w m�,> +7,

zkhuh Ho
\ uhsuhvhqwv wkh h{shfwdwlrq rshudwru zkhq uxoh u lv xvhg dqg wkh vhuyhu wrwdo duulydo yhfwru lv

� +dqg wkh glvwlqfwlrq ehwzhhq ghod| gr dqg gl�huhqwldo rshudwru g vkrxog eh fohdu,1 Lq htxloleulxp/
xvlqj sulfh udwh vfkhgxohv dqg lqwhuqdo frqwuro uxoh u wkh vhuylfh surylghu zloo hduq sur�w udwh �7 =

�7 @
[
rM7

sr�r @
[
rM7

sr
[
�MU

��cr= +8,
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Wkh vhuylfh surylghu vhwv sulfhv dqg vfkhgxolqj wr pd{lpl}h v|vwhp sur�wv �/ zkhuh

� @
[
�cr

�
Y�+��cr,�GFo

\c�cr

�
= +9,

Qrwlfh wkdw +7, vkrzv wkdw fxvwrphu l*v ghod| frvw ri judgh v ghshqgv rq wkh wrwdo vxevfulswlrq yhfwru
�1 Uhyhuvlqj wkh dujxphqw/ e| vhqglqj d mre wr judgh v/ fxvwrphu lpd| lpsdfw wkh ghod| frvw ri rwkhu
fxvwrphuv1 Dv zh zloo vhh odwhu/ wkhvh h{whuqdolw| h�hfwv zloo lpsdfw wkh sulflqj ghflvlrqv1 Ilqdoo|/ zh
gh�qh dq htxloleulxp ri wklv qrq0frrshudwlyh ghflvlrq prgho dv dq| wulsohw +S>�> u, ri sulfh vfkhgxohv/
fxvwrphu vxevfulswlrq yhfwruv dqg frqwuro uxoh wkdw vdwlv�hv wkh xvhuv* dqg wkh qhwzrun*v ghflvlrq
sureohpv/ dqg wkdw lv vxfk wkdw qr djhqw kdv dq lqfhqwlyh wr xqlodwhudoo| ghyldwh iurp wkh htxloleulxp
wulsohw +zklfk wkxv lv d Qdvk htxloleulxp,1

Ghwhuplqlqj TrV jxdudqwhhv Dv glvfxvvhg lq wkh lqwurgxfwlrq/ d phdqlqjixo xvh ri TrV jxdu0
dqwhhv uhtxluhv d eurdghu hqfrpsdvvlqj prgho wr vshfli| krz wkh +ghod|, TrV jxdudqwhh sdudphwhuv
Gr dqg %r vdwlvi|lqj

Su^gr A Gr` � %r1 +:,

duh ghwhuplqhg1 Wkh prgho suhvhqwhg khuh fdq eh xvhg iru wkdw sxusrvh1 Lqghhg/ rqfh wkh qhwzrun
kdv ghwhuplqhg wkh rswlpdo ordg yhfwru � dqg vfkhgxolqj uxoh u +zklfk ghshqg rq wkh xvhuv* ydoxh
dqg txdolw| ydoxh fxuyhv,/ wkh ghod| glvwulexwlrq ixqfwlrq +6, fdq eh ghwhuplqhg1 Wklv wkhq vshfl�hv
d idplo| ri htxlydohqw TrV jxdudqwhh sdudphwhuv Gr dqg %r/ ehfdxvh wkh| vkrxog vdwlvi|=

Su^gr A Gr` @ 4� I o
r +Gr m�, � %r= +;,

Vxppdul}lqj/ wkh prgho suhvhqwhg khuh lqfrusrudwhv TrV frqvlghudwlrqv wkurxjk txdolw| ydoxh
fxuyhv1 Sulflqj dqg vfkhgxolqj ehfrph wkh vroxwlrq ri rswlpl}dwlrq sureohpv wkdw lqfrusrudwh xvhuv
ydoxh dqg txdolw| vhqvlwlylw|1 Xvlqj wkh rswlpdo vfkhgxolqj uxoh/ d idplo| ri htxlydohqw TrV jxdu0
dqwhh sdudphwhuv duh vshfl�hg lq whupv ri wkh rswlpdo ghod| glvwulexwlrqv1 Khqfh/ wkh prgho jlyhv
d frqvlvwhqw dssurdfk wr ghwhuplqh d idplo| ri rswlpdo jxdudqwhh sdudphwhuv1 Dq| frxsoh +Gr> %r,
vdwlvi|lqj +;, duh htxlydohqw ehfdxvh xvhuv duh lqgl�huhqw ehwzhhq wkhp +e| frqvwuxfwlrq,1 Lqwhusuhwhg
gl�huhqwo|/ +;, vshfl�hv wkh rswlpdo wudgh0r� ehwzhhq xsshu erxqg Gr dqg vwulqjhqf| %r wkdw wkh
qhwzrun vkrxog surylgh1

� ����
�
�� ���� ��� ��
	
��

Fhqwudol}hg Vroxwlrqv D �uvw vwhs lq dqdo|}lqj wkh pxowl0shuvrq ghflvlrq prgho suhvhqwhg deryh/ lv
wr dqdo|}h wkh uhod{hg fhqwudol}hg prgho zkhuh rqh rpqlsrwhqw fhqwudo pdqdjhu pdnhv doo ghflvlrqv
dqg nqrzv doo wkh prgho gdwd1 Ehfdxvh wkh fhqwudo pdqdjhu gluhfwo| frqwurov doo udwhv ��cr/ lqgluhfw
frqwuro wkurxjk r�hulqj vhuylfh judghv dqg sulflqj lv vxshu�xrxv1 Wkh rqo| ghflvlrqv wkdw duh ohiw iru
wkh fhqwudo pdqdjhu lv wr ghwhuplqh wkh rswlpdo udwhv �W�cr dqg wkh rswlpdo vfkhgxolqj uxoh uW1 Lq wkh
fhqwudol}hg v|vwhp= wkh fhqwudo sodqqhu djjuhjdwhv doo xvhuv ri w|sh l gluhfwo| wr txhxlqj fodvv l/ zklfk
lv htxlydohqw wr judgh v @ l/ dv wkdw r�huv wkh �qhvw lqirupdwlrq vhw rq zklfk fdq eh vfkhgxohg1 +Vxfk
doorfdwlrq fohduo| grplqdwhv dq| _pl{lqj% ri xvhu �rzv ri gl�huhqw w|shv lqwr rqh fodvv/ dv wkh �qhu
doorfdwlrq fdq dozd|v uhsolfdwh wkh frduvhu1, Wkxv/ rswlpdo vfkhgxolqj zloo urxwh wkh djjuhjdwh �rz ri
xvhuv ri w|sh l lqwr d ghglfdwhg txhxhlqj fodvv +ex�hu,1 Zkloh vhuylfh judghv duh vxshu�xrxv lq wkh
fhqwudol}hg prgho/ wkh| zloo frlqflgh zlwk txhxhlqj fodvvhv lq wkh ghfhqwudol}hg v|vwhp dqg zh zloo xvh
erwk whupv _vhuylfh judgh% dqg _txhxlqj fodvv% lqwhufkdqjhdeo|�1 Wkhuhiruh/ khqfhiruwk/ zh zloo kdyh

�A��t ��** *i@_ |L ?L UL?u�t�L? �? L�h 4L_i*� W? }i?ih@*c |�i ?�4Mih Lu ^�i��?} U*@ttit �t *itt Lh i^�@* |L |�i ?�4Mih
Lu tih��Ui }h@_it� W? LT|�4@* tU�i_�*�?}c L?i !iiTt tih��Ui _�gihi?|�@|i_ @?_ |��t �@t }h@_it UL�?U�_i ��|� U*@ttit�
E�L|�Uic �L�i�ihc |�@| @ t�MLT|�4@* tU�i_�*�?} h�*i UL�*_c uLh i @4T*ic tih�i @** tih��Ui }h@_it �?_�tUh�4i?@?|*) @?_ T�|
@** }h@_it �?|L L?i 6W6� M�gih��
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d rqh0wr0rqh fruuhvsrqghqfh ehwzhhq djjuhjdwh �rzv ri d w|sh l dqg wkh vhuylfh judgh v dqg txhxlqj
fodvv n ghvljqhg iru wkdw w|sh1

Wkh fhqwudo0rswlpdo vfkhgxolqj uxoh uW lv d uxoh wkdw plqlpl}hv wrwdo ghod| frvwv

GFo
\ @

[
�MUcrM7

��crH
o
\ ^F�+gr,` > +<,

zkhuh zh dvvxph iru qrz wkdw uW lv nqrzq +pruh rq wkdw odwhu lq wkh qh{w vhfwlrq,1 Zh nqrz wkdw
��cr @ 3 li l 9@ v> wkxv/ ohw �W @ +�W�c�,�MU ghqrwh wkh rswlpdo djjuhjdwh udwh yhfwru1 Wkh wkh fhqwudo0
rswlpdo udwh yhfwru �W vdwlv�hv wkh �uvw0rughu frqglwlrqv ri +9,=

y�+�
W
� , � HoW

\W ^F�+g�,` .
[
�MU

�W�
C

C��c�
Ho
\ ^F�+g�,` > +43,

zkhuh htxdolw| krogv li dqg rqo| li �W� A 31 Wkh qhfhvvdu| �uvw0rughu frqglwlrqv +43, kdyh d idploldu
hfrqrplf lqwhusuhwdwlrq= wkh rswlpdo udwh �W� htxdwhv wkh ydoxh ri pdujlqdo w|sh l xvhu zlwk lwv wrwdo
pdujlqdo frvw1 Wkh odwwhu lv eruq e| gl�huhqw sduwlhv= wkh _vhoi0uhjxodwlqj% whup HoW

\WF�+g�, dffuxhv wr
wkh pdujlqdo w|sh l xvhu klpvhoi/ exw wkh _h{whuqdolw| whup%

S
�MU �

W
�

Y
Yb��

Ho
\ ^F�+g�,` lv lq�lfwhg rqwr

doo wkh rwkhu xvhuv1 Ilqdoo|/ d }hur udwh �W� @ 3 rewdlqv li lwv pdujlqdo ydoxh grhv qrw rxwzhljk lwv
pdujlqdo frvw1

Ghfhqwudol}hg V|vwhp= Lq wkh wuxh ghfhqwudol}hg v|vwhp/ wkhuh lv qr fhqwudo rpqlsrwhqw vlqjoh
sodqqhu dqg doo xvhuv pdnh wkhlu rzq ghflvlrqv1 Dv h{sodlqhg hduolhu/ xvhuv ri w|sh l pdnh wkhlu rzq
lqglylgxdo ghflvlrqv/ uhvxowlqj lq dq djjuhjdwh udwh ��cr wr judgh v/ zkhuh ��cr vdwlv�hv e�cr+��cr, @ 31
+Lq jhqhudo/ dq| xvhu frxog fkrrvh dq| judgh1 Ehorz/ krzhyhu/ zh zloo vhh wkdw wkh sulflqj vfkhph zloo
lqgxfh doo xvhuv ri w|sh l wr vxeplw rqo| wr judgh l1, Frpsdulqj wkhvh lqglylgxdo rswlpdolw| htxdwlrqv
+5, zlwk wkh fhqwudol}hg rswlpdolw| htxdwlrqv +43,/ zh gluhfwo| vhh wkdw wkh rswlpdo sulfh sW� iru judgh
l pxvw vdwlvi|=

sW� @
[
�MU

�W�
C

C��c�
Ho
\ ^F�+g�,` / +44,

zklfk lv h{dfwo| wkh h{whuqdolw| h�hfw1 Wklv gluhfwo| h{sodlqv wkh rswlpdo sulflqj dssurdfk= Wr lqgxfh
xvhuv wr lqfrusrudwh wkh h{whuqdolw| h�hfw wkh| vkrxog eh fkdujhg iru wkh h{whuqdolw| frvw wkh| lq�lfw
rqwr rwkhuv1

Wkhuh lv/ krzhyhu/ d vhfrqg vhw ri frqglwlrqv wkdw wkh sulfhv pxvw vdwlvi| iru wkh udwhv �W�c� @ �W� wr
eh rswlpdo lq wkh ghfhqwudol}hg v|vwhp1 Wkhvh frqglwlrqv/ fdoohg lqfhqwlyh0frpsdwlelolw| frqglwlrqv/
vwlsxodwh wkdw d w|sh l xvhu vkrxog �qg lw lq klv ehvw lqwhuhvw wr vxeplw wr rqo| judgh v @ l1 Wkdw lv/
wkh h{shfwhg ehqh�w iru d w|sh l xvhu zlwk odeho {� ri fkrrvlqj judgh m 9@ l pxvw eh ohvv wkdq zkhq
fkrrvlqj judgh l= e�c� �'�+{�, ? e�c�+{�,1 Wkhvh lqfhqwlyh0frpsdwlelolw| frqglwlrqv jxdudqwhh wkdw w|sh
l xvhuv zloo doo fkrrvh rqo| judgh l/ zkloh wkh fkrlfh +44, ri sulfhv dqg wkh xvh ri wkh vfkhgxolqj uxoh
uW jxdudqwhh wkdw wrwdo w|sh l udwhv lq wkh ghfhqwudol}hg v|vwhp htxdo wkh udwhv �W�c� @ �W� 1 Zh fdq
vkrz wkdw wklv lv lqghhg wkh fdvh iru vlqjoh0vhuyhu v|vwhpv +qrwlfh wkdw wkh suhylrxv dqdo|vlv lv dovr
ydolg iru qhwzrunv,/ zklfk h{whqgv wkh uhvxowv ri Ohghuhu dqg Ol ^4;` dqg Phqghovrq dqg Zkdqj ^54`
wr duelwudu| ghod| frvw ixqfwlrqv=

Sursrvlwlrq 4 Wkh udwhv �W/ sulfhv sW dqg vfkhgxolqj uxoh uW duh rswlpdo dqg lqfhqwlyh0frpsdwleoh
li vhuylfh wlph glvwulexwlrqv duh krprjhqhrxv +l1h1/ w|sh0lqghshqghqw,1

Surri = Vxssrvh wkh phfkdqlvp zhuh qrw lqfhqwlyh0frpsdwleoh1 Wkhq/ wkhuh zrxog h{lvw dq dwrp0
lvwlf w|sh l fxvwrphu zlwk odeho {� � ��/ wkdw kdv lqfhqwlyh wr vxeplw wr d judgh m 9@ l vr wkdw
e�c�+{�, A e�c�+{�,1 Vlqfh wkh whup y�+{�, lq +5, fdqfhov/ vxevwlwxwlqj +44, lqwr +5, |lhogv=

HoW

\ F�+g�, .
[
��MU

�W��
C

C��c�
Ho

W

\WF��+g��, ? HoW

\ F�+g�, .
[
��MU

�W��
C

C��c�
HoW

\WF��+g��,= +45,
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Zlwk htxdo vhuylfh wlph glvwulexwlrqv/ w|sh l mrev dqg w|sh m mrev duh lqglvwlqjxlvkdeoh iurp
d vfkhgxolqj shuvshfwlyh1 Wkxv/ dgglqj dq lq�qlwhvlpdo udwh g� ri hlwkhu w|sh l mrev ru w|sh m
mrev wr judgh +@fodvv, m lpsdfwv ghod| glvwulexwlrqv/ dqg wkxv h{shfwhg ghod| frvwv/ lghqwlfdoo|=
Y

Yb�c�
HoW

\ F��+g��,g� @ Y
Yb�c�

HoW

\ F��+g��,g�1 Khqfh/ +45, vlpsol�hv wr Y
Yb��

GFoW

\ � Y
Yb��

GFoW

\ ? 3/ zklfk

phdqv wkdw wrwdo ghod| frvwv GFoW

\ zrxog ghfuhdvh e| uhdoorfdwlqj dq lq�qlwhvlpdo udwh g� ri w|sh l
iurp txhxh fodvv l wr txhxh fodvv m 9@ l1 Wklv zrxog frqwudglfw wkh rswlpdolw| ri uW iru dq| �rz yhfwru
�1 Khqfh/ wkhuh h{lvw qr {> l ru m 9@ l wkdw vdwlv�hv e�c�+{, A e�c�+{,1 Wkxv/ wkh phfkdqlvp lv lqfhqwlyh
frpsdwleoh dqg/ e| frqvwuxfwlrq ri wkh sulfhv sW vr wkdw e��+�

W
� , @ 3/ wkh phfkdqlvp lv dovr rswlpdo1�

Jlyhq wkdw wkh vhuylfh wlph ri d sdfnhw lv w|slfdoo| lqghshqghqw2 ri lwv w|sh/ wkh sursrvlwlrq vroyhv
wkh sureohp ri sulflqj dqg vfkhgxolqj1 Wr lpsohphqw wklv vroxwlrq/ krzhyhu/ zh pxvw nqrz wkh
rswlpdo udwhv �W dqg wkh rswlpdo vfkhgxolqj uxoh uW1 Wkh ghwhuplqdwlrq ri �W +qhhghg iru wkh sulfhv
sW, uhtxluhv nqrzohgjh ri hdfk w|sh*v ydoxh ixqfwlrq/ zklfk lv udwkhu xqolnho|1 Krzhyhu/ wkh sulfh
h{suhvvlrqv fdq dovr eh hydoxdwhg dw wkh dfwxdo udwhv �+w, revhuyhg dw wlph w/ lqvwhdg ri dw �W1 Wkdw
ohdgv wr g|qdplf sulflqj/ reyldwlqj wkh qhhg ri nqrzohgjh ri ydoxh ixqfwlrqv1 +Xqghu plog uhjxodulw|
frqglwlrqv/ g|qdplf sulflqj ohdgv wr �W lq htxloleulxp dv vkrzq e| Pdvxgd dqg Zkdqj ^53`1, Wkxv/
rqo| pdujlqdo txdolw| ydoxh fxuyhv dqg wkh vfkhgxolqj uxoh uW duh qhfhvvdu| nqrzohgjh wr vhw sulfhv1
Wkh qh{w vhfwlrq 7 suhvhqwv wkh Jf� uxoh dv d sur{| iru wkh h{dfw rswlpdo vfkhgxolqj uxoh uW> xvlqj
wkh Jf� uxoh/ doo sulfhv dqg wkh rswlpdo vhuylfh ohyhov fdq eh lpsohphqwhg1

Lq ^67`/ zh frqvlghu d �rz0shu0�rz prgho zkhuh hdfk w|sh fruuhvsrqgv wr rqh xvhu1 Lq wkdw fdvh/ d
_wzr0sduw wdul�% wkdw fkdujhv d �{hg vxevfulswlrq ihh lq dgglwlrq wr d yduldeoh sulfh lv vkrzq rswlpdo1
Wkh �{hg vxevfulswlrq ihh iru w|sh l htxdov wkh h{shfwhg sur�w wkdw _wkh% w|sh l xvhu pdnhv1 Lq wklv
sdshu/ zh frqvlghu dq djjuhjdwh �rz prgho/ zkhuh hdfk w|sh frqvlvwv ri pdq| dwrplvwlf xvhuv wkdw
hdfk vhqg dq lq�qlwhvlpdo udwh1 Wkhuhiruh/ hdfk dwrplvwlf xvhu pdnhv lq�qlwhvlpdo sur�wv vr wkdw lq
dq djjuhjdwh �rz prgho wkh �{hg vxevfulswlrq ihh lv lq�qlwhvlpdo dqg d yduldeoh sulfh rqo| lv rswlpdo1
Zkloh wkh djjuhjdwh prgho lv lq d vhqvh vlpsohu dqg pruh uhdolvwlf/ wkh iudphzrun suhvhqwhg khuh lv
gluhfwo| dssolfdeoh wr �rz0shu0�rz prghov dv vkrzq lq ^67`1 Wkh vfkhgxolqj uxoh wkdw hphujhv lv wkh
Jhqhudol}hg f� uxoh +h{sodlqhg lq wkh qh{w vhfwlrq, lq erwk prghov/ wkh rqo| gl�huhqfh ehlqj wkdw d
txhxlqj fodvv krogv dq djjuhjdwh �rz� khuh lqvwhdg ri d xqltxh xvhu �rz lq ^67`1

� ����
�
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Wkh suhylrxv vhfwlrq 6 kljkoljkwhg wkh uroh ri wkh rswlpdo vfkhgxolqj uxoh uW= lw plqlpl}hv wrwdo
h{shfwhg ghod| frvwv/ ghqrwhg e| GFoW

\ iru dq| jlyhq ordg yhfwru � dqg vwruhv djjuhjdwh �rz ri xvhu
w|sh l lq txhxh fodvv l1 Lq dgglwlrq/ zh qhhg lwv ghod| glvwulexwlrqv I o

\ wr txdqwli| wkh h{shfwhg ghod|
frvw yld +7, dqg lwv judglhqwv wr frpsxwh wkh rswlpdo sulfhv sW1

Vfkhgxolqj frqwuro ��+w, D vfkhgxolqj uxoh vshfl�hv krz wkh vhuylfh fdsdflw| lv doorfdwhg wr wkh
gl�huhqw mrev lq wkh txhxhv dw dq| srlqw lq wlph w1 Zlwk frqyh{0lqfuhdvlqj ghod| frvwv/ lw lv rswlpdo
wr vhuyh hdfk fodvv lq ILIR rughu ^66/ Surs1 4`1 Khqfh/ wr gh�qh d vfkhgxolqj uxoh lw rqo| uhpdlqv wr
vshfli| krz fdsdflw| lv doorfdwhg wr txhxhv1 Zh zloo ghqrwh wkh dfwxdo vhuylfh udwh doorfdwhg wr fodvv l
dw wlph w e| ��+w,1 Dv xvxdo/ zh zloo ghqrwh wkh pd{lpdo vhuylfh udwh ri wkh vhuyhu e| �/ zklfk |lhogv
wkh fdsdflw| frqvwudlqw rq wkh vfkhgxolqj frqwuro=

3 �
[
�MU

��+w, � �= +46,

Zh zloo uhvwulfw dwwhqwlrq wr zrun0frqvhuylqj vfkhgxolqj srolflhv/ zklfk duh srolflhv zkhuh wkh surfhvvru
vhuyhv dw ixoo fdsdflw| zkhqhyhu dq| mrev duh lq wkh v|vwhp1 Khqfh/ ghqrwlqj e| Q�+w, wkh qxpehu ri
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fodvv l mrev lq wkh v|vwhp dw wlph w/ zh kdyh[
�

Q�+w, A 3+,
[
�

��+w, @ �= +47,

Dovr/ orqj0whup vwdelolw| uhtxluhv wkdw orqj uxq xwlol}dwlrq +ru wud�f lqwhqvlw|,

� @

S
���

�
@
[
�

�� � 4> +48,

zkhuh wkh fodvv l xwlol}dwlrq lv �� @
\�

>
1 Qrwlfh wkdw orqj0whup vwdelolw| lv jxdudqwhhg wkurxjk wkh

xvh ri rswlpdo sulfhv sW= ehfdxvh dw ohdvw rqh w|sh*v ghod| glvwulexwlrq lq d txhxhlqj v|vwhp jurzv
xqerxqghg dv �$ 4/ wkh h{whuqdolw| whup dqg wkxv wkh sulfhv zrxog dovr jurz xqerxqghg dv �$ 4/
suhyhqwlqj xvhuv wr ordg wkh v|vwhp wr � @ 41

Li wkh ghod| vhqvlwlylw| ixqfwlrqv F� duh olqhdu/ wkhq lw lv zhoo0nqrzq ^49/ ss1 458` wkdw u
W lv d vwdwlf0

sulrulw| uxoh wkdw jlyhv vwdwlf sulrulw| wr fodvvhv l lq wkh rughu ri wkhlu lqgh{ f��/ zkhuh f� @
_
_|F�+w, dqg

lv fdoohg wkh pdujlqdo ghod| frvw1 Iru pdq| dssolfdwlrqv/ krzhyhu/ wkh ghod| vhqvlwlylw| lv qrq0olqhdu
+pruh ghod| lv lqfuhdvlqjo| zruvh,/ lq zklfk fdvh wkh h{dfw rswlpdo vfkhgxolqj uxoh lv xqnqrzq1 Lq
^66`/ krzhyhu/ zh vkrz wkdw wkh rswlpl}dwlrq sureohp lv dv|pswrwlfdoo| wudfwdeoh iru d vlqjoh vhuyhu
txhxlqj v|vwhp1 Wr vwdwh wkdw uhvxow/ zh �uvw qhhg vrph dgglwlrqdo qrwdwlrq1 Lq ^66`/ lw lv vkrzq
wkdw wkh vfkhgxolqj rswlpl}dwlrq sureohp lv dv|pswrwlfdoo| wudfwdeoh lq _khdy| wud�f% +l1h1/ li wud�f
lqwhqvlw| dssurdfkhv fdsdflw| � $ 4, dqg suhvhqw wkh Jhqhudol}hg f� +Jf�, uxoh/ zklfk lv vkrzq
wr eh dv|pswrwlfdoo| rswlpdo dv � $ 41 Khuh zh vkrz krz wr vshfli| wkh Jf� uxoh dqg lwv ghod|
glvwulexwlrqv lq rxu vhwwlqj lq frqfuhwh/ h{hfxwdeoh whupv dqg zh surylgh vrph lqwxlwlrq ehklqg wkh
uxoh1 Wr vwuhvv wkh dssur{lpdwh prgh ri dqdo|vlv/ zh zloo xvh * wr ghqrwh dssur{lpdwh uhodwlrqvklsv
wkdw duh dv|pswrwlfdoo| h{dfw li �$ 41

Lqwxlwlrq Wkh Jf� uxoh lv irxqghg rq wkuhh idfwv iurp txhxlqj wkhru| wkdw duh ehvw ghvfulehg lq
whupv ri wkh wrwdo zrunordg surfhvv Z / zklfk phdvxuhv wkh wrwdo dprxqw ri zrun +lq wlph xqlwv iru
wkh vhuyhu, wkdw lv zdlwlqj= H^Z +w,` @

S
�Q�+w,@�1 Iluvw/ wkh wrwdo zrunordg lv lqyduldqw iru zrun0

frqvhuylqj vfkhgxolqj uxohv1 Lqghhg/ qhz duulydov frqwulexwh wr dq lqfuhdvh lq H^Z +w,` dw +dyhudjh, udwhS
� ��@� @ �/ zkloh vhuylqj gudlqv H^Z +w,` dw udwh 4 e| gh�qlwlrqe uhjdugohvv ri zklfk fodvv lv vhuyhg1

Wklv |lhogv d qhw ghfuhdvh ri H^Z ` dw udwh � � 4/ dv orqj dv wkhuh lv zrun suhvhqw1 Wkh vfkhgxolqj
uxoh/ krzhyhu/ grhv lpsdfw krz wklv wrwdo zrunordg Z lv glvwulexwhg ryhu wkh gl�huhqw fodvvhv= zkhq
vhuylqj fodvv l/ lwv dyhudjh fodvv0zrunordg H^Z�` ghfuhdvhv dw udwh �� � 4/ zkloh duulydov lqfuhdvh wkh
dyhudjh zrunordg H^Z� ` ri dq| rwkhu fodvv m dw udwh ��1 Wkh wzr rwkhu idfwv iroorz iurp khdy| wud�f
dssur{lpdwlrqv= fodvv zrunordgv colyh rq d idvwhu wlph vfdoh* wkdq wkh wrwdo zrunordg surfhvv1 Lqghhg/
dv �$ 4/ wkh wrwdo zrunordg kdugo| fkdqjhv/ zkloh fodvv zrunordgv nhhs fkdqjlqj dw d �qlwh udwh1 Dw
wkh wlph0vfdoh ri wkh wrwdo zrunordg/ lw lv dv li rqh fdq doprvw lqvwdqwdqhrxvo| vkliw zrunordg dzd|
iurp rqh fodvv wr wkh rwkhu fodvvhv e| vhuylqj wkdw fodvv iru dq lq�qlwhvlpdo dprxqw ri wlph zkloh wkh
wrwdo zrunordg lv xqfkdqjhg1 Wklug/ lq zhoo0ehkdyhg khdy| wud�f olplw v|vwhpv/ wkh fodvv0zrunordg
surfhvv _frqyhujhv%= Z�@Z dssurdfkhv dZ 0ghshqghqw frqvwdqw1 Lq h�hfw/ vfkhgxolqj vzlwfkhv dprqj
fodvvhv suhflvho| vr dv wr nhhs wkh fodvv zrunordg yhfwru +Z�>Z2> ===>ZU, forvh wr wkh srlqw j+Z , rq d
vzlwfklqj fxuyh j+�,/ zklfk zh zloo gh�qh vkruwo|1 Dvlgh iurp idvw/ exw vpdoo glvwxuedqfhv durxqg wkh
vzlwfklqj fxuyh/ wkh Z� wkxv iroorz wkh Z pryhphqw dqg fkdqjh yhu| vorzo|1 Phdqzkloh pdq| fodvv
l mrev �rz wkurxjk wkh v|vwhp dw udwh �� zkloh wkh fodvv zrunordg yhfwru uhpdlqv uhodwlyho| frqvwdqw
dqg forvh wr j+Z ,1 _Lw lv dv li d mre wdnhv d vqdsvkrw ri wkh qhwzrun zkhq lw hqwhuv dqg doo txhxhv
uhpdlq dw wkdw vdph ydoxh gxulqj wkh mre*v vrmrxuq wkurxjkrxw wkh qhwzrun1 +Uhlpdqq ^5:/ s1 746`,%1
Lq ^66`/ zh dsso| Olwwoh*v odz wr |lhog wkh vwdwh0ghshqghqw ghod|=
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switching
curve g(•)

W

W

Iljxuh 4= Wkh vzlwfklqj fxuyh j+�, gh�qhv wkh g|qdplf Jf� vfkhgxolqj uxoh1

Wkxv/ wkh lqvwdqwdqhrxv ghod| frvw udwh fdq eh h{suhvvhg lq whupv ri fodvv zrunordgv dv
S

���F�

�
`�E|�
4�

�
1

Wkh lqwxlwlrq ehklqg wkh Jf� uxoh wkhq lv wr _glvwulexwh% wkh wrwdo zrunordg Z +w, @
S

�Z�+w, ryhu
wkh gl�huhqw fodvvhv vxfk wkdw wklv ghod| frvw udwh lv plqlpl}hg dw hdfk srlqw lq wlph1 Wklv juhhg|
frvw0plqlpl}lqj doorfdwlrq ri wrwdo zrunordg Z wr fodvv zrunordgv lv irxqg e| vroylqj wkh iroorzlqj
olqhduo|0frqvwudlqhg frqyh{ rswlpl}dwlrq sureohp sdudphwulfdoo| iru Z � 3=

j+Z , @ duj plq
t`�DfG�MU�

[
�MU

��F�

�
Z�

��

�
+4:,

vxemhfw wr =
[
�MU

Z� @Z= +4;,

Wklv rswlpl}dwlrq sureohp gh�qhv d pdsslqj j+�, iurp Un wr _fodvv0vsdfh% UUn wkdw uhsuhvhqwv
wkh orzhvw0frvw zrunordg frq�jxudwlrq dv Z� @ j�+Z ,1 Dv d srvlwlyh vxp ri frqyh{ ixqfwlrqv/S

� ��F�

�
`�

4�

�
lv frqyh{ vr wkdw wkh vx�flhqw �uvw rughu frqglwlrqv ri wkh rswlpl}dwlrq sureohp duh=

Ohw �+Z , ghqrwh xqltxh rswlpdo Odjudqjh pxowlsolhu ri +4;,1 Wkhq= dq| srvlwlyh Z� dqg Z, vroyh wkh
vx�flhqw �uvw rughu frqglwlrqv=

f�

�
Z�

��

�
@ f,

�
Z,

�,

�
@ �+Z ,> +4<,

dqg Z�� @ 3 li f�� +3, A �+Z ,1 Dv zh zloo looxvwudwh e| dq h{dpsoh/ wkh vroxwlrq wr +4<, gh�qhv wkh
pdsslqj j/ zklfk fdq eh lqwhusuhwhg dv wkh vzlwfklqj fxuyh ri wkh Jf� uxoh sdudphwhul}hg e| vfdodu
Z 1

H{dpsoh= Dvvxph d wzr0fodvv txhxlqj v|vwhp zkhuh F�+w, @
�
�w

� dqg F2+w, @
�
2 w

21 Wkh rswlpdo
zrunordg doorfdwlrq iru d jlyhq Z lv jlyhq e| +4<,=

�
Z�

��

�2

@
Z2

�2
>

zklfk |lhogv wkh txdgudwlf vzlwfklqj fxuyh vkrzq lq Iljxuh 41�
Jf� Lqgh{ dqg Lpsohphqwdwlrqv Lq wkh khdy|0wud�f olplw +dqg xqghu dssursuldwh vfdolqj,/

lw lv srvvleoh wr frqwuro wkh v|vwhp vxfk wkdw wkh fodvv zrunordg yhfwru wkdw fruuhvsrqgv wr d wrwdo

<



zrunordg Z dozd|v olhv rq wkh rswlpdo srlqw j+Z , rq wkh vzlwfklqj fxuyh1 Lq prghudwh wud�f/
krzhyhu/ glvfuhwh mre duulydov zloo pdnh wkh zrunordg yhfwru �xfwxdwh durxqg wkh vzlwfklqj fxuyh1 Iru
d jlyhq wrwdo zrunordg Z +w, dw wlph w/ wkh Jf� uxoh wkhuhiruh zloo vfkhgxoh vr dv wr nhhs wkh zrunordg
yhfwru dv forvh dv srvvleoh wr lwv rswlpdo srlqw j+Z +w,, rq wkh vzlwfklqj fxuyh1 Uhfrjql}lqj wkdw
Z�@�� * Q�@��/ gh�qh wkh g|qdplf Jf� lqgh{ iru hdfk fodvv l=

L�+w, @ f�

�
Q�+w,

��

�
�> +53,

dqg ghqrwh e| wkh fodvv zlwk kljkhvw lqgh{ dw wlph w e|=

lW+w, @ dujpd{
�MU

L�+w,= +54,

Wklv gluhfwo| lqvsluhv dq hdv| lpsohphqwdwlrq ri wkh Jf� uxoh= dw hdfk srlqw lq wlph w/ vhuyh fodvv
lW+w, dw ixoo fdsdflw|1 Wklv jlyhv wkh kljkhvw lqvwdqwdqhrxv uhgxfwlrq lq pdujlqdo frvw dqg pdnhv Jf�
d p|rslf uxoh1 Zkloh uhgxflqj L�W+w, wkh lqgh{ ri wkh rwkhu fodvvhv l 9@ lW+w, zloo lqfuhdvh1 Wkxv/ e|
vhuylqj wkh kljkhvw lqgh{ fodvv lW+w,/ wklv uxoh dwwhpswv wr vdwlvi| wkh dv|pswrwlf rswlpdolw| frqglwlrq
+4<, lq d vwdeoh pdqqhu1

Jf� Glvwulexwlrqv Ilqdoo|/ xvlqj +49,/ zh kdyh wkdw wkh ghod| glvwulexwlrq ICS>
� +{, @ Su^g� �

{` * Su^j�+Z , � ��{` @ I` +j3�� +��{,,/ zkhuh wkh wrwdo zrunordg glvwulexwlrq I` +�, lv w|slfdoo| nqrzq
ru d jrrg dssur{lpdwlrq h{lvwv1 Iru h{dpsoh/ iru jhqhudo pxowlfodvv JL2J24 txhxlqj v|vwhpv rqh fdq

wdnh I` +{m�, * 4 � �h3�%/ zkhuh �3� @ �3� 4
�34

�2
@n�

2
r

2 dqg F2
r dqg F2

@ ghqrwh wkh djjuhjdwh
vtxduhg frh�flhqw ri yduldwlrq ri wkh vhuylfh dqg lqwhuduulydo wlphv/ uhvshfwlyho|1 Wkxv/ wklv doorzv wkh
fdofxodwlrq ri wkh ghod| glvwulexwlrqv wkdw fdq eh xvhg wr vhw wkh TrV jxdudqwhhv +;,1

Rq wkh rswlpdolw| ri Jf� Wkh uxoh lv h{dfwo| rswlpdo xqghu olqhdu ghod| frvw +lw wkhq frlqflghv
zlwk wkh idploldu f� uxoh,1 Wkh lqwhuhvwlqj txhvwlrq dulvhv zkhwkhu wkh Jf�0uxoh lv dovr joredoo|
rswlpdo/ l1h1 iru doo ydoxhv ri wkh wud�f lqwhqvlw| � dqg qrw mxvw qhdu wkh khdy| wud�f olplw � $ 4/
dv zdv suryhg lq ^66`1 Wrgd|/ wkh txhvwlrq lv vwloo rshq1 Wkhuh lv frqvlghudeoh hylghqfh wkdw frqwuro
uxohv wkdw duh rswlpdo lq khdy| wud�f dovr shuirup yhu| zhoo lq prghudwh wud�f1 Wkh frpsuhkhqvlyh
ehqfkpdunlqj vwxg| lq ^67` vkrzv wkdw wkh dssur{lpdwlrq lv h{fhoohqw iru prghudwh wud�f1 Pruhryhu/
wkh uxoh lv sulpd idflh uhdvrqdeoh/ lqwxlwlyho| vrxqg dqg lwv vlpsolflw| lv dsshdolqj iru lpsohphqwdwlrq1
Lq dgglwlrq/ Ehuwvlpdv ^5` uhfhqwo| vkrzhg wkdw wkh Jf� uxoh lv h{dfwo| rswlpdo iru d wzr0fodvv P2J24
v|vwhp zlwk kroglqj frvwv wkdw duh txdgudwlf lq wkh txhxh frxqw yhfwru Q 1 Wklv lv yhu| hqfrxudjlqj
dqg vxjjhvwv wkdw wkh Jf� uxoh pd| eh rswlpdo iru d txdgudwlf frvw fulwhulrq h{suhvvhg lq whupv ri
ghod| g1

Qhyhuwkhohvv/ surylqj h{dfw rswlpdolw| ri ghod| frvwv fulwhulrqv +lqvwhdg ri txhxh frxqw, lv pxfk
kdughu dv wkh vwdwh0vsdfh h{sorghv= dq| g|qdplf surjudpplqj irupxodwlrq pxvw nhhs wudfn ri wkh
duulydo wlph ri hdfk mre lq wkh txhxh wr frpsxwh ghod|v1 Lq wkh khdy| wud�f ghod| wkh dqdo|vlv vlpsol�hv
ehfdxvh ghod|v duh sursruwlrqdo wr txhxh frxqw yld +49,1 Wkh vdph krogv iru d �xlg dssur{lpdwlrq>
Kdml dqg Qhzhoo ^46` vkrzhg wkdw d Jf� uxoh lv rswlpdo lq d wzr0fodvv �xlg prgho1 Khqfh/ lw lv
qrw xquhdvrqdeoh wr frqmhfwxuh wkdw Jf� zloo eh h{dfwo| rswlpdo iru vrph fodvv ri v|vwhpv/ exw lw
uhpdlqv d frqmhfwxuh xs wr wklv srlqw1 Lw dovr lv olnho| wkdw wkhuh zloo eh v|vwhpv zkhuh wkh uxoh lv
qrw h{dfwo| rswlpdo1 Iru h{dpsoh/ frqvlghu wkh fdvh zkhuh doo vhuylfh wlph glvwulexwlrqv kdyh wzr
pdvv srlqwv dw w @ w� dqg w21 Rqfh wkh vhuyhu kdv ehhq vhuylqj d mre orqjhu wkdq w�/ wkh vhuylfh
wlph ehfrphv ghwhuplqlvwlf dqg wkhuh pd| eh frpelqdwruldo dujxphqwv wkdw fdq lpsuryh rq wkh Jf�
uxoh1 Wkxv/ zkhq vshfldo vwuxfwxuh lq wkh duulydo ru vhuylfh surfhvvhv uhyhdov pruh lqirupdwlrq/ wkhuh
h{lvwv d srvvlelolw| wkdw Jf� pd| eh vxerswlpdo1 Vlqfh prvw ri gdwd0wud�f +lq Lqwhuqhw dqg Hwkhuqhw
ODQ*v, lv ghprqvwudwhg wr eh orqj0udqjh ghshqghqw +vhh iru uhihuhqfhv ^68`,/ dq lqyhvwljdwlrq lqwr wkh
shuirupdqfh ri Jf� iru vxfk v|vwhpv pd| eh xvhixo1
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Wr uhodwh wkh Jf� uxoh wr wkh zhoo0nqrzq JSV ^57`/ zh eulh�| uhylvlw wkh ghwhuplqlvwlf dssurdfk wr
TrV jxdudqwhhv slrqhhuhg e| Fux} ^:`1 Edvlfdoo|/ wklv dssurdfk klqjhv rq wkuhh dvvxpswlrqv=

41 hdfk fxvwrphu*v duulydo surfhvv vdwlv�hv d fhuwdlq exuvwlqhvv frqvwudlqw/ zklfk sxwv dq xsshu
olplw rq wkh qxpehu ri duulydov gxulqj dq| wlph lqwhuydo/

51 wkh vhuylfh wlph ri hdfk sdfnhw ru elw lv dvvxphg wr eh ghwhuplqlvwlf/

61 dqg d vfkhgxolqj lv xvhg wkdw jxdudqwhhv hdfk qrq0hpsw| fodvv l d plqlpdo vhuylfh udwh ��=

Vxfk vfkhgxolqj uxoh lv fdoohg _idlu% ehfdxvh qr fodvv fdq suhyhqw dqrwkhu fodvv iurp jhwwlqj vhuyhg1
Irupdoo|=

Gh�qlwlrq 4 Ohw E+w, @ il = Q�+w, A 3j eh wkh vhw ri edfnorjjhg fodvvhv dw wlph w1 D idlu vfkhgxolqj
srolf| jxdudqwhhv hdfk edfnorjjhg fodvv d plqlpdo vhuylfh udwh �� =

��+w, � �
�

li l 5 E+w,

@ 3 rwkhuzlvh=
+55,

Qrwlfh wkdw dq| idlu srolf| lq d vlqjoh vhuyhu qrgh uhtxluhv surfhvvru vkdulqj1 Dv zh zloo vkrz/ wkh
uhvxow ri wkhvh wkuhh dvvxpswlrqv lv wkdw wkh dprxqw ri zrun lq wkh v|vwhp dw dq| srlqw lq wlph lv
erxqghg1 Wkxv/ dovr doo ghod|v dqg edfnorjv kdyh d ghwhuplqlvwlf xsshu erxqg1

#&� !� '����
��� (������
��

Uhfdoo wkdw �� ghqrwhv wkh dyhudjh duulydo udwh ri fodvv l lq elwv2vhf1 Wkh _exuvwlqhvv frqvwudlqw%
zloo lpsrvh uhvwulfwlrqv rq wkh vwrfkdvwlflw| ri wkh duulydo surfhvv dv iroorzv1 Ohw ��+w, ghqrwh wkh
lqvwdqwdqhrxv duulydo udwhD ri fodvv l ^lq elwv2v` dw wlph w1 Wkhq/ iru x � w/ O�+x> w, @

U |
�
��+�, g�

uhsuhvhqwv wkh dprxqw ri gdwd lq elwv wkdw duulyhv gxulqj dq| wlph lqwhuydo ^x> w`1 Ohw ��� dqg ��� eh
srvlwlyh vfdoduv1 Wkh �rz ��+w, lv vdlg ^:` wr vdwlvi| wkh exuvwlqhvv frqvwudlqw +���> ���, li/ iru doo x � w/

O�+x> w, � ��� . ��� +w� x,= +56,

Uhodwlrq +56, phdqv wkdw wkhuh lv dq xsshu erxqg wr wkh dprxqw ri wud�f frqwdlqhg lq dq| lqwhuydo
wkdw lv htxdo wr d frqvwdqw ��� soxv d txdqwlw| sursruwlrqdo wr wkh ohqjwk ri wkh lqwhuydo1 Wkh frqvwdqw ri
sursruwlrqdolw| ��� fdq eh erxqghg lq wzr vwudljkwiruzdug zd|v1 Iluvw/ vlqfh O�+x> w, @

U |
�
��+�, g� �

pd{|��+w,+w�x,/ zh kdyh iurp +56, wkdw ��� lv xsshu erxqghg e| wkh shdn udwh pd{|��+w, lq zklfk fdvh
��� @ 3= Vhfrqg/ glylglqj +56, e| +w� x, dqg wdnlqj wkh olplw w$4/ vkrzv wkdw ��� lv orzhu erxqghg
e| wkh orqj whup dyhudjh udwh ri ��+w, zklfk/ iru �qlwh x/ htxdov ��� � olp|<"

�
|3�

U |
�
��+�, g� 1 Lq

wkh odwwhu fdvh/ zkhuh olp|<"
7j�
|3� @ 3/ d pd{lpxp +�qlwh, ydoxh iru ��� lv srvvleoh1 Lq ehwzhhq wkhvh

h{wuhphv/ wkh udwh ��� fdq eh wudghg0r� iru wkh exuvwlqhvv ���1 Jlyhq wkh sur�oh ��+w, iru doo x � w/
Qdxgwv ^55` suhvhqwv h�flhqw dojrulwkpv wr h{wudfw frxsohv +���> ���,1 Kh dovr vkrzv wkdw wkh udwh ���

yhuvxv exuvwlqhvv ��� fxuyh lv frqyh{1 D jhqhudol}hg yhuvlrq ri +56, lv O�+x> w, � i +w � x, iru vrph
qrqghfuhdvlqj qrqqhjdwlyh ixqfwlrq i+=, dv xvhg e| Vdulrzdq hw do1 ^5<`1 Wkh frqirupdqfh ri d l0mre
wr wkh exuvwlqhvv frqvwudlqw +���> ���, fdq eh fkhfnhg e| d wrnhq exfnhw/ zkhuh wkh wrnhqv duh jhqhudwhg
dw udwh ���1

Jlyhq d exuvwlqhvv frqvwudlqw/ wkh duulylqj zrun gxulqj d frpsdfw wlph lqwhuydo lv erxqghg1 Li/ lq
dgglwlrq/ wkh vhuylfh wlphv duh ghwhuplqlvwlf dqg zh xvh d idlu vfkhgxolqj srolf|/ wkh txhxh frxqw lv

D6L**L��?} d.oc �i @_LT| @ UL?|�?�L�t |�4i ���_ _itUh�T|�L?�
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erxqghg1 Lqghhg/ dvvxplqj wkh v|vwhp vwduwv lqlwldoo| hpsw|/ hohphqwdu| txhxlqj wkhru| |lhogv wkdw
wkh txhxh frxqw lv wkh gl�huhqfh ehwzhhq fxpxodwlyh lq�rz dqg rxw�rz=

Q�+w, @ pd{
�

^O�+x> w,�P�+x> w, = x � w` +57,

zkhuh P�+x> w, @
U |
� ��+�, g� 1 Dv zh duh lqwhuhvwhg lq erxqglqj wkh qxpehu ri mrev lq wkh txhxh/ ohw

xv frqvlghu d exv| fodvv l shulrg vr wkdw Q� A 3 iru doo x dqg w gxulqj wkdw shulrg1 Wkh exuvwlqhvv
frqvwudlqwv jlyhv wkh xsshu erxqg +56, rq O�1 Dw wkh vdph wlph/ d idlu vfkhgxolqj srolf| jlyhv d orzhu
erxqg wr P� e| vhuylqj fodvv l dw plqlpdo udwh �� zkhqhyhu Q�+w, A 3 vr wkdw P�+x> w, � �

�
+w � x,1

Khqfh/

Q�+w, � pd{
�

k
��� . ��� +w� x,� �

�
+w� x, = x � w

l �u >
�
D7\�

� ���> +58,

zklfk vkrzv wkdw Q� lv erxqghg surylghg �� � ���1

#&� $))� *����� �� ���� ��� )�	+� ����

Ohw xv lqyhvwljdwh d vlqjoh txhxh +ru pxowlsoh{hu, surfhvvlqj doo TrV fodvvhv l/ zklfk lv wkh vlpsohvw
uhsuhvhqwdwlrq ri dq dfwxdo vzlwfk ru urxwhu1 Wkh suhylrxv erxqg rq Q� gluhfwo| vkrzv=

Ohppd 5 Li hdfk fodvv kdv ghwhuplqlvwlf vhuylfh wlphv dqg vdwlv�hv d exuvwlqhvv frqvwudlqw +���> ���,
dqg li d idlu vfkhgxolqj srolf| lv xvhg zlwk �� � ���/ wkhq d }hur sdfnhw orvv lv jxdudqwhhg li wkh wrwdo
ex�hu vl}h J �

S
�MU ��� dqg ghod|v g� � G� duh jxdudqwhhg li G� �

7j�
7\�
=

Lqghhg/ jlyhq +58, zh nqrz wkdw wkh vxp ri doo txhxh ohqjwkv lv erxqghg e|
S

�MU ���1 Dqg/ zlwk
ghwhuplqlvwlf vhuylfh wlphv dqg d idlu srolf| zlwk �� � ���/ zh kdyh wkdw wkh dfwxdo ghod| g� ri mre l lv
xsshu erxqghg e|

g� �
pd{|+Q�+w,,

plq|+��+w,,
@

���
�
�

�
���
���

= +59,

Khqfh/ xqghu wkh frqglwlrqv ri wkh Ohppd/ erwk d }hur orvv dqg dq xsshu erxqg ri wkh ghod|
iru wkdw l0mre fdq eh h{suhvvhg lq ixqfwlrq ri ��� dqg ��� rqo|1 Wklv xqghuolqhv wkh lqwhuhvw lq wklv
ghwhuplqlvwlf dssurdfk iru sdfnhw qhwzrunv vxfk dv wkh Lqwhuqhw dqg DWP> lw vkrzv wkdw wkh| duh deoh
wr jxdudqwhh orvv dqg ghod| frqvwudlqwv1

Wklv uhvxow rq jxdudqwhhv pxvw eh txdol�hg/ krzhyhu1 Iluvw/ }hur sdfnhw orvv lv jxdudqwhhg surylghg
wkh exuvwlqhvv frqvwudlqw lv vdwlv�hg1 Wklv lv w|slfdoo| hqvxuhg e| xvh ri d wrnhq exfnhw/ zklfk lv d
irup ri dgplvvlrq frqwuro1 Wkxv/ li d xvhu*v �rz grhv qrw vdwlvi| wkh exuvwlqhvv frqvwudlqw/ vrph ri
lwv sdfnhwv pd| eh ghqlhg dgplvvlrq +dqg duh orvw,/ zkloh }hur sdfnhw orvv lv jxdudqwhhg wr dgplwwhg
sdfnhwv1 Vhfrqg/ wkh ghod| jxdudqwhhv duh ghwhuplqlvwlf ehfdxvh doo vwrfkdvwlflw| lv hlwkhu dvvxphg
wr eh erxqghg ru eh ghwhuplqlvwlf1 Lqghhg/ rqo| xqghu wkrvh dvvxpswlrqv duh wkh suredelolvwlf TrV
jxdudqwhh frqvwudlqwv +:, ri rxu jhqhudo prgho vdwlv�hg zlwk suredelolw| rqh +ru �� @ 3,1 Dq h{whqvlrq
ri +56, wr d suredelolvwlf vhwwlqj lq rughu wr lqfrusrudwh ��0uhtxluhphqwv dv lq +:,/

Su^O�+x> w, � ���+��, . ���+��, +w� x,` � ��> +5:,

zkhuh wkh exuvwlqhvv frqvwudlqw sdudphwhuv ehfrph ixqfwlrq ri wkh vwulqjhqf| ��> lqwurgxfhv wkh qhhg
iru odujh ghyldwlrq wkhru| dqg wkh frqfhsw ri htxlydohqw edqgzlgwkv1 Lq idfw/ ���+��, fdq eh gh�qhg dv
wkh htxlydohqw edqgzlgwk ri fodvv l0mre fruuhvsrqglqj wr d ��0vwulqjhqf| rq TrV uhtxluhphqwv1 Vxfk
dqdo|vlv udslgo| ehfrphv frpsoh{ dqg hyhq lqwudfwdeoh1 Wkh ghwhuplqlvwlf dqdo|vlv ex|v wudfwdelolw| dw
wkh h{shqvh ri d pruh uhvwulfwhg dqg dssur{lpdwh prgho1 Ilqdoo|/ wkh Ohppd uhtxluhv d idlu vfkhgxolqj
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uxoh wkdw jxdudqwhhv d plqlpdo vhuylfh udwh �� � ���1 Wkdw uhtxluhphqw gluhfwo| uhodwhv wr wkh fdsdflw|
frqvwudlqw +46,= [

�

�� �
[
�

��� �
[
�

�
�
� �=

Lq d fhuwdlq vhqvh/ lqsxw vkdslqj fruuhvsrqglqj wr wkh exuvwlqhvv frqvwudlqwv +���> ���, doorz xv wr
uhsodfh wkh gl�fxow suredelolvwlf frqvwudlqwv vshfl�hg yld +G�> %�, zlwk wklv vlpsoh/ olqhdu fdsdflw|
frqvwudlqw1 Xqiruwxqdwho|/ wkhuh lv qr vlpsoh zd| wr h{suhvv wkh exuvwlqhvv sdudphwhuv lq whupv ri
rxu jhqhudo vwrfkdvwlf prgho1 Pruhryhu/ iru pdq| +hvshfldoo| uhdo0wlph, dssolfdwlrqv/ wkh exuvwlqhvv
frqvwudlqw sdudphwhuv +���> ���, fdq rqo| eh hvwlpdwhg urxjko|/ dv phqwlrqhg hduolhu1 Wkh idfw wkdw wkhvh
exuvwlqhvv sdudphwhuv duh qrw hdvlo| dqdo|}hg dqg ghwhuplqhg vrphzkdw xqghuplqhv wkh dwwudfwlyhqhvv
ri wkh ghwhuplqlvwlf dssurdfk dv d vrxqg wkhruhwlfdo prgho/ dowkrxjk wkh dvvrfldwhg wrnhq exfnhw lv
zlgho| srsxodu1 Lq sduwlfxodu/ ehvlghv DWP*v Xvdjh Sdudphwhu Frqwuro +ru srolflqj ixqfwlrq, dovr wkh
LHWI*v Lqwhjudwhg Vhuylfhv/ erwk wkh jxdudqwhhg vhuylfh ^63` dqg wkh frqwuroohg0ordg vhuylfh ^69` duh
h{suhvvhg lq whupv ri wrnhq exfnhw sdudphwhuv +���> ���,1

#&� "����
,� ���	���� ����
�� -"��.

Idlu srolflhv qrw rqo| gl�hu lq wkh plqlpdo vhuylfh udwhv ��/ exw dovr lq krz wkh| doorfdwh wkh h{fhvv
fdsdflw|/ ghqrwhg e|

��+w, @ ��
[
�M�E|�

��= +5;,

Wkh zhoo0nqrzq Jhqhudol}hg Surfhvvru Vkdulqj ^58/ 56` lv d idlu vfkhgxolqj uxoh dv gh�qhg lq wkh Ohppd
wkdw jxdudqwhhv d plqlpdo vhuylfh udwh �� � ���/ dqg wkdw doorfdwhv wklv h{fhvv fdsdflw| sursruwlrqdo
wr wkh plqlpdo vhuylfh udwhv1 Zh uhylhz wkh gh�qlwlrq=

Gh�qlwlrq 5 Jhqhudol}hg Surfhvvru Vkdulqj zlwk zhljkw yhfwru ! � 3/ ghqrwhg JSV+!,/ vhuyhv fodvv
l dw udwh=

��+w, @ ��S
�M�E|� ��

� li l 5 E+w,/

@ 3 rwkhuzlvh1
+5<,

Vlqfh E+w, � L/ JSV jxdudqwhhv hdfk fodvv d plqlpdo vhuylfh udwh ri

�C�7
�

@
!�S
�MU !�

�> +63,

uhjdugohvv ri wkh suhvhqfh ri rwkhu edfnorjjhg fodvvhv1 Wkxv JSV lv _idlu% +Sduhnk dqg Jdoodjhu ^57`
suhvhqw dgglwlrqdo dwwudfwlyh surshuwlhv ri JSV,1 Wr r�hu wkh plqlpdo vhuylfh udwh �� � ��� wkh zhljkw
yhfwru vkrxog vdwlvi|=

!S
�MU !�

�
4

�
��= +64,

Wkxv/ d vlpsoh fkrlfh lv ! @ �
>
�� � �/ zkhuh ��� lv vshfl�hg yld +56, lpso|lqj wkdw doo mrev duh

frqvwudlqw e| d ohdn|0exfnhwS/ iru zklfk wkh suhylrxv ghwhuplqlvwlf dqdo|vlv vkrzv wkdw erwk orvv dqg
ghod| fdq eh jxdudqwhhg1 +Li/ dv phqwlrqhg hduolhu/ wkh sdudphwhuv +���> ���, duh qrw nqrzq dqg �rzv
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duh qrw uhjxodwhg/ wkhuh lv qr vlpsoh ru dssduhqw fkrlfh iru wkh zhljkw yhfwru !/ zklfk glplqlvkhv wkh
dwwudfwlyhqhvv ri JSV lq vxfk vhwwlqj1,

Olnh Jf�/ JSV lv d zrun0frqvhuylqj vfkhgxolqj glvflsolqh1 Dv dq| surfhvvru vkdulqj uxoh/ krzhyhu/
JSV lv _lghdo% lq wkh vhqvh wkdw lw dvvxphv wkdw duelwudu| vpdoo dprxqwv ri gdwd iurp hdfk ri wkh L
gl�huhqw mrev fdq eh vhuyhg lq f|folf rughu1 Lq uhdolw|/ d sdfnhw0edvhg yhuvlrq fdoohg _Zhljkwhg Idlu
Txhxlqj% ^;` ru SJSV ^57` lv lpsohphqwhg.1 Wkh dfwxdo vhuylfh udwh ��+w, lv frqvwdqw gxulqj lqwhuydov
zkhuh wkh vhw E+w, ri edfnorjjhg mrev lv frqvwdqw1 Wkxv/ gxulqj vxfk lqwhuydov/ JSV lv d vwdwlf uxoh
dqg wkh doorfdwlrq ri h{fhvv fdsdflw| ��+w, lv lqghshqghqw ri wkh dfwxdo txhxfrxqw yhfwru Q+w,1 Wkh
zrug _jhqhudol}hg% uhihuv wr duelwudu| zhljkwv !/ dv rssrvhg wr wkh vshfl�f fkrlfh ri !� @ !� lq
wudglwlrqdo xqlirup surfhvvru vkdulqj/ dqg wr wkh g|qdplf xsgdwh ri wkdw _frqvwdqw% udwh gxh wr wkh
h{whuqdolw| h�hfw/ wkh lqwhuihuhqfh zlwk rwkhuv mrev zklfk dowhuv ryhu wlph1 Ohw/ iru dq| � 5 +w�> w2,/
P�+w�> w2, @

U |2
|�
��+�, g� @ ��+�,+w2 � w�, ghqrwh wkh dprxqw ri zrun vhuyhg iru d l0mre lq wkh lqwhuydo

+w�> w2, gxulqj zklfk wkh vhw ri edfnorjjhg mrev E+w, grhv qrw fkdqjh dqg/ rq +5<,/ ��+w, @ ��+�,1 Yld
lqwhjudwlrq ri +5<,/ lw iroorzv wkdw JSV hqvxuhv wkdw iru dq| wzr �rzv n dqg o edfn0orjjhg gxulqj
+w�> w2, krogv

P&+w�> w2,

!&
@

P,+w�> w2,

!,
@ �

] |2

||

g�S
�M�E�� !�

ru/
�&+�,

!&
@

�,+�,

!,
@ fwh @

�S
�M�E1� !�

+65,

Wkxv/ JSV surylghv lqkhuhqw idluqhvv/ zkhuh idluqhvv lv phdvxuhg uhodwlyh wr wkh dprxqw ri uhvrxufhv
wkdw duh uhvhuyhg iru hdfk mre dv lqglfdwhg e| wkh zhljkw yhfwru !1

/ 0� �� ����
����
) *�1� ��� ��� "��

Zh vkrzhg wkdw Jf� lv wkh vfkhgxolqj uxoh wkdw surylghv rswlpdo txdolw| ohyhov e| plqlpl}lqj wkh
wrwdo h{shfwhg ghod| frvwv GF @

S
�MU ��H ^F�+g�,`/ zkhuh wkh ghod| frvw ixqfwlrqv F�+�, duh wkh edvlf

exloglqj eorfn wr prgho TrV +vhfwlrq 5,1 Zh vkrzhg wkdw Jf� lv d g|qdplf sulrulw| srolf| wkdw jlyhv
ixoo edqgzlgwk wr fodvv lW+w,=

�CS>� +w, @ � li l @ lW+w,>
@ 3 rwkhuzlvh=

JSV/ rq wkh rwkhu kdqg/ lv d idlu vfkhgxolqj uxoh wkdw fdq jxdudqwhh ghwhuplqlvwlf ghod| erxqgv
lq d exuvwlqhvv frqvwudlqhg/ ghwhuplqlvwlf �xlg prgho1 JSV lv dq dwwudfwlyh vfkhgxolqj uxoh qrw rqo|
ehfdxvh lw lv idlu dqg doorzv zruvw0fdvh ghod| jxdudqwhhv/ exw dovr ehfdxvh ri lwv vlpsolflw|/ �h{lelolw|
iurp fkdqjlqj wkh zhljkw yhfwru/ dqg dqdo|}delolw| ^57`1 Lq wklv vhfwlrq zh frqvlghu wkh iroorzlqj
txhvwlrqv= duh Jf� dqg JSV uhodwhg dqg krz fdq wkhlu xqltxh vwuhqjwkv eh frpelqhgB

E| frpsdulqj +65, dqg +4<,/ lw lv whpswlqj wr frqfoxgh wkdw f�
�
`�

4�

�
@ �

��
ru wkdw wkh ghod| frvw

ixqfwlrq xvhg lq JSV vkrxog eh olqhdu F�+w, @
|
��
= Zh nqrz/ krzhyhu/ wkdw zlwk olqhdu ghod| frvwv/

wkh Jf� uxoh ehfrphv d vwdwlf sulrulw| uxoh +wkh f�0uxoh, zkhuh rqo| wkh fodvv zlwk odujhvw lqgh{
lW+w, +53/ 54, lv vhuyhg/ zkloh JSV vkduhv fdsdflw| dprqj doo edfnorjjhg fodvvhv E+w, sursruwlrqdo
wr !� ri hdfk fodvv l1 Wkxv/ JSV dqg Jf� dv gh�qhg deryh duh gl�huhqw dv wkh| duh wkh uhvxow wr
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gl�huhqw rswlpl}dwlrq sureohpv1 Jf� zdv ghvljqhg wr plqlpl}h ghod|v dqg surfhvvru vkdulqj lv vwulfwo|
vxerswlpdo zlwk uhjdugv wr plqlpl}lqj ghod|vH=

Sursrvlwlrq 6 Sulrulw| vhuylfh |lhogv vpdoohu ghod|v dqg ghod| frvwv wkdq surfhvvru vkdulqj

Surri= Frqvlghu wkh iroorzlqj lqwhufkdqjh dujxphqw= frqvlghu wzr mrev D dqg E ri fodvv 4 dqg 5
zlwk vhuylfh wlphv +sdfnhw ohqjwkv, o� dqg o21 Dvvxph �uvw wkdw erwk mrev duulyhg dw dq hpsw| v|vwhp
dw wkh vdph wlph w @ 31 Dvvxplqj vwulfw sulrulw| vhuylfh/ vd| wr fodvv 4/ zh kdyh wkdw

gr|@|�S� @
o�
�
dqg gr|@|�S� @ gr|@|�S� .

o2
�
@

o� . o2
�

1

Xqghu _uhdo% vkdulqj ryhu wkh wzr mrev/ wkdw lv JSV zlwk zhljkw yhfwru +!�> !2 @ 4�!�, dqg 3 ? !� ? 4/
zkhuh zh dvvxph +rwkhuzlvh mxvw vzlwfk odehov D dqg E, wkdw ,�

��
� ,2

�2
+iurp zklfk iroorzv wkdw

,�
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� ,�n,2

��n�2
@ o� . o2 �

,2
�2
,/ zh kdyh wkdw
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o� . o2
�

@ gr|@|�S� / +66,

vr wkdw sulrulw| vhuylfh vwulfwo| lpsuryhv fodvv ghod|v/ dqg khqfh wrwdo ghod| frvwv1 Wkh vdph dujxphqw
dssolhv wr dq| wzr mrev fxuuhqwo| lq vhuylfh= vzlwfklqj iurp JSV wr vwdwlf sulrulw| vwulfwo| ghfuhdvhv
wkh ghod| ri wkh sulrulw| mre +dqg ri doo mrev duulylqj gxulqj wkh exv| f|foh ri wkdw sulrulw| fodvv,/
zlwkrxw lqfuhdvlqj wkh ghod| ri wkh qrq0sulrulw| mre +dqg ri doo mrev duulylqj gxulqj wkh exv| f|foh,1
Khqfh/ ghod|v dqg ghod| frvwv fdq eh ghfuhdvhg e| vzlwfklqj wr sulrulw| vhuylfh iru wzr vxfk mrev>
wkhuhiruh/ sulrulw| vhuylfh grplqdwhv surfhvvru vkdulqj lq jhqhudo1�

Wkxv/ zkhq lw frphv wr hqg0wr0hqg ghod| plqlpl}dwlrq/ vwulfw g|qdplf sulrulw| vhuylfh grplqdwhv
surfhvvru vkdulqj dqg Jf� grplqdwhv JSV wr plqlpl}h wrwdo ghod| frvwv1 JSV/ rq wkh rwkhu kdqg/
zdv ghvljqhg wr hqirufh idluqhvv dprqj fodvvhv> idluqhvv lq wkh vhqvh wkdw hdfk fodvv uhfhlyhv d plqlpdo
edqgzlgwk dw doo wlphv wkdw wkh fodvv lv qrq0hpsw|1 Vhuylqj doo fodvvhv lq rqh ILIR txhxh lv qrw
idlu ehfdxvh rqh exuvw| duulydo iurp d jlyhq fodvv pdnhv doo vxevhtxhqw rwkhu fodvv duulydo zdlw1 +Lq
rxu surri/ wkh zdlwlqj wlphv iru D dqg E duh }hur xqghu JSV/ zkhuh +reylrxvo|, rqh mre kdv vwulfwo|
srvlwlyh zdlwlqj wlph xqghu sulrulw| vhuylfh1,

Zkloh Jf� dqg JSV duh gl�huhqw/ dq dowhuqdwlyh lpsohphqwdwlrq ri Jf� wkdw vdwlv�hv wkh idluqhvv
fulwhulrq pdnhv JSV dv vxefodvv ri Jf� =

Gh�qlwlrq 6 Wkh surfhvvru0vkduhg Jf� uxoh/ ghqrwhg Jf�0SV/ doorfdwhv fdsdflw| dv

;l 5 E+w, = ��+w, @

�
�� li l 9@ lW+w,>
�� .��+w, li l @ lW+w,=

+67,

E| frqvwuxfwlrq/ Jf�0SV lv idlu/ exw gl�huhqw iurp jhqhudol}hg surfhvvru vkdulqj zlwk zhljkwv
!� @ ��1 Zkloh erwk uxohv doorfdwh d plqlpdo vhuylfh udwh �� @ �� wr hdfk qrq0hpsw| fodvv l/ wkh
gl�huhqfh vwhpv iurp wkh doorfdwlrq ri wkh h{fhvvb fdsdflw| ��+w,1Xqghu JSV wklv h{fhvv fdsdflw| lv
glvwulexwhg ryhu doo qrq0hpsw| fodvvhv lq �{hg sursruwlrq/ uhjdugohvv ri wkh txhxh frxqw1 Xqghu Jf�0
SV/ krzhyhu/ fodvv lW+w, jhwv doo h{fhvv fdsdflw|/ h{dfwo| lq dq dwwhpsw wr plqlpl}h wrwdo ghod| frvwv1
Lw vkrxog eh fohdu iurp rxu glvfxvvlrq deryh wkdw Jf� zloo |lhog orzhu wrwdo ghod| frvwv wkdq Jf�0SV
ehfdxvh wkh odwwhu jlyhv xs vrph frvw shuirupdqfh wr vdwlvi| dq dgglwlrqdo idluqhvv uhtxluhphqw1 Lw
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dovr lv fohdu wkdw Jf�0SV lv d ghod| frvw plqlpl}lqj idlu uxoh> dv d g|qdplf surfhvvru vkdulqj uxoh/ lw
rxwshuirupv JSV zlwk uhvshfwv wr frvw plqlpl}dwlrq1 Jf�0SV fdq dovr eh lqwhusuhwhg dv d g|qdplf
JSV uxoh= lw lv dwwudfwlyh ehfdxvh lw dxwrpdwlfdoo| dgmxvwv lwv surfhvvru vkdulqj iudfwlrqv ghshqglqj
rq wkh vwdwh ri wkh v|vwhp wr surylgh rswlpdo vhuylfh ohyhov +lq wkh frqwh{w ri rxu prgho,1 Dv vxfk/
Jf�0SV frpelqhv wkh xqltxh vwuhqjwkv ri JSV dqg Jf�1 Dv d idlu uxoh/ lw fdq jxdudqwhh ghod|
erxqgv lq d ghwhuplqlvwlf vhwwlqj zlwk exuvwlqhvv frqvwudlqwv dv zh vkrzhg lq vhfwlrq 81 Dv d uxoh
wkdw lpsohphqwv rswlpdo TrV ohyhov/ lw dxwrpdwlfdoo| dgmxvwv surfhvvru vkdulqj iudfwlrqv1 Wklv pd|
eh lpsruwdqw lq vwrfkdvwlf hqylurqphqwv zkhuh lw lv kdug wr frph xs zlwk wkh exuvwlqhvv frqvwudlqwv
sdudphwhuv +���> ���, dqg d jrrg fkrlfh ri wkh JSV zhljkw yhfwru !/ zklfk zrxog lqfrusrudwh h�hfwlyh
edqgzlgwk doorfdwlrqv1 Jf�0SV dxwrpdwlfdoo| lpsohphqwv rswlpdo txdolw| ohyhov lq rxu prgho zlwkrxw
qhhglqj frpsoh{ h�hfwlyh edqgzlgwkv1 Ilqdoo|/ wkh idfw wkdw Jf� dqg Jf�0SV dsso| wr qrq0vwdwlrqdu|
dqg �qlwh krul}rq vhwwlqjv pdnhv lw dsshdolqj wr fxuuhqw pxowlphgld hqylurqphqwv1

Zlwklq wkh iudphzrun ri wkh LHWI*v Gl�vhuy/ Jf�0SV dsshduv wr eh d surplvlqj vfkhgxolqj uxoh
iru erwk H{shglwhg Iruzduglqj +HI, dqg Dvvxuhg Iruzduglqj +DI,1 Wkh yluwxdo ohdvhg olqh fodvv/ HI/
qhhgv dgplvvlrq frqwuro dqg ehqh�wv iurp d plqlpxp vhuylfh udwh zkloh wkh DI fodvvhv duh pruh
dssursuldwho| vfkhgxohg lq wkh olqh ri wkh hfrqrplf rswlpl}dwlrq fulwhulrq wkdw ohdg wr Jf�1 Khqfh/
wkh plqlpxp vhuylfh udwhv �� lq +67, iru HI0fodvv mrev fdq eh ghwhuplqhg yld dgplvvlrq frqwuro +h1j1
edvhg rq d wrnhq exfnhw,1 Wkh uhpdlqlqj vhuyhu fdsdflw| ��+w, fdq eh ghyrwhg wr wkh irxu DI fodvvhv
wkdw duh gl�huhqwldwhg yld vxlwdeo| fkrvhq ghod| frvw ixqfwlrqv F�+=,1

2 (��	���
��

Zh kdyh suhvhqwhg dq lqwhjudwhg dssurdfk wr sulflqj dqg vfkhgxolqj iru vhuylfhv wkdw duh gl�huhqwldwhg
lq whupv ri wkurxjksxw/ ghod| dqg orvv vshfl�fdwlrqv1 Wkh nh| exloglqj eorfn wr wkh prgho duh txdolw|
ydoxh fxuyhv wkdw vshfli| wkh xvhu ydoxh ri kljkhu txdolw| ohyhov1 Iurp wkh dqdo|vlv hphujhv d sulflqj
uxoh wkdw fkdujhv edvhg rq udwh dqg txdolw| judgh/ dqg d g|qdplf vfkhgxolqj uxoh/ fdoohg wkh Jf� uxoh1
Wkh dqdo|vlv dovr ghulyhv wkh hfrqrplfdoo|0rswlpdo suredelolvwlf TrV jxdudqwhh sdudphwhuv1

Zh kdyh uhylhzhg wkh ghwhuplqlvwlf dssurdfk ri exuvwlqhvv frqvwudlqwv dqg idlu vfkhgxolqj uxohv wr
ghwhuplqlvwlf TrV jxdudqwhhv1 Wkh vfkhgxolqj wkdw dulvhv iurp wklv dqdo|vlv lv wkh zhoo0nqrzq JSV1
D frpsdudwlyh dqdo|vlv lqvsluhv wkh idlu Jf�0SV uxoh dv wkh vfkhgxolqj uxoh wkdw frpelqhv wkh xqltxh
vwuhqjwkv ri JSV dqg Jf�1 Zh sursrvh wkh Jf�0SV uxoh dv d wdloruhg vfkhgxolqj vroxwlrq iru erwk
wkh HI0fodvv dqg wkh DI0fodvvhv lq Gl�vhuy1

Rxu dqdo|vlv ehjv iru ixuwkhu vwxg| dorqj vhyhudo glphqvlrqv1 Lw zrxog eh lqwhuhvwlqj wr ixuwkhu
lqyhvwljdwh wkh uhodwlrqvkls ehwzhhq wkh ghod|0frvw plqlpl}dwlrq dssurdfk lpehgghg lq wkh Jf� uxoh
wr wkh frqfhswv ri h�hfwlyh edqgzlgwkv1 Dovr/ dq dojrulwkplf/ sdfnhw0edvhg lpsohphqwdwlrq ri wkh
Jf�0SV uxoh pd| eh ghvljqhg dqg lwv shuirupdqfh pd| eh frpsduhg wr wkh lghdo yhuvlrq suhvhqwhg
khuh1 Ilqdoo|/ rxu dqdo|vlv ri Jf� dw wkh qrgh ohyho vkrxog eh h{whqghg wr wkh qhwzrun fdvh1 E|
irfxvlqj rq wkh idlu Jf�0SV/ lw lv h{shfwhg wkdw vxfk qhwzrun dqdo|vlv pd| eh dqdo|wlfdoo| wudfwdeoh
xqghu exuvwlqhvv0frqvwudlqwv1
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