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Abstract

The class of graphs G}, (n1,n2, ...,np41), consisting of D +1 cliques Ky, , Kpy, .oy Kip .y, Placed
on a line and fully-interconnected between neighboring cliques, contains the graph with the largest
possible algebraic connectivity (second smallest eigenvalue of the Laplacian matrix) and the graph
with the largest possible spectral radius (largest eigenvalue of the adjacency matrix) among all
graphs with N nodes and diameter D. The spectrum of both the Laplacian and adjacency matrix
of G}, is computed: N —D —1 eigenvalues are exactly known, while the remaining D+ 1 eigenvalues
— among which the algebraic connectivity and spectral radius, respectively — are the zeros of an
orthogonal polynomial. For the Laplacian, the coefficients of these orthogonal polynomials are
exactly determined and bounds on the algebraic connectivity and spectral radius are given.

1 Introduction

Let G be a graph and let N denote the set of nodes and £ the set of links, with N = |A| nodes
and L = |L£]| links, respectively. The Laplacian matrix of G with N nodes is a N x N matrix
Q = A — A, where A = diag(d;) and d; is the degree of node i € N and A is the adjacency matrix of
G. The Laplacian eigenvalues are all real and nonnegative [2]. The set of all N Laplacian eigenvalues
uny =0 < puny_1 < ... < pq is called the Laplacian spectrum of G. We denote the set of eigenvalues of
the adjacency matrix by Ay < Ay_1 < -+ < A1, where )\ is called the spectral radius.

In a companion article [14], we determine, among all graphs with fixed diameter D and same
number of nodes N, the largest possible second smallest eigenvalue uy_1, also called after Fiedler’s
seminal paper [4], the algebraic connectivity. The algebraic connectivity is the eigenvalue of the
Laplacian, that is studied in most detail, because it features many interesting properties. In our
investigations, a particular class of graphs with extremal properties is constructed as follows. The
class of graphs G}, (n1,n2,...,npy1) is composed of D + 1 cliques Ky, Kn,, Kng, ..., Knpy and Ky
where the variable n; > 1 with 1 < 4 < D + 1 is the size or number of nodes of the i-th clique.
and K, for 2 <¢ < D. Two

Each clique K, is fully connected with its neighboring cliques K, nit1
graphs G; and G4 are fully connected if each node in G7 is connected to all the nodes in Gs. An

i—1

example of a member of the class G7,(n1,n2, ...,np4+1) is shown in Fig. 1. The total number of nodes
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in G(n1,n2,...,np41) is

The total number of links in G7, is

D+1

L= ]_21 (7;]) + i%%‘ﬂ (2)

where the first sum equals the number of intra-cluster links and the second the number of inter-cluster

links.
The main motivation to study the class of graphs G7,(n1,n2, ...,np41) with n; > 1 are its extremal

properties, that are proved elsewhere [14]:

Theorem 1 Any graph G(N, D) with N nodes and diameter D is a subgraph of at least one graph in

the class G3,(n1 = 1,na,...,np,np41 = 1).

Theorem 2 The mazimum of any Laplacian eigenvalue 11;(G%,), @ € [1, N] achieved in the class
Gh(n1 =1,n9,...,np,npy1 = 1) is also the mazimum among all the graphs with N nodes and diameter

D.

Theorem 3 The maximum number of links in a graph with given size N and diameter D is Lyax(N, D) =
(N_2D+2) + D —3, which can only be obtained by either G3,(1,...,1,n; = N—D,1,...,1) with j € [2, D],
where only one clique has size larger than one, or by G,(1,...,1,n; > 1,nj1 > 1,1,...,1) with

J € [2,D — 1] where only two cliques have size larger than one and they are next to each other.
Another valuable theorem, due to Van Dam [12] and related to Theorem 3, is

Theorem 4 The graph G7)(ni,n2,...,np41) with npq) = N — D and all other n; =1 is the graph
2
with largest spectral radius (i.e. largest eigenvalue of the adjacency matriz) among all graphs with a

same diameter D and number of nodes N .



Since the spectral radius is bounded by dg, = % < M < dmax, a combination of Theorems 3 and
4 leads to

D—-1)D -4
N—2D+3+¥§ max A\ < N—-D+1
N G(N,D)
If D= N —1, we see that

2
2—— < max M\ <2
G(N,D)

In this article, we show that the spectrum of the Laplacian and adjacency matrix of the graphs
G (n1,na,...,npy1) can be computed: N — D — 1 eigenvalues are exactly known, while the remaining
D + 1 eigenvalues are the zeros of an orthogonal polynomial. The focus of this article is to deduce
the spectrum and to link it to a class of yet unknown orthogonal polynomials. Although there is
an extensive classification being performed by Koekoek and Swarttouw [8], our set of orthogonal
polynomials is not easy to classify, due to the very general parametrization. For the special case of
n; =1, GH(1,1,...,1) reduces to a simple chain or line topology, whose spectrum is completely known
and thus also the related Chebyshev orthogonal polynomials. But, in general, little is known. Since
our orthogonal set of polynomials are related to a graph with extremal properties, we attempt to
provide as much properties as possible of this “new” general set.

Section 2 starts with the algebraic computation of the eigenvalues of the Laplacian Qgz of the
graph G7,, from which a recursive structure or a continued fraction pops up, that is a basic property
of orthogonal polynomials, as shown in Section 3. We show that the non-trival eigenvalues of the
Laplacian QGB’ including the algebraic connectivity, are the zeros of an orthogonal polynomial pp (1),
and equivalently, of a Jacobi (D + 1) x (D + 1) matrix. Likewise, all eigenvalues of the adjancency
matrix Ags , different from A = —1, are the zeros of an orthogonal polynomial wp (A + 1). The Jacobi
matrix is computationally interesting, because the eigenvalue problem is reduced from a N x N to a
(D + 1) x (D + 1) tri-diagonal matrix. In addition, in most practical cases, the diameter D of a graph
is considerably smaller than its size IN. Section 4 presents the exact coefficients of the orthogonal
polynomial pp (1), while Section 5 gives bounds for the algebraic connectivity zp and the largest zero
z1 of pp (p). The final Section 6 applies all previous deduced results for the Laplacian to the adjacency

matrix.

2 Eigenvalues of the Laplacian of G},(ny,ng,...,np41)
Theorem 5 The characteristic polynomial of the Laplacian Qgsy of GH(ni,n2,...,npy1) equals
det (Qay, — il ) = pp (1) T (g + 1 — oy (3)

where dj = nj_1 +nj +nj1 — 1 denotes the degree of a node in clique j. The polynomial pp () =
Hfjlléj is of degree D + 1 in p and the function 6; = 0; (D; 1) obeys the recursion

b=+ 1- )~ (5241 )m, (@)
7—1

with initial condition 8g = 1 and with the convention that ng = npya = 0.



Two proofs are given of Theorem 5: an elementary one is given in Appendix B, while the proof
below uses the concept of a quotient matrix (see e.g. [6]), that we first define. Consider the k-
partition of a graph G that separate the node set A/ of G into k € [1, N] disjoint, non-empty subsets
{N1, Na, ..., Ni}. Correspondingly, the quotient matrix A™ of the adjacency matrix of G is a k X k
matrix where A7, is the average number of neighbors in Nj of nodes in Nj;. Similarly, the quotient
matrix Q™ of the Laplacian matrix () of G is a k x k matrix where
_ _{ —AT, if i # j
ij = #kAZk?’ ifi=y
A partition is called regular or equitable if for all 1 < 4,5 < k the number of neighbors in N is
the same for all the nodes in N;. The eigenvalues derived from the quotient matrix A™ (Q™) of the

adjacency A (Laplacian @)) matrix are also eigenvalues of A(Q) given the partition is equitable.

Proof: The partition that separates the graph G7,(n1, na, ..., np+1) into the D+1 cliques Ky, , Kp,, ...

is equitable. The quotient matrix Q™ of the Laplacian matrix @ of G is

no —nN9
—ni n1+ng —ng
o = —nNg ng +n4 —nNg
—Nnp-1 Np-1+Npy+1 —ND+1
L —nD np _
We apply the method of subsequent expansion using (39) to
[ ne—p —mp |
—nq ny+n3g—u —nsg
—n2 ng+mng—p —Nyg
det (Q — ) =
—Np-1 Np—1+Npy1— M4 —ND41
L —Nnp np —p i
ity - 2 g ]
—ng ng+ng—p —ng
= (ng — ) det

—Nnp-1 Np-1+nNpy1— K —ND+1
—np np —p

We repeat the method and obtain

nin
det (QT — ul) = (no — p) <n1+n3—;z— L 2>><
ng — [

nansg
ni+ng—pu—

n2+n4—u—( nm) —N4

ng—H
det
—Nnp-1 Np-1+nNpy1— K —ND+1

—np np — p

)

K,

np+1



Eventually, we find

- D+1
det (Q" — ul) = szl 0
where 0; follows the recursion
1T
0j = (nj—1+mnjp—A) - g—lj
-1

with initial condition #y = 1 and with the convention that ng = npyrs = 0. When written in terms of
the degree d; = nj_1 +n; +nj 1 — 1, we obtain (4).

Any two nodes s and ¢ in a same clique K, of G}, are connected to each other and they are
connected to the same set of neighbors. The two rows in det (QG}B —ul ) corresponding to node s
and ¢ are the same when p = d; + 1, where d; is the degree of all nodes in clique K,,. In this case,
det <Qg*D —ul ) = 0 since the rank of Q¢+ — pul is reduced by 1. Hence, p = d; + 1 is an eigenvalue
of the Laplacian matrix Q¢+ . The corresponding eigenvector = has only two non-zero components,
xs = —x¢ # 0. Since the D + 1 partitions of G7,(n1,n2,...,np41) are equitable, the D 4 1 eigenvalues
of @7, which are the roots of det (Q™ — ul) = 0, are also the eigenvalues of the Laplacian matrix
Qg*D. Each eigenvector of Qg*D, belonging to the D + 1 eigenvalues, has the same elements x; = x; if
the nodes s and ¢ belong to the same clique. Hence, the Laplacian matrix Q¢+ has D + 1 nontrivial
eigenvalues, which are the roots of det (Q™ — /) = 0 and trivial eigenvalues d; + 1 with multiplicity
n;—1lforl1<j<D+1 O

Theorem 5 shows that the Laplacian QGB has eigenvalues at yu; = n;_1 +n; +njy1 = d; +1 with
multiplicity n; — 1 for 1 < j < D + 1, with the convention that ng = npy2 = 0. The less trivial zeros
are solutions of the polynomial pp (1), where 6; is recursively defined via (4). Thus, the polynomial

of interest is

D+1 D+1
po () =TI, (Dsp) = > e (D) p* = ] (2r — ) (5)
k=0 k=1

where the dependence of 6; on the diameter D and on p is explicitly written and where the product
with the non-negative zeros zpi1 < zp < --- < 2z follows from the definition of the eigenvalue
equation (see [13, p. 435-436]). Moreover, each z; € [0, N] because each Laplacian eigenvalue of any

graph is contained in the interval [0, N].

Corollary 1 At least three Laplacian eigenvalues of G, the two smallest Laplacian eigenvalues piy =
0 and un—1 and the largest one 1, are equal to the zero zpy1 = 0, zp and z1 of the polynomial pp (1),

respectively.

Proof: Since all the explicit Laplacian eigenvalues pj = d; + 1 of G7, in (3) are larger than zero
and since p = 0 is an eigenvalue of any Laplacian, the polynomial pp (1) must have a zero at u = 0.
Grone and Merris [7] succeeded to improve Fiedler’s lower bound and proved that, for any graph,
UN—1 < dmin, where dpi, is the minimum degree in the graph. All trivial eigenvalues are larger than
the minimum degree since p1; = d; +1 > d; > dpin, which implies that the algebraic connectivity
UN—1 = 2D, the smallest positive zero of pp (u).

The largest Laplacian eigenvalue obeys f11 > dmax + 1. Brouwer and Haemers [3] further show that

the equality holds if and only if there is a node connecting to all the other nodes in the graph. Hence,



when the diameter D > 2, the largest eigenvalue is always a nontrivial eigenvalue, i.e. u; = z;. When
D = 2, the zeros of

pp (1) = p (B = (N +1n2) p+ Nnz) = pu (= N) (1 — n2)

are z3 = 0, 20 = ny and z; = N. Since the largest eigenvalue pq € [0, N], p1 = 21. O
Since pp (0) = 0, we rewrite (5) as

D D
po () =Y o1 (D) pF = —p] ] (2 — )
k=0 k=1
Our main goal is to find the smallest positive zero zp of the polynomial
D D
o) =228 — - S ey D) = T (- ©
k=0 k=1

which is the algebraic connectivity zp = un—1 of the Laplacian Q)gy . Notice that all coefficients of
.\ _ pp(=m)
ap (—p) = m

are strict positive.

3 Orthogonal polynomials

In the sequel, we will show that pp (1) belongs to a set of orthogonal polynomials. We refer to Szego’s

classical book [11] for the beautiful theory of orthogonal polynomials.

3.1 The recursive nature of (4)

Lemma 6 For all j > 0, the functions 0; (D;x) are rational functions

tj (D;z)

0j (D;x) = b (Dia)

(7)
where t;j (z) is a polynomial of degree j in x = —p and to (D;x) = 1.

Proof: It holds for j = 1 as verified from (4) because 0y (D;x) = 1. Let us assume that (4) holds
for j — 1 (induction argument). Substitution of (7) into the right hand side of (4),

(z4n;_14nj11)tj—1(Dsx)—nj_i1n;tj_2(D;x) .
0, (D;x) = e e 1=J<D
I (IJFnD)tD(D;It)D*(nDDi;)DJrltD—l(DQI) j=D+1

indeed shows that the left hand side is of the form (7) for j. This demonstrates the induction argument
and proves the lemma. O
Introducing (7) into the definition (5) yields
[1724 (D; )

po (=) = [T t-1 (Ds )

We rewrite (7) as t; (D;x) = 0; (D;x)tj—1 (D;x) and with (4), we obtain the set of polynomials

=tp41 (D;x)

tp+1(D;z) = (x+np)tp (D;x) —npnpiitp—1 (D;x)
tj (D;x) = (x+nj—1 +njp1)tj—1 (Dyx) —nj_ingtjo (D;jx) for 1 <j< D (8)
t1(D;z) = (z + na) to (D; )



where to (D;x) = 1. By iterating the equation upwards, we find that

j+1
[[om 1<i<D
m=2

0 j=D+1

tj (D;0) = 9)

Thus, tpy1 (D;0) =0 (and thus p1;1 (D;0) = 0) implies that pp (@) must have a zero at g = 0, which
is, indeed, a general property of any Laplacian as mentioned in Corollary 1. From (7), it then follows
that

9]' (D;0) = nj+1 >0

For a fixed D, the sequence {¢; (D; )}, ;<p4 is an orthogonal set of polynomials because it obeys
Favard’s three-term recurrence relation (see e.g. [5]). The zeros of any set of orthogonal polynomials
are all simple, real and lying in the orthogonality interval [a, b], which is here for the Laplacian equal to
[0, N]. Moreover, the zeros of t; (D;x) and t;_1 (D;z) are interlaced. In other words, in between two
zeros of t;_1 (D;x), there is precisely one zero of ¢; (D;z) and between two zeros of t; (D;x) there is
at least one zero of ¢ (D;x) with & > j. This property shows that the set {t; (D; m)}OSjSD-’-l is finite
and cannot be extended beyond D + 1, because the smallest zero of the highest degree polynomial
tp+1 (D;z) coincides with the lower boundary of the orthogonality interval. The special equation for
tp+1 (D;z) in (8), with np instead of np_1 + npy1, guarantees this zero at = = 0; it is the basic
difference in structure compared to the orthogonal set (33) of the corresponding adjacency matrix (see
Section 6).

3.2 Jacobi Matrix of the set {t; (D,z)},.,.p,,

As known in the theory of orthogonal polynomials [5], it is instructive to rewrite the j-equation in (8)

as
Ttj_q (D;z) = nj_1nt;_o (D;z) — (nj_l + nj+1) tj1 (D;x) + t; (D;x)
T
and, in matrix form by defining the vector 7 (D;z) = | to(D;x) t1(D;z) --- tp_1(D;z) tp(D;x) ] ,
[ tO 1 [ —TLQ 1 1 I to 1 [ 0 1
t1 ning — (n1 + n3) 1 t1 0
x = +
tp-1 np—inp —(np-1+npy1) 1 tp—1 0
L tp i L nNDpND+1 —np | [ tp | i tD+1 ]

where t; = t; (D;z). Thus, the three-term recursion set of polynomials (8) is written in matrix form
as
7 (D;x) = M7 (D;2) +tpi1 (D;x) epya (10)



where the basic vector epy; =10 0 --- 0 1| andthe (D+1)x (D4 1) Jacobi matrix is

np-inp —(np-1+mnpy1) 1

DN D+1 —ND

When x = z, is a zero of tpy1 (D;x) = pp (—x), then (10) reduces to the eigenvalue equation
Mt (D; z,) = 2,7 (D; 21)

such that z; is an eigenvalue of M belonging to the eigenvector 7 (D; zx). This eigenvector is never
equal to the zero vector because the first component tg (z; D) = 1. The special case where zpy; =0
leads again to (9) and all components of 7 (D;0) are positive.

The quotient matrix Q™ has the same eigenvalues as the Jacobian M, such that both are also related

by a similarity transform. In addition, there must be a similarity transform to make the matrix M sym-

metric (since all eigenvalues are real). The simplest similarity transform is H = diag(hy, ho,...,hpi1)
such that
_ , -
—ngy b
h h
Bnng  —(n1+ng) e
M=HMH ' =
"o pp_oinp —(np_1+npy1) TR
hip_g WD—1MD D-1 D+1)  hpg
h
i tnpnpy1 D |

Thus, in order to have M = M7, we need to require that (]TJ) = (]TJ) g forall 2 <7< D41,

implying that

h; i hi—1
hifl 1—17% hz
whence,
hi—1
h T V1T
7
and h; = \/ﬁhi,l for 2<i< D+ 1 and h; = 1. Thus,
. 1 1 1
H =diag | 1, T FErutRRRE 5
,/nlnank ,/nlnDJrlan
k=2 k=2
d the ei tor belonging t Is7(D;0)=H7t (D;0)= 1 L RD_1 Zp ’
and the eigenvector belonging to zero equals 7 (D;0) = Ht (D;0) = 2 - D



After the similarity transform H, the result is

—n2 /12
iz —(n+ng) g
M=HMH'= ' . s
JAD D —(np_1+npy1) /ADADII
vVNDND+1 —Np

In summary, all non-trivial eigenvalues of Qs are also eigenvalues of the (much simpler and

smaller) matrix —M or —M .

3.3 Deductions from the Jacobian M

A number of consequence can be deduced. First, Gerschgorin’s theorem [9] tells us that there lies a
zero zj, of pp () centered around n;_; + n;y1 with radius 1 +n;n;_1 or, from -M , centered around
nj—1+njt1 with radius | /mj (\/m + \/m), which leads to sharper bounds. However, not always.
In particular as follows from —M, there lies a zero of pp (x) in the interval [ng — 1,n2 + 1].

A second consequence from the Jacobian symmetric matrix — M is the following asymptotic result

Theorem 7 For a constant diameter D and large N, all non-trivial eigenvalues of both the adjacency
and Laplacian matriz of any graph in the class G,(ni,n2,...,np,np41) scale linearly with N, the

number of nodes.

Proof: Each non-trivial eigenvalue p of the Laplacian satisfies the eigenvalue equation — M Y= uy,
where y is the corresponding normalized eigenvector such that the Euclidian norm y’y = ||y\|§ = 1.
We now define the rational number o; = %l, for each 1 < j < D + 1. It follows from (1) and n; > 1
that 0 < a; <1 and Zf;ll a; = 1. The Jacobian matrix then becomes M=N R, where

—Q A/ X102
Vaiag — (a1 +a3) Jaas

=
I

Jvap—iap —(ap-1+apy1) JApApi
VaDoD 1 —ap

For small N, the dependence! of a; on N will influence p. For large N, on the other hand, since the
norm of R is bounded for a constant D independent of N, and the eigenvector y is normalized, we
observe from the eigenvalue equation that u = —N yTﬁy = N (c+o0(1)), where c is only dependent
on D. This means that, for large N, the eigenvalue u scales linearly with N. Since the argument
holds as well for the adjacency matrix (see Section 6), the theorem is proved. O

Combining Theorem 7 and 2 and Corollary 1 implies that, for large N, the highest possible
achievable algebraic connectivity in networks G (N, D) is a linear function of N, provided the diameter

D is independent from N.

n particular, for n1 = np4+1 = 1, the dependence on N is obvious because a1 = ap+1 = %



Finally, we mention that the corresponding squareroot matrix B of the Gram matrix —M = BB

can be computed explicitly as

vz -y
0 Vi —ym

in contrast to the general theory of orthogonal polynomials, where each element of the squareroot
matrix of a positive semi-definite Jacobi matrix is a continued fraction. Although all eigenvalues and
eigenvectors of B are explicitly known, there does not seem to exist a general method to link these

/1 eigenvalues of B to those of M (or M).

4 Coefficients c; (D) of the polynomial pp (z)

In this section, we will show that all the coefficients of the characteristic polynomial of M, i.e. the
polynomial pp (x), can be exactly computed.
For 1 <75 < D + 1, we write the polynomials as
J
tj (Dyz) =Y by (j; D)2 (12)
k=0

and (5) relates by (D + 1; D) = (—1)*¢;, (D). Moreover, (9) shows that, for 1 < j < D,

j+1
bo (j; D) = [ [ nm (13)
m=2

while by (D + 1; D) = 0. Introduction of (12) into the recursive set (8) of polynomials yields, for
J=D+1,

D+1 D D—1
Y b (D+1;D)a* = (x+np) Y by (D;D)z* —npnpi1 Y b (D —1;D)a
k=0 k=0 k=0
D+1 D D—1
=Y b1 (D;D) 2" +> npbp (D; D) 2" = " npnpiaby (D - 1; D) 2
k=1 k=0 k=0
= npbo (D; D) — npnpi1by (D — 1;D) + bp (D; D) 2P+t
D
+ Y {br—1 (D; D) + npbg (D; D) = npnp by (D — 1; D)} 2*
k=1

After equating corresponding powers in x (higher than zero),

bp+1 (D +1;D) =bp (D; D)
b (D +1; D) = by—1 (D; D) + npby, (D; D) — npnpy1by (D — 1; D)

10



Similarly, we find for 1 < j < D, that

bj (j; D) = bj-1(j —1; D)
bk (3 D) = bk—1(j — 1; D) + (nj—1 + nj41) b (4 — 1; D) — mj—anjby (j — 2; D)
while for j = 1, t; (D;x) = © + ng and t; (D;x) = b1 (1;D)x + bo (1; D). Thus, by (1, D) = 1, which

shows that b; (j; D) =1forall1 <j<D+1.
In summary, the coefficients cj, (D) = (—1)*b; (D + 1; D) of pp (1) obey the recursion

b (D +1; D) = b1 (D; D) + npby (D; D) — npnpi1bg (D — 1; D) (14)
and
b (45 D) = br—1 (j — 1; D) + (nj—1 + njp1) by (j — 1; D) — nj—injby (j — 2; D) (15)

forall1 <j<Dand0< k< D+ 1, while cpy1 (D) = (—=1)P*! and ¢y (D) = 0. Since all zeros of
pp (p) are real and non-negative, by (D + 1; D) > 0 for all k£ > 0.

4.1 A two-term recursion for b (j; D)

Lemma 8 The k-th coefficient by (j; D) of the polynomial tj (D;x) = Zi:e by (j; D) z* obeys, for
j <D and k > 1, beside the three-term recursion (15), also the two-term recursion,

j+1

by D) = 30 3 et Z BDI T (16)

q=k m=k MqNg+1

Proof: We can rewrite (15) as
bk (; D) — njaby (7 — 1, D) = b1 (j — L, D) +nj1 {bx (j — 1; D) — njby ( — 2: D)}
Let
7k (J; D) = be (j; D) — njyaby (j — 15 D) (17)

then the recursion equation (15) is
rk (J3 D) = bp—1 (j — 1; D) + nj1ri (j — 13 D)
Iterating [ = j — k + 1 times until by_1 (j — I; D) = bi—1 (k — 1; D) = 1 yields

Tk (J; D) = bp—1(j — ;D) +nj_1br—1 (j — 2; D) + nj_anj_17; (j — 2; D)
=br1(j—1;D)+nj1bp_1(j —2;D) +njon; 1bx_1(j —3; D)
+ nj—gnj—onj_17y (j — 3; D)

such that
G—k+1 j—1

re(5;D)= > | I ms|bk1(G—1D)

I=1 \s=j+1-1

11



or, with m =75 — 1,

j—1 j—1
. (j; D) = ( 11 n) bg_1 (m; D) (18)

from which (or from the definition (17))
Tk (k‘, D) = bk; (k‘; D) — nj+1bk (k‘ — 1; D) =1
Analogously, for a given 7 (j; D), the definition (17) of r (7; D) is also a recursion in by (j; D)
that can be iterated,
bi (j; D) = 11 (J; D) + njabe (j — 1; D)
=71, (J; D) + njp1r (5 — 1, D) +njpangby (§ — 25 D)
k(73 D) +njp1re (= 1; D) +njpangre (5 — 2, D) + njrangng1by (j — 3; D)

I
<

i—k J+1

= H Ns Tk(j_l§D)

1=0 \s=j+2—1

Combined with (18) leads, for j < D, to

G—k j—k—l j+1 j—l-1
bi. (4; D) = IT »- IT 7 |btsaG—1—m—1;D) (19)
=0 m=0 s=j+2-1 s=j—l-m
j+1 j—l—1 j+1
With H N H Ns = mmms m;+1 l H ng, we have
s=j+2—1 s=j—Il-m s=j—l-m
kj—k—l j+1
L e (j—1-m—-1,D) “*
b (7 > II »
=0 m=0 =M +1-1 s=j—l-m

After letting ¢ = j — k, we obtain a closed expression that relates, for j < D, the coefficients by, (j; D)
to br—1 (j; D),

Jj ak b (q m— j+1

br (7; D) = g ||

k (]7 ) NgNg+1 s
q=k m=0 s=q—m

which is (16). O

A number of consequences can be drawn from Lemma 8. First, relation (19) shows that, since
bo (7; D) is an integer, all by, (j; D) are integers and, hence, all coefficients ¢ (D). Moreover, an increase
in any size n; > 1 of clique j cannot decrease by, (j; D).

Next, relation (14) is simplified with the definition (17) as

be (D + 1; D) = by—1 (D; D) + npry (D; D) (20)

b
Introducing (18) in (20) and the convention that Hf () =1if a > b yields
j=a

D D
b(D+1;D) = ) ( 11 ns) be—1 (m; D) (21)

m=k—1 \s=m+1
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The general relation (16) immediately leads, for £ = 1 and using (13), to

Jj g1 Jj+1 qg—m

JIRSIE

Thus, for j < D, we have

s=2 q=1
Using (13) in (21) yields, with (1),
D
¢1(D) = =by (D +1;D) = =N [ m (23)
m=2
From (6), it follows that
D
ca (D)= —sz
k=1

The number of minimum spanning trees, also called the complexity ¢ (G7,), of G7, equals, using (23)
and (3),

N—-1
1
€(Gp) = HDH(deFanlHZk
D
- H]:l ( J + ) Hnm
m=2

4.2 The general solution

Lemma 9 The k-th coefficient by, (j; D) of the polynomial t; (D;x) = ] _obi (j; D)2 is, for j < D
and k > 1, equal to

Jj+1 Jj+1

=1l >

n,
5=2  qpr1=k+1 "ar41 =14k 41 =k

1 wped(T ) o (Btn) oS e
Y ey U,

=1

(24)

g, —1Mq, Ngp_1—1Mq_4 Ngy—1Mgy

qr—1=k—1 q2=2

while by (7; D) is given by (13).

Proof (by induction): The case for k = 1, given in (22), is of the form of (24). We assume that
(24) is correct and compute by (j; D) by substituting (24) into (16),

Jt+l m q 1 qr+1—1 g3—1 g3—1 -1
b+1 (4: D (Hns> Z Z Z 1 k1 (Zt K > 3~ (Zt e )2

2. D

n n, 1N, Ng, —1M
q=k+1m=k+1 Nq Q+1k+1:k+1 Gr+1—1 U g —k ar—1"q

Mgy —1Mgo

Reversing the m- and gg1-sum

j+1 J q q Qk+1—1 <ZQk+1 1 > g3—1 (qu 1 ) g2—1
1 = t=qg, t=q
bry1 (j; D) = (”m) E E e T A 7 \&t=a )

q=k+1 q q+ Q1= —k+1 Qk+1 1mn dk ak=Fk

Ngp—1Mq,

13



After letting ¢ = gr4+2 — 1, we verify that bg41 (j; D) satisfies (24) for k + 1. The proves the lemma.
U

Theorem 10 The k-th coefficient c, (D) of the polynomial pp (n), defined in (5), is an integer and,
for k> 2, equal to

D+1 an—1 ar—1 ar-1-1 Be—1-1 =1(S By )e-1
(—1)k0k(D)—<ﬁns>[§< t=a; " > Z (Zt a1 ) Z (Zt a2 " ) Z(Zt o >an1

Ngp— 1n% =k— 1”% 1—1Mq, 4

Ngp_o—1Mqp_o

a=k Qr—o=k—2 q2=

while co (D) =0 and c1 (D) is given by (23).

Proof: The fact that all coefficients ¢, (D) are integers has been shown in Section 4.1. Introducing
(24) in (21) yields

(D1 D) (Hns> S~ mf:l _— qkz:l (ngqkll ) qul(z‘izj )qilnql

Ng,—1M Ng,_ -1 Ngy—17,
m—k—1 gk W1 o T g P17 100k qo—2 a2~z T

o

n n n _1n n n
m=k qu=k qr—1"tqy Qr_1=k—1 qe—1—1""qr—1 q2=2 g2—17q2 a=1

Reversing the m- and gx- sum leads to (25). O

Theorem 10 specifies all coefficients of the characteristic polynomial of Q¢+, as follows from (3).

Moreover, since all coefficients of pp (1) = p Zszo cry1 (D) p¥ are integers and cpyq (D) = (—1)PF1,

pp (1) cannot have rational zeros, but only integer zeros and irrational zeros.

4.2.1 Case k=D

Although (25) also specifies cp (D), we present an alternative, simpler form. Using (1), the coefficient
cp = (-1)? Z]D:”Lll zj = (—1)Ptrace(— M) directly follows from the Jacobi matrix M in (11) as
cp = (-1)P (2N —ny —npy1) (26)

We conclude, knowing that zp1; = 0, that

D
sz = 2N—TL1 — NpD+1
J=1

Thus, the average of the zeros is

D
_ 1 2N — niy —nNp+1
=D > 2= D (27)

which is extremal for n; =npy1 =1, given N and D.

14



4.2.2 Casek=D -1

Recursion (14) gives, for k = D,

bp (D +1;D) =bp_1 (D; D)+ npbp (D; D) —npnp+1bp (D — 1; D)
=bp_1(D; D) +np

while (15) gives, for j = k+ 1 and k < D,

bk (k -+ 1; D) = bk,1 (k; D) + (nk + nkJrQ) bk (k; D) — nknkﬂbk (k — 1; D)
= b1 (k; D) + ng + npy2

Let y [k] = by (k+ 1; D), then y [0] = by (1;1) = ng and
y [kl =y [k — 1] + ngp + g

This difference equation? has the general solution

k+2

y[k] = by (k+1;D) = an—i—Zn] (28)
Turning to the case k = D — 1, recursion (14) gives

bp—1 (D +1;D) =bp_2(D; D) +npbp_1(D; D) —npnpt1bp-1 (D — 1; D)
=bp—2(D; D) +npbp-1(D; D) —npnpy1

and with (28),

D-1 D
bp-1(D+1;D) =bp o (D;D)+np | > nj+ > n (29)
Jj=1 Jj=2

The term bp_o (D; D) obeys the (15) for j =k +2 and k < D — 2,
b (k+2;D) = bg—1(k+1; D) + (ngy1 + ne13) be (K 4+ 15 D) — npy1np 40
With (28) and denoting w [k] = b, (k + 2; D), we obtain

k+2
w k] = w [k = 1] + (np41 + ni+3) an + Z g | — Ng+1Mk+2

k+1 k+2

=wlk—1] +nk+lznj+”k+lzn3+nk+3zny+nk+3znj

2The difference equation

yk =y[k =1+ f[¥]

has the general solution y[k] = y[a — 1] + Zfza f [j] for some integer a. Indeed, summing both sides over a < k < K
verifies the claim.

15



whose solution is, with w [0] = by (2; D) = nans by (9),

Jj+1 Jj+2
= nens o+ ZWZ% * Z"JH Z”q + Z”ﬂ+32"q * Zwan
k+1 Jj—1 k:+1 J k+3  j=3 k43 j-1
= nanz + Z”ﬂ Z”q + Z"J Z”q + Z”ﬂ Z”q +D i) ng
j=4 q=2
k+1 k+3 k+1 Jj—1 k+3  j-3
RS D STES 371 R 3ith SR i ot
= = i=2  q=2 j=4  g=2

k+1 k+3 k+3

2
+ g n; + E ninj—1 + E nin;j—o
=2 =4 =4

Using this expression for k = D — 2 into (29) yields, for D > 1,

D-1 D+1 D+1  j-3
bp—1 (D +1; D) = nan3 + ny an an +QZnJan+ZZnJ2nq
j=2
D+1 D+1

+np ZnJ+ZnJ +Zn —i—ZanJ 1+ann]2 (30)

Since cp_1 = (—=1)P~1bp_1 (D + 1; D) and ZjDzl zj2 = ¢4 —2cp_1, the variance of the zeros equals

1 1 2cp_1
varl: :52 =g (1-p)B -3

4.3 Explicit expressions

We end this section by listing some explicit expression. From (25) in Theorem 10, and with N =
SOt n,, we have
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Listing the first few polynomials ¢p (1), using (1),

@ (p)=—(u—N)

g2 (1) = 1> = (N +na) pp+ Nng = (= N) (1 — n2)

g3 (1) = —p® + (2N —ny — ng) 4® — (n3 + 13 + ning + nang + ning + 3ngng + nany + ngna) 1+ Nnong
ga (1) = p* = (2N =1 —n5) pi°

+ (n% + 12 + 12 + nans + ng (3ng + ns) + 1o (3nz + 304 + 2n5) 4+ 1y (ng + n3 + 2ng + n5)) u?
— (n3na (3 + 14 + ns) + ng {nj + nj + dngng + (n3 + na) ns + n2 (n3 +na +n5) }

+ ny (n2 +n4) (n3 +nqg + ns)) p+ Nnangng

shows that the coefficients rapidly become involved without a simple structure. There is one exception:
GpH(ni,n2,...,np_1,np,np4+1) with all unit size cliques, n; = 1, is a D-hop line topology, whose

spectrum is exactly known such that

ap (i {ns = Vhejepin) = 12[ (2 (1 oo (ij: 1)) - “)

k=1

5 Bounds for the smallest positive zero of pp (1) or ¢p (i)

In this section, we present bounds of three different types deduced from: (a) the interlacing prop-
erties of zeros of orthogonal polynomials, (b) the Newton identities and (c) Rayleigh’s principles of

eigenvalues.

5.1 Interlacing properties of zeros of orthogonal polynomials

The general lower bound of Grone and Merris [7] for the algebraic connectivity in any graph is

1 <dmin= min (nj_1+n;+n;1—1) <ng+mn;—1
HUN—-1 = Qmin 1SjSD+1( i—1 i i+1 )_ 2 1

The interlacing properties of the zeros of orthogonal polynomials imply that the smallest positive zero
of t; (D; —p) for D+1 > j > 1, lies within [0, na], irrespective of the value of ny, because t; (x) = z+na.
Further, since

ta (D;x) = 2® — (n1 + ng +n3) = + nang

with zeros

N =

Ty = <(n1 +ng+n3) + \/(nl +ng + ng)2 — 4n2n3>

we thus find that, for all t; (D;z) with D +1 > j > 2,

1

zp < 5 <(n1 +ngo + ng) — \/(nl + ng + n3)2 — 4”2”3) < N3

and that the largest zero z; < N is larger than

1
1> 3 (o )+ G-+ g ) — ) >
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Maximizing the bounds for zp implies minimizing (ni + ng + n3)? — 4ngons and, consequently, also
minimizing the bounds for z;. The sequence of increasingly sharper upper bounds for zp can be

continued for j > 2. Indeed,
t3 (D; $) = 23 + (n1 + 2n9 + ng + n4) z? — (n1n2 + n% + nong + ning + Nang + n3n4) T + Naongng
whose zeros can be determined by Cardano’s formula.

5.2 Newton identities and Laguerre’s method

The logarithmic derivative of qp (u) is

from which

2D Cc1 (D) P 2k 2D
. (D) Dey (D)
Cc1 Cc1
< zp <
—e2(D) "7 —e (D)

It seems that zp ~ M, which is the mean of the above lower and upper bounds.

2¢2 (D)
S Lo (20 (20

We can proceed with
(and higher powers via Newton’s relations (see e.g. [13, pp. 472-477])) to find closer bounds. Following

Laguerre’s method (see e.g. [1]), we now deduce a lower bound for the algebraic connectivity zp. The

above relation shows that

1 cs (D)
- 4+ _ — _
ZD —1 Zk C1 (D)
By the Cauchy-Schwarz inequality,
D—1 2 D-1
1 1
=1 =1 "k

we arrive at

or, with y = %,



Solving the quadratic equation yields
2 2

C9 1 C D—-2 Co D-1 C3
=—— 34/ = = — (=) -2 —— =
YT Do \/D2 <Cl> +( D > <Cl> < D )Cl

C2 1

=——4 1—

DCl \/( )

D
co 1
- 4 (1-=
DCl < D)

such that y € [y_,y+] and

-1
2
Co 1 Co 2D C3
> -2 4 (1-— 2) =5 1
b = Dc1+< D) \/<01> D—1q (31)

Again, sharper bounds can be deduced, however, by incorporating higher order coefficients ¢;. Nu-

merical computations, presented in [14], show that (31) is a fairly accurate.

5.3 Rayleigh’s principle for the largest zero of pp (1) or gp (1)

The Rayleigh principle [9] applied to the symmetric Jacobi matrix (11) for any vector y shows that

the largest eigenvalue z; is bounded by

van o C
> 22—
yTy

The common choice of the all one vector w is here inappropriate because, with «’u = D + 1,

ut <_M> U (2N —ni—npu) =230 /it _=
D+1 D+1
where Z is the average of the zeros (27). As shown in Section 3.2, the eigenvector 7 (D;0) of the
symmetric matrix M belonging to zpy1 = 0 has all positive components (and only equal to u if all
nj = 1). This means that the eigenvector belonging to z; must have components with both signs (since
eigenvectors of a symmetric matrix are orthogonal). This argument shows that the lower bound may
be sharpened by considering a vector y in the Rayleigh inequality with some negative components.

The choice, where the i-th vector component is y; = (—1)i and yTy = D + 1, leads to a better lower
bound

T —~
Yy <_M> Yy _ (2N—TL1 — nD+1) +22]»D:1 /T <
D+1 D+1 =4

Notice that u’ <—M ) w and yT (—M > y are the sum of the elements and the sum of the absolute

zZ <

value of the elements of —M. , respectively.

6 Spectrum of the adjacency matrix

The spectrum of the adjacency matrix AGE can be derived from its quotient matrix, since the parti-

tion that separates the graph G7,(n1,n2,...,np+1) into cliques Ky, Ky,, ..., K is equitable. The

np+1
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corresponding quotient matrix of the adjacency matrix of G, as defined in Section 2, is

ni—1 ng
ni ng — 1 ns
no ns — 1 N4

Aﬂ"

np-1 nmp—1 mnpy

np np+1 — 1

Using the same method and arguments as in the proof of Theorem 5, we find that the non-trivial

eigenvalues of Agx are the zeros of

D+1

det (A™ — \I) = szl ;i
where ¢; follows the recursion
¢ =n;—1—x— 220 (32)
j—1

with initial condition ¢g = 1 and with the convention that ng = npio = 0.
The characteristic polynomial of the adjacency matrix AGB can be also deduced from Theo-

rem 5. The eigenvalues of the adjacency matrix Agx, presented in Section B, are the solutions
of det (Ag*D — AI) = 0, where

det (AGT:) — )\I) =
[T =2l Jnysens
anxnl J - .II anxng

Jnixni,l J —al JnaniJrl

JnDXnD,1 J_:L‘I JnDXnD+1

JIn J—zl

L D+1XND41

and where © = A+ 1. This determinant is equal to (—1)" det (Qg*D — ,uI) with §; = z, for all
1<j < D+1. Theorem 5 shows that the characteristic polynomial of the adjacency matrix Ags of
GH(ni,n2,...,npy1) equals

det (AGB — )J) = (1) wp (z) NP1

where the polynomial wp (z) = Hjl?:llqu is of degree D+1 in # = A+1 and the function ¢; = ¢; (D; x)

obeys the recursion (32).

Clearly all eigenvalues, different from A = —1 (or = 0), are the zeros of wp (). Similarly as
v; ()

5 (@) the three-term

for pp (x), wp (x) is also an orthogonal polynomial that obeys, with ¢; (x) =
recursion
vj (z) = (x —nj)vj—1 () —nj_1njvj_g (z) for1<j<D+1 (33)
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where v_; (z) = 0 and vo (z) = 1. Thus, wp (z) = HDHqﬁJ = vp41 (z), whose zeros yp+1 < yp <
- < yp are all real and simple, and lying in the orthogonality interval, which is here [—N + 2, N|,
as follows from the general properties of the adjacency spectrum after a unit-shift because x = A+ 1.

The corresponding symmetrized Jacobi matrix is

ny /1Mo
A/ T1NY no \/12ns

\V1D-1MD np VIUDTUD+1
VDD +1 np+1

The sum of all non-trivial eigenvalues is trace (ﬁ) = N, while the product

D+1 _ D+1
[Ty = det A= 1(paniay (~1)P 00 T
j=1 k=1

Thus, det A=0if D= 1,4,7,...,3N + 1, implying that in those cases wp (z) has a zero at = = 0.
In addition, inspite that the structure of (33) is simpler than that of (8), it turns out that finding an
explicit expression for the coefficients of wp () is more complicated due to the lack of a two-term
recursion derived in Section 4.1 for the Laplacian.

The largest eigenvalue y; is found by the Raileigh principle (section 5.3) applied to the non-

symmetric Jacobian as Jacobian A instead of A

T D .

u' Au N+D+> 7 njnj
= m + + > J=

tmax + 1 1§j§%§+1 (nj1 45+ nj) 2 9 2 D+1 D+1

that, for small diameters D, can be better than the classical lower bound is F[d] + 1 = % +1,

where the number of links is given in (2). The classical lower bound is very near to “JJT‘?U” with

w=[ A JE - s ]

D+1 D+1 D+1

% annj 1+Zn +annj+1

The recursion (33) is simpler than the recursion (8) of the Laplacian, because of two reasons.
First, the Laplacian recursion (8) had a special equation for j = D 4 1 which is crucial to establish a
zero eigenvalue. As mentioned, this zero lies at the boundary of the orthogonality interval and, thus,
prevents to extend that set for j > D + 1. The set (33) has no such limitations which implies that,
for all diameters D (but not constant N), the zeros of wp (x) are all interlacing (as opposed to pp ()

for the Laplacian)!

6.1 When A4 is bisymmetric

Numerical computations in [14] show that the largest algebraic connectivity is achieved, in most (but

not in all) cases, when G7,(n1,n2,...,np4+1) is symmetric, n; = npyo—; for all 1 < j < D + 1.
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Theorem 4 also confirms that a symmetric graph G7, attains the highest possible spectral radius. For
the adjacency matrix, consequences of symmetry are tractable to analyse algebraically, as we will show
below. Matters are more complicated for the Laplacian (mainly due to the asymmetry np, instead of
np-1+ np+1, in the bottom diagonal element of M (or M ) as mentioned earlier).

A matrix B is bisymmetric [10] if B is symmetric, B = BT, and, in addition, persymmetric,
B = B, where the flip-transpose B flips a matrix across its skew-diagonal (the lower-left to upper-

right diagonal). Thus, a 2n x 2n bisymmetric matrix B must have the block structure

By BI
By BY

where the n x n matrix By = B} is symmetric and By = Bg is persymmetric. Reid [10] shows that
the eigenvalues of B are the eigenvalues of B + RBy and By — RB>, where the matrix R has all
ones on the skew-diagonal and zeros elsewhere. Also, R = R” and BY = RBTR. In addition, if y is
an eigenvector of By + RBs, then [y, Ry]T is an eigenvector of B belonging to the same eigenvalue.
Likewise, if w is an eigenvector of By — RBs, then [—w, Rw]T is an eigenvector of B belonging to the
same eigenvalue.

Let D = 2m — 1, then the 2m x 2m matrix Ais bisymmetric if n; = npio_j forall 1 <j < D+1

such that

A2m><2m =

Py T
Amxm Nmeéméy ]

T AF
Nmei€n,  Arsm

T

The eigenvalues of Aoy, w2 are those of the matrix Ty = Ayxm + nmRele%. Since Rele% = eme, 1S

the zero matrix with element O,,,;, = 1, we have explicitly that

n1 VALY
\/M112 Ny \/12mnsg

T =
VIm—2Tm—1 Nim—1 VIm—1Tm
S Mm—1Tm N £ N,
Thus,
ny —x /NNy
/N1y N9 — T \/amns
det (Ty —zI) = . .

VItm—2Mm—-1 Nm-1—T VvV m—1Mm
S M—1Mm N, — T £ 1y,

We expand the determinant in cofactors of the last row

det (T4 — zI) = —y/nm—_1nmcofactory,m—1T% + (nm — & £ ny,) cofactor,,, T+

The first cofactor is

—v/Nm—1nmecofactor,,.m—1T4% = —, /nm_lnmcofactorm;m_lgmxm
= —Nm—-1Mm det (A(mf2)><(mf2) — QTI)
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and the second is

(N, — @ £ nyy) cofactor,, Ty = (N — = £ Ny, cofactorm;mgmxm

= (N — & £ ny,) det (A(mfl)x(mfl) — $I>

Since

det (Ame — a:I) = —, /nm_lnmcofactorm;m_lgmxm + (i — ) cofactorm;mgmxm

we obtain

det (Ty — 1) = det (Amxm — xI) + n,, det (ﬁ(m,l)x(m,l) — xI)

Reid’s theorem states that

det <g2m><2m — xI) = det ((T,) — xI) det ((T+) — xI)

mxXm mXxXm

which leads to a relation for the “bisymmetric” orthogonal polynomials, denoted by w?, (z), in terms

of vy, (),

Wan (%) = (Vm (€) = Nnvm—1 (2)) (Um (2) + Nnvm-1 (2)) (34)

m () = v (2)

In case of a bisymmetric Laplacian, the corresponding det (T'+ — zI) cannot be rewritten solely
in terms of det (Mme —xl ), but Reid’s theorem still tells us that the bisymmetric orthogonal

polynomial p} . (z) can be factorized into two polynomials of degree m.

7 Conclusion

The Laplacian spectrum of the class G7,(n1, na, ...,npy1) with extremal eigenvalue properties is com-
puted and shown to be related to orthogonal polynomials. Afterall, it is not so surprising to see
orthogonal polynomials appearing because of the block tri-diagonal structure of either the adjacency
Agsy, or Laplacian Q¢+ matrix. Moreover, orthogonal polynomials are often optimizers of problems.

Although a first step is made, we believe that still more properties may be discovered such as
spacing and other properties of the zeros of pp (1) and of wp (z). More fundamentally, the numerically
observed fact that a bi-symmetric Jacobian [10], where n; = npio_j, almost always provides the
largest possible algebraic connectivity is still open to prove rigorously. In some cases, though, small
deviations from symmetry occur, that, at first glance, are unusual because they lead to an asymmetric
graph G.
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A Results from linear algebra
If
Xixm = = A+1)1),,m (35)
then the inverse matrix of X is
1
-1
X :_()\+1)()\+1—m)(J+(>\+1_m)1)mxm (36)
We now compute
-1
Y = J(me)XmeXmeX(me)
1
= O D0 Ty Wy AL =m) L) Jinse(v-m)
Using Jixndnxi = ndgx; gives
1
Y = _(>\ T 1) ()\ 1 m) (mJ(me)Xm + ()‘ +1- m) J(me)xm) JmX(me)
1 2
ST T DOTIom (M (N —myx(N—m) + 1A+ 1 =m) Sy myx (N—m))
whence
m
Y = —mJ(me)x(me) (37)
Finally, it is shown in [13, p. 481] that,
det (J —zI),,,., = (—1)"z" " (z — n) (38)

24



and we will need [9]

A

det = det Adet (D — CA™'B) (39)

where D — CA™!B is called the Schur complement of A.

B Second proof of Theorem 5

The adjacency matrix of G7,(n1,n2,...,npy1) is

Jnl Xni Jn1 Xn2

Jn2><n1 J7L2><n2 J7L2><n3

AG*D = JniXTLi_l an Xng JnanH_l

JT‘LDXTLD,1 JnDXnD JnDXnD+1

In

L D+1XND41

In

D+1XND41 J

where J = J — I. The eigenvalues of corresponding Laplacian Qg*D = Ag*D — AGB are the solutions

of det (QG*D — ,uI) = 0, where
det (QG*D — uI) =
[ 61— T —Jnyxns

_Jngxnl 521 - J _J’n2><’n3

_Jnani,1 51-[_ J _Jnixni+1

_JnDXnD_l 5DI_ J _JTLDXTLD+1

_JnD+1XnD+1 5D+1I -J

where we have defined

01 =n1 +mng — i
0; =ni—1+mn; + n;+1 — p for i € [2, D]
dp+1 =np +npi1 — i
The dimensions of the block diagonal matrix are n; x n; (and omitted to make the matrix fit on the

page). Clearly, the degree d; of a node in clique ¢ equals §; when 1 = 1. The submatrix of Qar, — pl
consisting of the last D + 2 — j block rows and block columns is denoted by T7; thus, T} is the right

D+1 D+1
bottom Zi:j n; X Zi:j n; sub-matrix of Qg — pl, where 1 < j < D+ 1 and T1 = Qgx — pl.
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Applying (39) yields

an XNy . Jn2><n1
- O(ZZ;?‘*‘lm) xn1 (011 — Jnyxny) O(Zi;?—s—lni) s

[ Jn2><n1 (51] - Jnlxnl)il Jn1><n2 0 ( i=D+1 )
g X i=3 Mg

(St (S (S )

det T7 = det (51[ - Jnlxnl) det | Ty —

= det ((51] — Jannl) det T2 —

Using (35) and (37) results in

_ n
anxnl (51] - Jn1><n1) ! Jn1Xn2 - !

— ] %
(51—711 n2 xXn2

while application of (38) yields
det (611 — Jnyxny) = 071 (81 — ma)

Thus, with the definition

01 =01 —n1
we obtain
det Ty = 57111_191 det TQ
where
%}anxm 0 ( i=D+1 )
. ng X =3 Mg
Ty =Ty —

0/ 0/ o
(S8 o )xena (0280 )% (025 )
We observe that the matrix at the right hand side has the same structure as that of 75, except that
the first block row and block column is now dof — (1 + Z—;) Ingxny, = 021 — %

1—n1

Inyxng- We apply

the same operations on

~ 0
det Ty = det (521 - —1Jn2m2> X
1— M
T
J’n3 X1ng 51 -1 J’n3 X1ng
det T3 — 0 . <5QI - —Jn Xn > 0 .
(=0 ) xa or—m (=0 ) s
S S 0 -
— oin n3xXmns i=D+1
— 53271 (52 - oune > det | T3 — A e (Zi:4 n’)
60h—n 0 - 0 - _
o (S (TP« ()
2 g 0 -
B 0o M3 XN3 ng X Zz;f+lnz
:57212 92det T3— 0 0
(S )xns (30020 ) (020 1e)
where 6 = 09 — 5?1——71731 =0y — (Z—ll + 1) ng. Since the matrix
na g 0 .
Oy YM3XN3 i=D+1
T T ng X ( i=4 nl)
3 =13 —

0 (Ziif“m) ‘s 0 (szﬂni) y (Zngﬂm)
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again possesses a similar structure, we claim that

Nj—1 0

_ 0j—1 UM X" nx(zliD+lnz)
er _ ’T] B . . J i=j+1 (40)
j=D+1 j=D+1 i=D+1
(St (S (S0
obeys the recursion
det Tj = 67770, det T4 (41)
where 6; is defined by the recursion (4) with the convention that ng = 0 and 6y = 1, because

91 = (51 —MNi.
We have shown that (40), (41) and (4) hold for 7 = 1 and j = 2. Assuming that (40) holds for

j + 1 (induction argument), we compute det T}H similarly,

. N
det CZ}+1 = det <5j+1I — (G_J + 1) Jnj+1an+l> X
J
‘]"j+2X"j+1 5 n; -1 Jnj+2 XMj+1
det [Tjya— | o - ( j+1d — <_ + 1) Jnj+1an+1> 10 _
(Zﬁ;ﬁ?m) Xnjt1 % (Zﬁgﬁ?m) XN

n; n;
=0j11 <5j+1 - <? + 1) nj+1>
j

i+l

g Jnjiaxnyo On, (=Dt
Ojp1— gt )i 342 i=j+3 ™
0/ —i=D+1 0/ i=Dt1 i=D+1

Zi:j+3 g | XMj42 Zi:j+3 ni )X Zi=j+3 i
= Jn 0 i=D+1
njt2X Zi:j+3 i

0j+1
0/—i=D1 0/ i=D+1 i=D+1
Zi:j+3 T ) X142 Zi:j+3 ni )% Zi:j+3 i

x det T}'+2 -

G2 XMNj42

= 811051 det | Tjoa —

where 011 = 41 — (%JL + 1) nj+1. Hence, (40) holds for j 4+ 2 and the recursion (41) are (4) are
followed. By induction, (40), (41) and (4) hold for any 1 < j < D + 1. But,

~ np
Tpy1=Tpy1 — H_JHD+1><7LD+1
D

np
= 5D+1I - (1 + %) JnD+1 XNp41

such that, with (38),
det Tpyq = 5?)?&171 <5D+1 - <1 + Z—g) HD+1> = 5?)?1171%“
Iterating (41) back finally yields
det (Qay, — il ) = T4 07 T T4

which is (3).
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