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Abstract

The minimal weight of the shortest path tree in a complete graph with independent and expo-
nential (mean 1) random link weights, is shown to converge to a Gaussian distribution. We prove
a conditional central limit theorem and show that the condition holds with probability converging
to 1.

1 Introduction

Consider the complete graph Ky ,,, with N + 1 nodes and 3 N(N + 1) links. To each link (or edge)
we independently assign an exponentially distributed weight with mean 1. The shortest path between
two nodes is that path whose sum of its links weights is minimal. (Each of these shortest paths is a.s.
unique.) The shortest path tree (SPT) is the union of the N shortest paths from a root (e.g. node
1) to all other nodes in the graph. In this paper we consider the total weight Wy of the SPT rooted
at node 1 to all other nodes in the complete graph. In [7, 9], we have rephrased the shortest path
problem between two arbitrary nodes in the complete graph with exponential link weights to a Markov
discovery process which starts the path searching process at the source and which is a continuous time
Markov chain with N + 1 states. Each state n represents the n already discovered nodes (including
the source node). If at some stage in the Markov discovery process n nodes are discovered, then the
next node is reached with rate A\, = n (N + 1 — n), which is the transition rate in the continuous-time
Markov chain. Since the discovery of nodes at each stage only increases n, the Markov discovery
process is a pure birth process with birth rate n (N 4+ 1 —n). We call 7, the inter-attachment time
between the inclusion of the nt" and (n+ 1) node to the SPT for n = 1,..., N. The inter-attachment
time 7, is exponentially distributed with parameter A, as follows from the theory of Markov processes.
By the memoryless property of the exponential distribution, the new node is added uniformly to an
already discovered node. Hence, the resulting SPT to all nodes is exactly a uniform recursive tree
(URT). A URT of size N + 1 is a random tree rooted at some source node and where at each stage a
new node is attached uniformly to one of the existing nodes until the total number of nodes is equal
to N + 1.
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The average of the weight Wy of the SPT equals

N o
E [Wy] :Z@, (1)

and the variance is

N 1 Ny X

The result for the mean (1) has been found first in [8], but it is rederived in Section 2.1 because the
method is considerably simpler. The derivation for the variance (2) is in Section 2.2 while many ap-

pearing sums are computed in the Appendix. The asymptotic form of the average weight is immediate

from (1) as
1
BV =¢(2)+0 (). ©
while the corresponding result for the variance, derived in Section 2.2, is
4 1
var [Wy] = % +o <N> . (4)

The third and main result in this paper is that we show that the scaled weight of the SPT tends
to a Gaussian. In particular,
VN (Wy —¢(2)) % N (0,02),

where 02 = 02, = 4¢ (3) ~ 4.80823. A related result for the minimum spanning tree (MST) is worth

mentioning. The average weight of the minimum spanning tree Wygr in the complete graph with
exponential with mean 1 (or uniform on [0,1]) link weights has been computed earlier by Frieze [3].

For large N, Frieze showed that
E [Wusr] — ¢ (3).

Janson [5] extended Frieze’s result by proving that the scaled weight of the MST tends to a Gaussian,
d
VN (Wast —C(3)) = N (O> O-I%/IST) )

where
o0 o0 o0

L ICRE) 3) D Phamamty WD) R s,

1! Th+2
=0 =1 k= ilkl(i 4+ 7 + k)?

The triple sum was exactly computed by Wistlund [10] resulting in

O-I%/[ST = 6¢ (4) —4¢ (3) .

2 The weight of the shortest path tree

From the Markov discovery process briefly explained in Section 1, the discovery time to the ktP

discovered node from the root equals

k
Vi = Z Tn, (5)
n=1



where the inter-attachment times 71,79, -+, 7, are independent, exponentially distributed random
variables with parameter \, = n(N +1—mn),1 < n < k. An arbitrary uniform recursive tree

consisting of N + 1 nodes and with the root labeled by zero can be represented as
(0—1)(Ng+—2)...(Ny «<— N) (6)

where (N; «— j) means that the j*® discovered node is attached to node N; € {0,...,j — 1}. Hence,
Nj is the predecessor of j and this relation is indicated by «—. The weight Wy of an arbitrary SPT
from the root 0 to all N other nodes is with (5) and vp = 0 and N7 = 0,

In the URT, the integer Vj, 1 < j < N, are independent and uniformly distributed over the interval
{0,...,j —1}. It is more convenient to use a discrete uniform random variable on {1,...,j} which we
define as A; = N; + 1. We rewrite

J

= Z Z Tn = Z Z ]—{Ajgn}Tn = ZTn Z 1{Aan}
n=1 j=n

j=1n=A; j=1n=1

The set {A;},;y are independent random variables with P[A4; = k] = % for k € {1,2,...,j}. In
addition, we define for n € {1,..., N} the random variables

N
Bn =) 1{a;n} (7)
j=n
to obtain
N
Wy = BuTn. (8)
n=1
The N random variables Bq, Bs, ..., By are dependent. The mean of the random variable B,, follows
from (7) as
N N N
BBy =Y B [1i,<n] = > P[4, <7 -3 ()
j=n j=n j=n

The variance var [B,,] and covariances cov [B,,, By,] are given in Lemma 1 below.

2.1 The average weight of the SPT

It is immediate from (8) and the independence of the Ay, As, ..., Ay from the inter-attachment times
T1,T9,...,Ty that
N N 1 N N N 1
- E B = _— —- = — —
> Bimsind =LYt S > -5 S L
n=1 n:l j=n =1 k=N+41—j

which is, by the equality (31) below, equal to (1).



2.2 The variance of the weight of the SPT

To compute the variance of Wy, we use the formula
var [WN] = var [E[WN|BI’ ey BNH + E[V&I‘ [WN|B1’ ey BNH' (10)

Since for an exponential random variable 7,, with parameter A, = n (N 4+ 1 —n), the expectation

equals 1/), and the variance 1/)\2, we have

N

E[Wy|By,...,By] =B |>_ Bu7a|B,..., By
n=1

N
= Z/\EIBm (11)
n=1

N N
var [Wy|By, ..., Byl =var | Buma|Bi,...,By| = > A,”B7. (12)
n=1 n=1
Combining (10), (11) and (12),
N N
var [Wy] = var [Z A Ba| ) NEBY. (13)
n=1 n=1

To proceed, we need expressions for the covariance of B, and B,,, which are computed in the following

lemma:

Lemma 1 For every n,m > 1,

(1)

(i)

N

cov[Bp, Bl = 3 ? (1 - ?) . n<m (15)

Jj=m

Proof.  The proof of (i) follows from that of (ii) with n = m.

(ii) The bilinearity of the covariance yields, for n < m,

N N N N
Cov [Bn, Bm] = COV Z 1{Ai§n}7 Z 1{Aj§m} = Z Z Ccov [1{A¢§n}7 1{Aj§m}] .

i=n j=m i=n j=m

Since A; and A; are independent for ¢ # j, we have that cov [1{,41.3”}, 1{Aj§m}] = 0, for ¢ # 7, such
that

N N N
Z Z cov [1{Ai§n}a 1{A]-§m}:| = Z cov [1{A]-§n}a 1{Aj§m}} .

i=n j=m j=m

With cov [1{Aj§n}7 1{Aj§m}] =E [1{Aj§n}1{Aj§m}} —P [AJ < TL] P [A] < m] and 1{Aj§n}1{Aj§m} =
1{4;<min(n,m)} = 1{4,<n} for n < m, we obtain

N N
Z cov {1{Aj§n}= 1{Aj§m}} - Z % <1 - ?) ' :
j=m "



Applying Lemma 1 to the right side of (13) gives

N N N
var [Wy] = var [Z A Ba| ) CNPEBI =2 AN eov [Ba, Bl + YA (E[B))?
n=1 n=1 n<m n=1

2

N N N
=23 A Y ? (1 - ?) +3702 Z? = Ty(N) + Ty(N).
j=m n=1 Jj=n

n<m

where the sum T1(N) is defined as

al 1 A AR A
N> o (D) ey () w
o (N+1=n)" \i=J e =k
and the last equality is proved in the Appendix (see (46) below), while
Al 1 1 m
Th (N) =2 -(1—— 1
2 (V) ;%(N+1—n)m(N+l—m)j;j< j> (17)
N N N n N 2
4 1 1 1 1 1
Z—Nﬂzﬁ*zﬁ”zmzz*( z?) ’
k=1 k=1 n=1" k=1 k=1

where the last equality is proved in the Appendix (see (44) below). Summing T (N) and T3 (N) gives
the explicit form (2) of the variance for Wy.
We next investigate the asymtotics of the variance of Wy for large N. We write the sum of the

last two terms in (2) by
AN A A
COTRTDSED S S 5

Then, for large N,

and, by summation, Q(N) = Q@ + O (%), where the limit Q = limy_ @ (N) exists, by (18). It

follows from [1, Corollary 4, main theorem] that

00 7 00
Q—4Z%Z%—5Zjl4—0, (19)

j=17 k=1 j=1
so that loe N
0og
o) =0 (7).

Hence, asymptotically, we arrive at (4).

3 Central limit theorem for W,

In this section we prove a central limit theorem for Wy. We use the symbol 2 to denote convergence

in distribution and the symbol i convergence in probability. We denote by o(Wy), the standard



deviation of Wy, so 0?(Wy) = var [Wy]. We denote by N(0,1) a random variable with standard
normal distribution. The main result proved in this section is the following central limit theorem for
Wiy

Theorem 2 As N — oo,
”N_E[”N] d
_ 0,1).
sy NGO

We start with an outline of the proof. We wish to prove that Wy is asymptotically normal, in the
sense that v N (W, — E[Wy]) has an asymptotic normal distribution. We first define

2 :i—BJZ (20)
: AN +1-4)*

j=1

We note that s is a random variable, and we sometimes make this explicit by writing s% (w), where
w is an element of the probability space.
We split Wy = Xy + Y, where

N N
1 B;
Xy=3 (1 —o—=)B; d Yy=Y — 21
PV ey ) L LG SN 1)) 2y

Jj=1

Our strategy is to prove the following steps:

1. Define an event Ay such that: (a) Ay is measurable with respect to the o-algebra generated
by {4; }J 1, (b) P(A%) < N7, and (c) Uniformly for w € Ay, we have Ns2(w) — 02 = o(1),

where
N
= NTi (N).
-VY it 00

Consecutively, we show that 0% = limy_.o0 02 exists.

2. Prove the central limit theorem for v/N X with variance Ns?, conditionally on {A;}Y.,, when

Jj=b
{A; W j=1 is such that Ay holds. More precisely, we will show that uniformly on Ay,

EA[eit\/NXN] _ eftst?\,/2 _’_0<1),
where E, is the conditional expectation given {A; }jvzl

3. Prove that v/ N(Yy —E[Yy]) converges in distribution to a normal random variable with variance
03 = limy_.oo NT2 (N).

Together, these steps prove Theorem 2. Indeed, we compute, using that Ay is measurable with

respect to the sigma-algebra generated by {A;}% i1

6(t) = Ble™N] = BNV L ]+ O(B(AS) = BIBA[™ V14, | + O(N),

We split Wy = Xy + Yy, and use that Yy is measurable with respect to {4; } *, to arrive at
o(t) = B[NV, [ VN1 4, | 4+ O(N ).
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According to Step 2, uniformly on Ay,

EA[eit\/NXN] _ eftQNs?v/2 +0(1),

and, according to Step 1, uniformly on Ay,

EA[eit\/NXN] — eftQUiN/Q + 0(1)

Therefore, using that E[Wy]| = E[Yy],

E[eit\/ﬁ(WNfE[WN])] _ E[eit\/ﬁ(WNfE[WN])lAN] +o(l) = e—tzaiN/QE[eit\/N(YNfE[YN])lAN] +o(1),

again by Step 1. Now, by Step 3, we have that

E[eit\/ﬁ(YN—E[YN])lAN] _ E[eitW(YN—E[YN})] +o(1) = o1203/2 +o(1)

)

so that
E[eit\/ﬁ(WN—E[WN])] _ 6—t202/2 +o(1),

2

where 02 = 02 + 02, and 0? = limy_ O‘%’N.

We now turn to the details of the proof. We will prove Steps 1-3 in Sections 3.1-3.3, respectively.

3.1 Step 1: The good event and convergence in probability of Ns?

Fix a € (0,1) and an integer ng, and define

AN - BN ﬂ CN,
where
N—Ne@
By = [ {IB; —E[Bj]| < exE[B;]}, (22)
j=N¢o
and
Nﬂ.
Cx = ({B; < max(2n, j) log N}, (23)
j=1
with
GN = N_a/3

Later we will see that in fact we need ng large and a > %. On the event By, with all random variables
Bj, with N* < j < N — N, are close to their respective mean E[B;]; on the event Cy, we have a
logarithmic bound on the random variables B;, with 1 < j < N¢.

We will show two lemmas. The first shows that Ay occurs with high probability, while the second

proves that Ns? is close to a constant on Ay. Together the lemmas imply the claims in step 1.
Lemma 3 Fizxa € (%, 1) and ng sufficiently large. Then, for N sufficiently large,
P(A5) < N-@79),

so that we can take § =2 —a > 1 in Step 1.



Proof. We use Boole’s inequality to obtain,

Ne N-—-N@
P(AS) <) P(B; > max(2ng,j)log N) + > P(|B; — E[B)]| > exE[B)]).
Jj=1 j=Na

Note that B; is the sum of independent indicators, and, therefore, by the estimate of Janson [6] and
with 0 < e < 1,
P(|B; — E[B,]| > €B[B;]) < 2¢~s<ElB)],

where E[B;] is given in (9) which we bound as

N N N N
jlog (—,)zj/ —d:ngE[Bj]gj/ —dx = jlog (—)
¥i j xr j—lx j—l

Therefore, we have that
N
P(|B; — BIB)]| > B[B]) < 2¢ 57757

which is o(N~2) for all ng < j < N® and ng sufficiently large. On the other hand, for j < ny,
P(B; > 2nglog N) < P(|B; — E[B;]| > noE[B;]) < N2,

again for ng sufficiently large. Hence,

NCL
Z]P’(Bj > max(2ng, j)log N) < N*. N~2 = N2t (24)
j=1

for ng sufficiently large.
We complete the argument as follows. For N* < j < N — N¢, we have that

P(|B; — B[B,]| > €B[B,]) < 2¢ 5718 T < 9e= 16N, (25)

since, uniformly for all j such that N* < 57 < N—N?%, we have jlog % > %N @, Indeed, this follows since
fn(g) = jlog % is first increasing and then decreasing. Therefore, uniformly for N < j < N — N®

fy(5) = min (fx(N®), fx(N = N%)). (26)
We note that, for N sufficiently large and a € (%, 1) fixed,

Fv(N) = (1 - ))N"log N > £N°,
and, using that log(1 —z) < —z,0 <z < 1,

1
fn(N =N >—(N—-NYlog(l - N1 >(N- NN+ > SNV

For ey = N~%3 we can use (25), to obtain, again for N sufficiently large,
N-N® \ g
3" P(1B; — E[B]| > exE[Bj]) < 2Ne 16V = o(N249), (27)
j=Ne
Combining the bounds (24) and (27) we obtain the statement in the lemma. O

B2 . .
Recall that Ns% = N Zé\;l PN We next investigate Ns? on the event Ay:
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Lemma 4 For N — oo, and uniformly on the event Ay,
N

E[B;])?
Ns2(w) — N; ],—2(](\[ [+ i])_ ke o(1).

Proof. From (7), it follows that B; < N + 1 — j. For N sufficiently large,

N 2 N
B: 1 2N
N Y 2 —o<N > =< = O(N* 1)
.2 . 2 — .2 — _ Y
e PN+ 1 =) N TNe I T NN
for any a < 1. Therefore, we have that
N—N¢ B2

Ns2(w)=N ; m +o(1).

On the event Cy, for N sufficiently large,

N¢ 2
B: (max( 2n0 7))%(log N)? ta 2

so that, on Cy,

N—-N¢ BZ
=N _— 1).
JXN:G N—l—l—]) +oll)

On By, and for N < j < N — N%, we can sandwich (1 — ey)?(E[B;])? < sz < (1 +en)?(E[B,])?, so
with probability at least 1 — O(N~(~%), we find,

2

Ns2(w) = (1+O(ex jZNa W}“’(l)'

Similar estimates as above yield that

Ne N
E[B-]2 E[B-P
Ny ——°  _ — (1 N - —(1).
2 mw1—g 2 P o0
7=1 j=N—-N¢a
This completes the proof of the lemma. O

The argument of convergence in probability of Ns%(w) is complete when we prove that
N
(E[Bj])2 2
N —F—— .

For this, we note that

Y. (B[B)))?
N;‘%ﬂm(m,

and from (47), we find that o? = 2¢ (2).



3.2 Step 2: Conditional central limit theorem for X

In this section, we compute E, [eit\/NXN ], where {A; } ", is such that Ay holds. For this, we note

that, for any random variable X with finite third moment, we have that
gbx(t) _ E[eitX] _ eitu—t202/2+0(|t|3m3)’ (28)

where 1 = E[X], 02 = var(X) and m3 = E[|X|?]. The independence of the 7;, conditionally on
{Aj}é-\;l, gives that

N
EA[elt\/NXN:I — H EA[elt\/N(Tjim)B]]

j=1
By (28), and since By, ..., By are measurable with respect to the c—algebra spanned by the random
variables A1, Ao, ..., Ay, we obtain that
; 1 B2 B3
- ezt\/ﬁ(‘rjfm)B]‘ ~ex [—t2N j +O(t3N3/2 j )}
4l I=ew w17 N s Ty
Therefore,
EA[eit\/NXN] _ e—tsti,/QeOﬂthN)
where

_ A73/2
N/Z N+1—j3'

We finally show that vy = o(1) on Ay. First, we note that, since Bj < N+1—jand a <1,

3/2 S B? 3/2 Yo 3314 1
N2 BNTI=gp = N2 SN sNE
j=N—No j=N—No

When j < N — N% we can use the bounds provided by Ay. We start with the contribution due to
j < N9, for which we can bound on Cy, for sufficiently large N, and some constant C' depending on

ng and a,

(2n0,7))3(log N)3 3_ 1
N3/2§ N3/2§: (max(2ny, J < Clog N> N2~ < N3,
N+1—j N+1—]) < Cllog N)"NZH < N7

Finally, for N* < j < N — N, we obtain on By, using E[B;] < jlog N,

N—-N¢ 3 N—-N¢
B; (E[B;])?
N3/2 Z j < (14 ex)3N32 Z j
3 _ 5\3 — 3 _ 3
e PINH1=]) e PIN+1=7)
N—-N¢
(log N)3
3N3/2
< (T+ex Z Nt1-j)p

< (1+ey)3(log N)3N3/2N*2a < N7,

for any n < 2a — , and we note that 7 > 0 when a > . This completes the proof that vy < N7
when a > %, and that, for {Aj}j-\[:1 such that Ay holds,

EA[G”‘/NXN] — o 1?Ns}/2,0(N™") _ ,—t*Ns3 /2 +o(1).
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3.3 Step 3: The central limit theorem for Y,

We again use convergence of characteristic functions to that of a normal random variable with mean

0. We rewrite

. N
\/N(YN E[Yy \/_Z N+1— Z Toa, <y — Z (Yin — E[Yi n]),
k=1

k:j

=

where

1{A <i)

The summands Y, y, ..., Yy y are 1ndependent. We wish to show that v N(Yy — E[Yy]) is asymptoti-

cally normal with asymptotic variance Nvar(Yy). From the independence of the summands,

E[ Zt\/_(YN EYN HE Zt YkN E[YkN])]
k=1

Then, we note that, for IV sufficiently large and using that j(Nilij) Ni_l( + N+11 j)

N

<\/NZ - 1 ‘ SSlogN' (30)
j=1

’Y’“NK\/_Z JIN+1—-j) = VN

1 )
Therefore, we have that, for IV sufficiently large and ¢ > 0,
E[eYen "ENRND] = exp { — (£2/2)var(Yi x) + O([tPmun) },

where m;, v = E[|Y, v — BY, x|?] denotes the absolute third central moment. By (30), we have that
Yiw — BY, x| < 38N 56 that

N 3log N
0g
m var (Y,
kN X \/N ( k,N)
Hence
N N
E[eit\/ﬁ(YN*E[YN] H ’Lt Yk ~N—E[ Yk N] H tzvar Yk N) /2+O(|t|3mk N)
k=1 k=1
—t2 02 N/Z O(|t]P02 yN~1/210g N)

=e€

This completes the proof because

N
= var(Yiy) = Nvar(Yy) = Nvar | Y A'B; | = NTy(N) — 03 = 4¢(3) — 2((2),
j=1

as shown by (45) in the appendix.

Appendix

In Section A we prove a couple of identities formulated as lemmas. Lemma 5 to Lemma 10 are all
proven in an identical way by taking differences. We therefore leave out some of the details. We
will denote the partial sums in these identities by C(N), D(N),..., instead of Cy, Dy, ..., in order
to distinguish them from the standard notation for random variables. In Section B, we apply these

identities to obtain asymptotic expressions for the variance of Xy and Yy.

11



A Identities

Lemma 5 For oll N > 1,

N N N 1
CN)=> = > < Zﬁ. (31)

j=1" k=N+1- ] k=

Sl =
L

The identity (31) was proved in [8] by induction. Earlier Coppersmith and Sorkin [2] have proved
(31) also by induction. We give a new and simpler proof.
Proof: Clearly, C(1) =1 and

1 L1 W Yoo 1
CIN)—CIN-D=5> 2+D> 5| > 7- 2 =
k=1 =1 7 \k=Nt1-j k=N—j
B SR W R YR N B S o D B S
TNk i\N"N—j) T N&k NN —j) N2
k=1 j=1 k=1 j=1

Summing both sides from N =2 to N = M, using C(1) = 1 and relabeling M — N then leads to the
right hand side in (31). O

A related sum which we will need is
N 2 N
1 1 1
(ZE) +§Zﬁ (32)
Relation (32) is straightforward by symmetry.
Lemma 6 For all N > 1,

T X 1 & & & &1 &
F(N) = E > ﬁzzﬁ > EZQZE_ZEZ}‘ (33)

k=1 j=N+1-k j=1

Proof: The first equality follows after reversion of the summations. Parallel to the proof of Lemma

5, the second equality is derived as

| Ny Ny Noo Na1
FINJ-F(N-1)=75> -+ 5| > - z
k=1 =177 \k=N71-5 k=N—j
_1%1 = 1%1 1. 1
- N2 __ — 3 N2 . N _
=k = INWN-J) =k N IN=5)
Writing = S k= 7 S+ +7» and using j(Nl—j) = %(% + ;]) on the second summand, we
find that N1
1 1 «— 1
F(N)—F(N-1)= - — -.
7=1
As in the proof of Lemma 5 this leads to the quoted result by iteration from F(1) = 1. O

The next lemma states a somewhat more involved identity:

12



Lemma 7 For all N > 1,

N L N A
G(N):ZE< > E) :ZﬁZa- (34)

1 Ny 2 Na1 1 No1y 1 2 N1 1 No1y 1
N)—G(N—-1)= = — - I I —
G( ) G( ) N (Tnz_l m) i k=1 k (nglk m i N) ; k (m:%lk i - k)
2
_1<i 1) +N11<<2 2 ) IS 1 )
— o 1. N _ N 2
N =1 k=1 k N N-k m=N+1—k m N (N - k)

N-1 N-1 N-1, N-1 N-1 N-1 ,\ 2 N-1
1 1 1 1 1 1 1 1 1
— = - —=D(N-1)- - == -] —-=
TH L 5Xi Y aeowen-Y -3 (Xh) 5T
k=1 m=N+1—k =1 " m=j+1 k=1 n=1 n=1
and the partial fractions result:
1 1 1 1
_ 35
KN k)2 N TNE(N—K) NN k) (3%)
we arrive at
N 2 N-1 \ 2 N-1 N
1 1 1 1 1 1 1 1
GIN)-G(N—-1)=— — | —= - -= - = — —.
m-c-n-g(Xa) -5 (23 -w i Wi
m=1 n=1 k=1 m=1
As before we obtain the result by iteration. a

Lemma 8 For all N > 1,

1N XN N =y
LIN)-LIN-1)==> - Y =% -} -
(N) ( ) N &~ n N k j
7j=1" n=N+1—j k=1 j=N-—k

With identity (31),

This yields the proof. U



Lemma 9 For all N > 1,

n=1 j=N+1-n k=1 n=1 k=1 n=1
Using the partial fraction result (35) on the last sum
N N N-1., N-1 N-1. N-1
2 1 1 2 1 1 2 1 1
R(N)—R(N—-1)=— — - — == — — — — — —
( ) ( ) N Z k Z 32 N2 Z k m N k m?
k=1 j=N+1-k k=1 m=N—k k=1 m=N-k
_2i1+2N‘11 i 1 =1 2N‘11Nz‘:
-~ N2 2 TN T 52 w2 | T N2 T
=7 Nk j=Nr-k? mEN—E il
_2%1 2 =1 — 1+2N‘11 1 1
- N24£~ 42 N2 k m N kE\N2 (N-—k)?
7j=1 k=1 m=N—k k=1
_2%1 2N’11+2N’11 20~1 1
TON2 —1j2 N2 = jz 3 — kN — k(N—k)27
j= j= k=1 k=1

where we have used (31). Using (35) to replace the last sum on the right side, we obtain,

6 21 2 &1
R(N)=R(N=1) =17 N3Zk N?Em2zﬁ_ﬁkz:%_ﬁzlﬁ‘
=1 m=

Summing both sides, and using R (1) = 2,

N o A TN | Nop&
;—4—2252g—22@2m‘

Together, this yields the proof.

Lemma 10 For all N > 1,

14



Proof: As before

N 2 N1 N-1 2 N2 N-1
1 1 1 1 1 1 1
T(N)=T(N-1)=— — — —r= -3 = —
mer-n-g (X)X 3 deq) X T tew
m=1 k=1 m=N+1—k k=1 m=N+1—k
2
_1<§:1) +N11<<2 2 ) IS 1 )
=Nz — 2\\y  ~v_% — Nz 3
N = m P k N N-k e TiE ™ N (N —k)
2
_1<2N:1) 2 %~ 1 i, 1+1N‘11 i T
2 — % - —twm2E 2l 2
N m=1"" N k=1 k(N — k) m=N+1—k m k=1 k k=1 k (N —k)
Now from taking partial fractions, (31) and (32),
S Ly L G-y 281 DIN-1) Ly L
k(N — k) m N 2 k N N m2’
k=1 m=N+1—k k=1 m=1

We can simplify this using the expressions for C'(NV) in (31) and D(N) in (32),

2
IR o NN oS S | SEA I on
k(N — k) m N2 k2N n 2N n?’
k=1 m=N+1—k k=1 = n=1

Using partial fraction expansion again yields

(41)

n=1 n=1 k=1 n=1 k=1
4 N—l1 9 N—l1
TN3 L N2 L2
k=1 k=1
2 2
1 (&1 1 1 (&1 2 = 1
v \ZnTN) T &) Tl
n=1 n=1 k=1
2=t 1 2= 2 & 2 &L
D IRl D B Ak v D Bt o it v D B
n=1 k=1 n=1 k=1

Using (39) then yields the proof. O
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B The asymptotic results for the variances

In this section we use the identities of Section A, in order to compute simplified expressions for To(N)

and T7 (V). Consequently we use these results for the asymptotic variance of Wy.
The sum T35 (N) (compare (17)) equals

1> (N) = Ri(N) — Rz(N),

where
N N N
ZQZZ N+1-n) (N+1— Z}
n=1m=n ]
and
N N 1 N
:222 (N+1-n)(N+1-m 23_2

n=1m=n ]
We start with the sum R;(N), and interchange the sums to obtain

m

NN 1

ZQE E b
:1]:mjn:1 (N+1—n)m(N+1—m)
N k n

1 1 1

=25 - .
Zkzn(l\/—i-l—n) N+1-m
k=1 n=1 m=1

Splitting (n(N + 1 —n))~! into two parts,
N .k N N N N
1 1 1 2 1 1 1
R ( ~N" 2 RN S N 3 -
1 1Zk2n NE RS D DD D) D

The first sum equals 2L(N) /(N + 1), where L(N) was simplified in Lemma 8.
By the same method that we used in (32) to obtain D(N), we find

S A T N N
Y. —=>.s=51 X -] t3 X =
meN+1—k " j=m 7 j=Nt1-k j=Nt1—k 7

S A B R A | A N AP T 1
5 2 EZ}ZEZE<_Z a) R X

Combining all,

(42)

(43)



We now turn to the sum

=22 ) T v 2 P

n=1m= Jj=m

N

.y 1 N 1_2N k 1 N 1_RN
oL AT maE i 2 R

= j=m k=1n=1 j=N+1-n

=

and R (N) was simplified in Lemma 8.
Together we find

s X1 X X (&Y
:N—Hzﬁ_5zﬁ+2zﬁzE+< ;7) ' 49
From (38) we find that R(N) — R(N — 1) = %52) + O(b]if—:?,—N), so that, by summation,

2¢(2)

R(N)=R+
where
nes g oS h S (S 4) < hew-cor-o
k=1 nl

The first equality follows by (19), while the second follows by [4, (9.542)1]. Thus, we obtain the

asymptotics

N N2
We finally turn to the second sum 77 (N) (see (16)), which sum is equal to the sum T'(N) displayed

TQ(N)—Rl(N)—R(N)—w+O<IOgN>. (45)

in Lemma 10. Therefore,

N 1 N g N1 X Noq\?
T(Ny=S —— il ) Y= N — . 46
1( ) n=1 (N+1—7’L)2 j—zn] 2_:]{3371:1” (2_: 2) ( )

From the proof of Lemma 10, the difference

N N log N
R -n-h= 5 o By LB S Lo (RgY),
k=1 k=1
which shows, by summation that for large N, T} (V) behaves asymptotically as

Ty (N) =T + %(2) +0 (101‘35\]) : (47)

where we write N
1)\ 5 9
- ( ;7) = 20y - ), (48)

y (19), while Equation [4, (9.542)1] implies that T} = 0.

on

and, again, the second equality follows

17



Remark. We note that 77 = 0 and @ = 0 can also be proved directly from the first equality in (46)
without resorting to [1, Corollary 4, main theorem|. We split 77(N) as

N/2 1 N 4 2 N 4 2
D PO IR S e POE
S (N+1-n) =) n 1IN/ N+1—n) ¥
For N sufficiently large, the first sum is bounded as
2

/2 | N g 3log? N

>N g < ’

SN+ 1-n)* N

while the second sum is, assuming that N/2 is an integer,

2

2
N N N/2 N

1 1 1 1
> el s] =2 sl 2 S
n=1+N/2 (N+1-n) i=n’ ot (N/2+1—-n) j=ntN/2?
2
N/2 N

1 1

SICIED o

m=1 m j=N+1-m J

For m < N/2, we bound the sum between brackets as

j:zv;mg ) /Nm? = —log (1 N) =n§to <W>
Hence, we obtain
2
N 1 N N/2 . N2

Combining both estimates shows that 77 (/N) — 0 as N — oo, hence T = 0.
From (17), we find that 75 = limy_,00 T2 (N) is

2
1 1 <1
:—5§:k4 §j—3 E+< @> . (49)
n=1 k=1 k=1

Equation (48) shows that

PT‘|*—‘

oo 1 n
=2> )t
n=1 k=1
The definition (18) of @) (N) together with (2) gives
QN)=T1(N)+Ta(N)+0 (N7)
from which @ = limy_,oc @ (IV) follows as
R=T1+1>=0

This result proves (19) independently from Borwein’s paper [1, Corollary 4, main theorem].
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