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Abstract

In a submitted paper [1], we proposed a class of graphs G} (n1,na,...,np4+1), containing of a chain of
D +1 cliques Kp,, Kn,, ..., Knp,, where neighboring cliques are fully-interconnected. The class of graphs
has diameter D and size N = ZlgigDHni' We proved that this class of graphs can achieve the maximal
number of links, the minimum average hopcount, and more interestingly, the maximal of any Laplacian
eigenvalue among all graphs with N nodes and diameter D. Numerically searching for the maximum of any
eigenvalue is feasible, because (a) the searching within the class G;(n1,n2,...,np4+1) is much smaller than
within all graphs with N nodes and diameter D; (b) we reduce the calculation of the Laplacian spectrum
froma N X N toa (D+1)x (D+ 1) matrix. In this report, we present our numerical results: graphs in the
class G that achieve the maximal algebraic connectivity, the second smallest Laplacian eigenvalue, among

all graphs with N nodes and diameter D.

Let G be a graph and let N denote the set of nodes and £ the set of links, with N = |N| nodes and L = |£]
links, respectively. The Laplacian matrix of G with N nodes is a N x N matrix @ = A — A, where A =diag(d;)
and d; is the degree of node ¢ € ' and A is the adjacency matrix of G. The Laplacian eigenvalues are all real
and nonnegative [2]. The set of all N Laplacian eigenvalues puy = 0 < py_1 < ... < py is called the Laplacian
spectrum of G. The second smallest eigenvalue py—_1, also called after Fiedler’s seminal paper [3], the algebraic
connectivity, can be denoted as py_1 = a(G) for simplicity. The algebraic connectivity a(G) is widely studied
in the literature.

Definition 1 The class of graphs G5 (n1,n2,...,np+1) is composed of D + 1 cliques K, Kp,, ..., K, and
Koy, i, where the variable n; > 1 with 1 <1 < D + 1 is the size or number of nodes of the i — th clique. Each
clique K, is fully connected with its neighboring cliques K, , and K, , for 2 <i < D. Two graphs G1 and

G are fully connected if each node in Gy is connected to all the nodes in Gs.

i—1

We proved in [1] that the maximum algebraic connectivity of the class G}, (n; = 1,n2,...,np,npy1 = 1) is
also the maximum a,.x (N, D) over all graphs G(NN, D) with N nodes and diameter D. More generally, we prove
that G5 (n1 = 1,n2,...,np,nps1 = 1) can achieve the maximum of any Laplacian eigenvalue u;, 1 <¢ < N —1,
the maximum link density, the minimum average hopcount among all graphs G(N, D).

The maximum algebraic connectivity can be searched numerically, which is feasible, because we search
within the class G7,(n1 = 1,n9,...,np,np4+1 = 1) instead of all graphs with N nodes and diameter D. And,
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we reduce the computation of the Laplacian eigenvalue from a N x N to a (D + 1) x (D + 1) matrix. Here,
we presents the numerical exhaustive searching results: graphs in G7, that obtain the maximal algebraic con-
nectivity among graphs on N nodes and diameter D. Below, we list that for the given size N, given diameter
D (column 1), the maximal algebraic connectivity (column 2) is achieved by a graph in the class G7%,, whose
sizes (ng2,ns,..np_1,np) are presented since column 3. If the graph is not symetric, a star is marked at the
beginning of the line.

N=10

D=288

D=3 3.298438 4 4

D=4 1.438447 2 4 2

D=5 0.702929 2 2 2 2

D=6 0.43844712221

D=70.245717112211

D=80.1522411112111

D=9 0.0979

N=15

D=213 13

*D=3 5.582015 6 7

D=4 2.763932 4 5 4

*D=51.3751932443

D=6 0.8377222 33 3 2

*D=7 0.490037 132331

D=80.348558 1223221

*D=90.22061911222221

*D=100.150965112122211

*D=110.1089331112122111

D=120.07977911112121111

*D=130.0578621 11111211111

D=140.0437051111111111111

N =20

D=2 18 18

D=3 8.169048 9 9

D=4 4.000000 6 6 6

D=5 2.1500324 55 4

D=6 1.245594 2545 2

D=70.81492323 4432

D=8 0.5137891334331

D=90.37482112333321

D=100.265291122323221

D=110.1871411122332211

D=120.14533111222222211

D=130.107786 111222222111

D=140.0794421111222221111

D=150.06179211112122121111

D=160.048676111112121211111

*D=170.0380731111111212111111

D=180.030384¢ 11111111211111111



D=1900246111111111111111111

N =25

D=2 23 23

*D=3 10.512276 11 12

D=4 5.45861979 7

*D=52.919904 4775

D=6 1.760081 3575 3

*D=71.100498 24 5 6 4 2

D=80.74329223 45432

*D=90.494043 13344431
D=100.369620123434321
*D=110.2773071223343221

D=120.203396 12223332221
*D=130.158140112232332211
D=140.1235541122223222211
*D=150.09664711122223222111

*D=16 0.075674111122222222111
*D=170.0602581111212222221111
*D=180.04815011111212222121111
*D=190.039404111112121221211111
D=2000326741111112121212111111
*D=210.02685811111111212121111111
D=220022290111111111212111111111
*D=230.0186131111111111121111111111
D=24001577111111111111111111111111
N =30

D=2 28 28

D=3 13.118473 14 14

D=4 6.837722 9 10 9

*D=5 3.7344776 89 5

D=6 2.25107346 8 6 4

D=71.430406 35665 3

D=8 0.967575245654 2
D=90.66733423455432
D=100.467588133545331
D=110.3598261234444321
D=120.27398212333433321
D=130.211939122333333221

*D=14 0.1632941122333333211
D=150.13267411222333322211
D=160.104274112222323222211
*D=170.0857871112222323222111
D=180.06999611122222222222111
D=190.058281111122222222221111
D=200.0474621111212222222121111
D=210.03931511111212222221211111
D=220032636111111212222212111111



D=2300273771111112121221212111111
D=24002340811111112121212121111111
*D=250.019914111111111212121211111111
D=2600170111111111111212121111111111
D=27001455011111111111121211111111111
D=280012576111111111111121111111111111
D=290010961111111111111111111111111111
N =35

D=2 33 33

*D=3 15.478766 16 17

D=4 8.258343 10 13 10

*D=5 4.545953 6 10 10 7

D=6 2.7311954 8 9 8 4

*D=7 1.758466 36 78 6 3

D=81.160770256 76 5 2

*D=90.8270592 455654 2

D=100.5926842345554 32

*D=11 0436268 1335455331

D=120.342576 12344544321
*D=130.265883122344443321
D=140.2101931223343433221
*D=150.16379311233334333211
D=160.136953112233333332211
*D=170.1096951122232333322211
D=180.08973111122233333222111
*D=190.075333111222232323222111
*D=200.0619861111222232322222111
*D=210.05310411112222223222221111
*D=220.044532111112222222222221111
*D=230.0378121111121222222222211111
*D=240.03196311111121222222221211111
*D=250.027155111111212122222212111111
*D=260.0233091111111212122222121111111
*D=270.02009811111111212122212121111111
D=280.017577111111112121212121211111111
*D=290.0153301111111111212121212111111111
D=30001338¢611111111111212121211111111111
*D=310011672111111111111121212111111111111
D=3200102551111111111111121211111111111111
*D=330.00905411111111111111112111111111111111
D=34000851111111111111111111111111111111111
N =40

D=2 38 38

D=3 18.091288 19 19

D=4 9.725083 12 14 12

*D=5 5.385711 7 12 11 8

D=6 3.271170 59109 5



D=72.07943546996 4

D=81.413674 3578753

D=90.98889324677642

D=100.7182082356 66 5 3 2

D=110.521269234555543 2

*D=12 0.404618 13345555331

D=130.323122123445544321

D=140.2558111233444443321
D=150.20499312233444433221
D=160.161848112333444333211
*D=170.1362931122333434332211
D=180.11262411222333433322211
D=190.092187112222333333222211
*D=200.0783301112223233333222111
D=210.06600311122223233232222111
D=220.055791111122232323232221111
*D=230.0481801111222222323222221111
D=240.04105211111222223232222211111
D=250.035944111112222222222222211111
D=260.0310921111121222222222221211111
D=27002690111111121222222222212111111
D=280.023200111111121222222222121111111
D=290.0200b1111111212122222212121111111
D=300.01756811111111212122222121211111111
D=310015442111111111212122221212111111111
D=3200136761111111112121212121212111111111
*D=330.01215211111111111212121212121111111111
D=340010794111111111111212121212111111111111
*D=350.0095611111111111111121212121111111111111
D=3600081411111111111111121212111111111111111
*D=370007604111111111111111112121111111111111111
D=3800068311111111111111111112111111111111111111
D=390.00616511111111111111111111111111111111111111
N =50

D=2 48 48

D=3 23.074278 24 24

D=4 12.641101 15 18 15

D=5 7.080889 9 15 15 9

D=6 4.290025 6 11 14 11 6

D=7 2.764758 5 8 11 11 8 5

D=81.85902237910973

D=91.32082535799753

D=100.959944 246 8 8 86 4 2

D=110.7185182456 77654 2

D=120.543272234666664 3 2

D=130424975134556655431

D=140.3412051334556554331



N =60

D=3 28.062623 29 29

D=4 15.575571 18 22 18

N =100

D=2 98 98

D=3 48.0385 49 49

D=4 27.6754 31 36 31

D=5 15.8799 19 30 30 19

D=6 9.7886 13 22 25 22 13

D=76.3833 9 172323 179

D=8 4.358863 7 131920 19 13 7

D=9 3.098801 5 10 16 18 18 16 10 5

N =122

D=2 120 120

D=3 59.031762 60 60

D=4 34.442561 39 42 39

D=5 19.858188 24 36 36 24

D=6 12.266200 16 27 34 27 16

*D=7 8.021537 11 20 29 28 21 11

D=8 5.499296 8 16 23 26 23 16 8

*D=9 3.910465 6 13 18 23 22 19 13 6

The graph that maximizes the algebraic connectivity uy_1, has larger sizes for cliques in the middle. It is
dense in the core and sparse at borders. A symmetric clique size (n1,n2,...,np4+1) Or a symmetric structure
seems to be necessary to maximize the algebraic connectivity amax(N, D). We conjecture that the nonsymetric

cases may come from the rounding error, where each element of (n1,ns,...,npy1) has to be a positive integer.
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