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Abstract—We examine the Random Walkers Induced temporal Graph (RWIG) model, which generates temporal graphs based on the
co-location principle of M independent walkers that traverse the underlying Markov graph with different transition probabilities. Given
the assumption that each random walker is in the steady state, we determine the steady-state vector § and the Markov transition matrix
P; of each walker w; that can reproduce the observed temporal network Gy, ..., G k1 with the lowest mean squared error. We also
examine the performance of RWIG for periodic temporal graph sequences.

Index Terms—Temporal Networks, Generative Models, Network Dynamics, Markov Process, Random Walks, RWIG.

1 INTRODUCTION

EMPORAL networks have attracted a lot of attention in
Tthe last decades [1], [2], [3]. Many complex systems,
including infrastructural, biological, social, and financial
networks, evolve over time which, in turn, affects the topol-
ogy and the processes that propagate over these networks.
Modeling these systems enhances our understanding of
their dynamics and the processes that propagate through
them, such as diffusion and contagion, while also providing
valuable predictions [4], [5].

Modeling temporal networks is more difficult and chal-
lenging than modeling static graphs. While the static net-
work generation is aimed to reproduce some emergent net-
work structure (e.g. power-law degree distribution [6], com-
munity structure [7], [8], motifs [9] or small-world [10] prop-
erties), the temporal network generation should take into
account a highly non-trivial interplay between the topology
and the evolutionary process of the network, which exhibits
temporal patterns, memory effects and dependencies, in-
cluding burstiness of links, their quasi-periodicity (e.g. day-
night or weekly rhythms) and temporal correlation.

There exist temporal network models that mimic real-
world networks in terms of certain topological features
such as the number of links, clustering coefficient, degree
distribution, connected components or motifs [11], [12], [13].
A system theoretical approach towards emulating temporal
graphs is presented in [14]. Various approaches to human
mobility are discussed in [15], [16], [17], [18], [19]. How-
ever, most existing models do not provide precise knowl-
edge about the underlying process that generates temporal
graphs. If the underlying evolutionary process is stochastic,
then an observed graph sequence G, ..., Gx—1 represents
just one possible realization of this process. Therefore, repli-
cating such sequences without capturing the underlying
process may result in overfitting and inaccurate predictions
of future network dynamics and propagating processes.

This paper aims a deeper understanding of network
evolutionary processes. Specifically, we examine the Ran-
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Fig. 1. Inverse problem for RWIG: non-identifiability of the initial process.

dom Walkers Induced temporal Graph (RWIG) model [19] that
generates temporal graphs based on the underlying Markov
process. The essential components of RWIG are

(a) M random walkers on a fixed underlying graph,

(b) the fixed underlying graph is a Markov graph on N
states (nodes). The random walk on a Markov graph
specifies a stochastic process that steers the walker,
which we interpret as the walker policy. In principle,
each independent walker w; possesses its own Markov
graph (on the same N states) specified by an NxN
probability transition matrix F;.

(c) the co-location principle creates the links in the contact
graph G, between walkers that are in the same state in
the underlying graph at time k.

Figure 1 exemplifies M =3 random walkers, who tra-
verse the same Markov graph (left) with N=8 states
(shaded) in discrete-time steps according to the transition
probabilities p;;. Figure 1 (right) shows T" possible contact
sequences between M walkers. Initially, all walkers form a
clique in the contact graph G, because they are in the same
state at discrete time k=0. At each discrete time k, RWIG
generates the contact graph G}, by creating links between
all walkers found in the same state in the Markov graph.
Therefore, any sequence of graphs Gy, ..., Gk_1 consists of
the union of disconnected cliques, which is in complete
accord with the topology of the empirical co-location contact
graphs, which are released in [20]. However, RWIG cannot
reproduce real-world networks with a non-clique structure.
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A physical interpretation of RWIG is a collection of in-
dividuals moving through space (e.g. city map). Each node
of the underlying graph is a physical location (workplaces,
homes, hospitals, schools, public transport stations, etc.)
while links are physical paths between locations. RWIG
assumes that the Markov process generates human motion
over a set of places (states). Almasan et al. [19] derived
closed-form solutions for the probability distribution of
contact graphs at discrete time k. Here, we focus on the
inverse problem and discuss how well RWIG can reproduce
a temporal graph sequence. Specifically, our goal is to infer
the initial state and the Markov graph of each walker that
can generate a given K-length graph sequence Gy, ..., Gg_1.

Solving the inverse problem for RWIG is challenging.
If the evolutionary process of the temporal network is not
deterministic, the observed sequence Gy, ...,Gk_1 is only
one possible realization of the stochastic process and does
not replicate the entire process. An example is illustrated in
Figure 1 where realization 4 of the Markov process is the
only one that we observe. Hence, identifying the RWIG’s
parameters from a single realization may not be feasible.

Our major contributions can be summarized:

e We determine the steady-state vectors of the walkers
in RWIG that generate a temporal graph sequence with
the same average graph density and clique distribution
as in the observed graph sequence Go, ..., Gx_;1.

o If Go, ..., Gk_1 is produced by RWIG in the steady state,
then we identify the underlying common policy matrix
(the Markov graph) of the walkers that generates the
observed graph sequence Gy, ..., Gx_1.

o We demonstrate that RWIG with different policies of
the walkers is able to reproduce any periodic graph
sequence. We propose the algorithm that defines the
Markov graph and initial state of each walker.

The paper is organized as follows. Section 2 describes
RWIG and discusses the performance metrics for the inverse
problem. Sections 3 and 4 discuss RWIG in the steady state.
Section 3 provides the solution for the steady-state vectors
of the walkers. Section 4 determines the Markov graph of
the walkers. Section 5 discusses periodic graph sequences.
We summarize the notation in the Appendix A.

2 BRANDOM WALKERS INDUCED

GRAPH (RWIG)

TEMPORAL

2.1 Temporal Networks

We consider a temporal graph G={G}\(M, L)} -}, con-
sisting of a set M of |M|=M walkers connected by a set
Ly of Ly links at discrete time k € {0,1,..., K-1}. The
graph G, is described by an M x M adjacency matrix A[k]
whose elements a;;[k] are either one or zero depending
on whether there is a link between walkers w; and w; or
not at discrete time k. For simplicity, we assume that the
set of nodes is fixed and the graph is undirected without
self-loops. Then all adjacency matrices A[k]=(A[k])T are
real symmetric matrices. Since our focus is on the inverse
problem of RWIG, we also assume that the graph G is
composed of a set of disconnected cliques.

2.2 Description of RWIG

The random variable X;[k] denotes the state in the Markov
graph of walker w; at discrete time k and Pr[X;[k] =[] is
the probability that walker w; is in state [ in the Markov
graph at discrete time k. The probability transition matrix
P; encodes the time-independent policy of walker w;

(P)ij = Pr[Xi[k + 1] = j|X;[k] =[]
at any discrete time k. Given the initial 1 x IV state vector
;0] of walker w; (the initial position of w;), the correspond-

ing 1 x N state vector s;[k] of walker w; at discrete-time k
is defined in [21] as

s;[k] = s;[0] PF,
where the [-th element of the probability state vector s;[k]
for walker w; at time k is (s;[k]);=Pr[X;[k]=l].

RWIG generates a sequence of contact graphs Gy,...,G k-1
where the contact graph G}, consists of the union of dis-
connected cliques. Hence, RWIG is not able reproduce se-
quences of non-clique graph structures.

Almasan et al. [19] derived the probability of an m-clique
contact graph g, = {A1[k], ..., A [k]} at discrete time &

N N m
Gk gk Z Z H H (Su[k])l] )
i1=1 . ;?u_}lm Ny J=1w, €A;[k]

or, equivalently,

PriGr=gi] = > (H( D=t (jej-1 > [T oalk
TEPy \CEm Aeg(n)

where A;[k] for all i€{1, ..., m} represent the cliques formed
at a discrete time k, P, is the set of all partitions on g, |C|
denotes the number of cliques A in cell C of partition 7 on
g, g(m) is the contact graph in which the cliques are formed
by the cells C and o 4[k] is the probability that walkers of a
subset A C M are in the same state at discrete time &k

oalk] = (@ sj[O]Pf) u’, (1)
wj €A
where (©) denotes the Hadamard product [22] and u is the
1 x N all-one vector.
Since the Markov process generates the temporal graph
sequence, the probability of the observed contact graph
sequence go, ..., k-1 is given by

Pr[Go=go,..Gk-1=9K-1]
K-1
= Pr[Go=go] [ [ PrlGr=0k|Gr1=gr-1], ()
k=1
where Pr[Gr=gx|Gr-1=g-1] is the conditional probability
of an m-clique contact graph gy, at discrete time £ given that
an p-clique contact graph g1 occurs at time k-1 with

Pr[Gr=gx|Gr1=0k-1]
N N P m
C1,Cp=1 i1, im=1r=1j=1w,€A;[k]NA,[k-1]
c1#...Fcp 215’é Flm

(P),,, - ()

Intuitively, equation (3) considers possible positions of
M walkers in the Markov graph at time k-1 and %k and



then evaluates the probability of walker transitions between
these states. Identification of the transition probability ma-
trix P; and the initial state s;[0] of each walker w; may not
be analytically tractable for equation (2) because the con-
ditional probability Pr[Gr=gx|Gr-1=gr—1] has N(N-1)M
variables and each term in (3) is the product of M variables'.
Hence, we examine another performance metric for RWIG.

Theorem 1 defines the joint probability of a clique in a
contact sequence, which is generated by RWIG.

Theorem 1. Consider the RWIG model with M walkers
wy,...,wpr where each walker w; has the N x N transition prob-
ability matrix P; and the initial state s;[0] with s;[k] = s;[0] PF.
Denote by Ic[k] the indicator variable that defines the existence
of cligue C C {1,....M} in graph Gy, as

Io k= 1,if a clique C among walkers exists in G,
= 0, otherwise.

1) The joint probability of a link (i, j) at discrete time k+x and
k between walkers w; and w; is

Prla;;[k+k]=1, a;j[k]=1] = s;[k] diag(ﬂ”(Pf)T)s;-p [k].
2) The joint probability that a cligue C C {1,...,M} occurs at

discrete time k+x and k is
Pr [Io[k+r]=Ic[k]=1] = O si[k] @ Pr | u”
w; eC w; eC
3) The joint probability that a cligue C C {1,..,M} occurs
from discrete time k to discrete time k+k is

Pr [Io[k]=1 k<I<k+r] = ( O s

w;eC

The proof of Theorem 1 is provided in Appendix B.

2.3 Performance evaluation of RWIG

Suppose that RWIG generates the sequence A = (40, ...,
A[K-1)) of adjacency matrices over K time slots. RWIG's
performance can be assessed by measuring the mean squared

error (MSE) between links in A and A
K-1 M

M Z Z Z aij[k
k 0i=1j=i+1
where a;;[k] and @;; [k] are real and estimated entries corre-

sponding to the link between w; and w; in graph Gy.

We evaluate the MSE for RWIG. Since all random walk-
ers move independently of each other in the Markov graph,
the probability of a contact a,;[k] between two walkers 4
and j at discrete time & depends on the corresponding
probability state vectors s;[k] and s;[k]

N N
g [k]="_ Pr[X;[k]= =" ] PriXulk]=
=1

1=1 ue{i,j}
K] = si[0lPE (P sTTo).

MSEp(A, A)= J-ai; (k)% @)

= s;[k] - T

j ©)

Equation (5) imposes constraints on vectors s1 [k],...,sar[k] of
the walkers at discrete time & to reproduce graph G, exactly.

1. Each walker w; has the NxN transition probability matrix P;
with N(N-1) variables. The total number of walkers is M. The term

H;” 1 HT 1 leeA B, (Pl) in (3) has polynomial degree M,
because it contains one element from each matrix Py,...,Pp.

k:]) (Q Pi)RuT.

Lemma 1. RWIG reproduces the sequence A=(A0], ...,
A[K-1]) of adjacency matrices with M S Eyiny, (A, A)=0 if and
only if for any discrete time k
1) s;[kl=s;[k]=e; for a;;[k]=1 where e, is the I-th standard
basis vector, I € {1,..., N},
2) 31[/{5] 1 Sj U{i]fOI’ Aij [k] = 0.

Substituting (5) into (4) yields

ZZ(% sil

k 01<y

Given the sequence A=(A[0],..., A[K-
identify the initial state vectors s M[ |=(51[0], ..., sas[0]) of
M walkers and their Markov matrices Py= (Pl, ey Par)
that minimize (6). However, identifying sa4[0] and P
is not analytically tractable because s;[k] and s;[k| in (6)
involve powers of unknown stochastic matrices P,...,Pys
as well as unknown initial state vectors $1[0],...,s57[0]. For
instance, the term s; [k]s] [k]=s;[0] P} (PF)"sT[0 } is a poly-
nomial of degree 2(k+1) with 2(N 2.1) Varlables

Equation (4) compares only the links in A and A. Al-
ternatively, we can extend MSEj;,,(A, A) and compare
higher-order structures, such as cliques of size r. Denote
by M, a set of ( ) possible combinations of r walkers from
a set M. The MSEChque measure compares all cliques of size
r (2 <r < M) in sequences A and A

M
MSEique(A, A)= ZZ Ecm;{ (gc):[k]—a

r=2 T

(6)

s 1K)

1]), we need to

MSElznk: (A A

clk))?

» (7)

where o¢[k] is defined in (1) as the probability of clique C
at discrete time k, (Af ) is the number of cliques of size r in a
complete graph and I¢[k] defines the existence of clique C
in graph G},. We analyze MSE;;,,;, and MSE 4, of RWIG
in the steady state in Section 3.

3 GENERATING GRAPHS IN THE STEADY STATE

3.1 RWIG with a single stochastic matrix P in the
steady state

Suppose that all walkers have the same N x N Markov
transition matrix P (i.e, P, = P for all i € {1,...,M}),
which admits a 1 x N steady-state vector s = sP. Then the
steady-state probability vector of each walker w; € M is
lim s;[k] = 5.
k—o0
with Su = 1 where u is the N x 1 all-one vector [21].
Assume that all M walkers start in the same steady state
5. Then s1[k]=...=sn[k]=5 and the probability of contact
a;;[k] between walkers w; and w; at discrete time k is

aijk] = silk] - s [k] =557 5 =p. (8)

Applying the Cauchy-Schwarz mequahty [22] to the

N x1 vector 5 and the N x1 all-one vector u gives
2

N N N
§ 3 §§ §%§ u?,
=1 =1 =1

2. Walker w; has N-1 variables for the initial state vector s;[0] and
N2-N variables for the NxN transition probability matrix P;. The
total number of variables for each walker is N2-1. Each entry of PF
has polynomial degree k and s;[0] P has degree k + 1.



or, equivalently, N
1 N
AT S Z sl2 =D,
=1

because Y 1v, =1 and 0<5<1. Since Y1, 52< N, 5,
we conclude that pe [+, 1]. Hence, there is always a non-
zero probability that walkers w; and w; form a contact
between each other in the steady-state.

Relation (8) shows some limitations of RWIG in the
steady-state for temporal network generation. First, the
probability p of a contact between walkers ¢ and j is invari-
ant of the discrete time k, because RWIG is in the steady-
state. Thus, an m-clique contact graph G is equally likely
to emerge across K time slots. Second, the probability of
a contact between any two walkers has a fixed probability
p=35- 3T, which is not realistic for many real networks.
Third, relation (3.1) shows that the lower bound of a contact
probability p is rather high for small N (e.g. p > 1 for
N=4). Hence, it is unlikely for RWIG in the steady-state to
accurately reproduce any specific labeled contact sequence.
Nevertheless, although all links have the same probability p
to appear, the simplified RWIG model is different from any
existing classical random graph model for static networks.
Indeed, RWIG always produces a set of cliques. Conse-
quently, its simplified version can also be viewed as a new
random graph model for fixed graphs. Lemma 2 defines the
properties of RWIG in the steady state.

Lemma 2. Consider RWIG where all M walkers have the same
Markov matrix P with N states, which admits an 1x N steady-
state vector 5=§P, and s;[0]=3 for any i € {1,...,M}. Then,

1) the expected number of links Ly, in gra ]\Fh Gy, at any discrete
time k € {1,2,.,K} is, withp =Y,", § € [+,1],

7, MO MO M(M—l)} ;

2 2N 2
2) the joint probability of a link (i, j) at discrete time k+x and
k in the stady-state is

Prfas; b+ =1, agy (K] =1]=3 diag(P*(P")T)" Léwl}‘

The proof of Lemma 2 is provided in Appendix C.1.

3.2 Performance of RWIG in the steady state with re-
spect to MSE; ;.

We analyze MSE;,,;, of RWIG, where all M walkers start in
the steady state 5. Substitution of (8) into (6) gives

K-1 M

M ZZ Z (a” 5 )2

k: 0i=1 j=i+1

MSEpini(A, A) =

- (ggT—a) +b, )

where b is a non-negative constant and @ is the average den-

K-1 M M
sity of a temporal graph with @ = 22k=0 IZ(Ml(AZ[:] SV ailh],

Appendix C provides additional information on the sim-
plification of M SE};,j. The global minimum of (9) for an
arbitrary vector 3 occurs at 557 =a. Indeed, relation (9)
demonstrates the variational principle of variance Var[X]
[21] stating that the best least-square approximation of the
random variable X is its mean E[X].

4

Since the average density a€|0, 1] for any arbitrary graph
sequence and 3 is the steady-state vector with 357 € [%, 1],
equation (29) does not necessarily have a solution for a fixed
N. Theorem 2 defines the accuracy of RWIG with respect to
MSE; 1 as well as the conditions on steady-state vector 3.

Theorem 2. Consider RWIG where all M walkers have the same
Markov matrix P with N states, which admits an 1xX N steady-
state vector §=§P, and s;[0|=§ for any i € {1,...M}. Any
sequence A=(A[0], ..., A[K-1]) of M xM adjacency matrices
with an average graph density @ can be reproduced by RWIG with

- K-1 M M a
1) MSEuu(A,A) = ZEbEEiTin (sl ) g 4

K(y)
<— The steudy—state vector is 5 = .
2) MSElmk(A A=Yl > 0ifag > 1

()
vector § satisfies 35 = @ and has finite solutions if and only
ifae (1.1}

The minimal number of Markov states N to achieve the lowest
MSFEju,is N = ’—1/61.

The proof of Theorem 2 is provided in Appendix
C.3. Theorem 2 demonstrates that RWIG in the steady-
state, where s;[0]=§ for any ¢ € {1,...,M}, is able to
reproduce the _sequence of graphs Gy,.. ,G k-1 accurately
(MSEini(A, A)=0) if and only if Var[A] = 0 and, con-
sequently, Gy, ...,Gg_1 is a sequence of complete graphs
or a sequence of null graphs (there are no links between
walkers). Moreover, Theorem 2 shows that for @ ¢ {4, 1}, it
is impossible to identify the initial steady-state vector using
MSE;ni because equation 38T = @ has infinitely many
solutions. In other words, we define a class of the steady-
state vectors s that generate a temporal graph sequence with
the same average graph density @ as in Gy, ..., Gk_1.

«- The steady-state
T

3.3 Performance of RWIG in the steady state with re-
spect to MSE ;.

Sections 3.2 demonstrates that, in most cases, the initial
steady-state vector 5 cannot be recovered based on the
MSE;;,,1. criterion. In this section, we show that the initial
steady-state vector of the walkers can be uniquely defined
using the MSE ;4. criterion defined in (7).

We analyze MSE;ique of RWIG, where M walkers start
in the steady-state 5 and follow the same policy P. As-
sume that all components of the steady-state vector s are
not zero. From (1), the probability that r walkers of set
A = {w;,,... w;, } form a clique at discrete time k becomes

N
oalk]= ( O sj[()]pf) uT= ( ©) s> uT:Z§f7 (10)

w; €A wj €A
Equation (10) is invariant to the discrete time k and provides
the same value for any set of r walkers, because they all
have the same steady-state vector 5. Hence, for simplicity,
we denote 0 .4[k] by o,. Substitution of (10) into (7) gives

M )
MS B4, 3) = 37 2= Z%?ﬁﬁ_%m
7']\:/[2 r
= Z (07'_QT')2 (11)
r=2



. K Ic [k
where b, > 0 is a constant, ¢, = w denotes

the probability of cliques of size r in the observed graph
sequence Gj,...,Gk_1. Appendix C provides additional in-
formation on the simplification of M SE;;que-

The global minimum of (11) for an arbitrary vector §
occurs when o, = ¢, for any 2 < r < M. Explicitly, by (10),
the global minimum of (11) must satisfy

251() =1,
;.z 1( ) = q2, (12)
S (M = qu.

The set of equations in (12) can be solved using the Newton
identities for polynomials [21], [23]. Consider a polynomial
pn(z) in N variables

N N
z) = Zarzr =ay H (z—(9)r),
r=0 r=1

where ag, ..., an are the coefficients of a polynomial py(z)
with ay = 1 and (8)1, ..., (§) v are the roots of py(z). For
each integer r > 1, the rth power sum o, is

N
=> 3.
i=1
The relation between the coefficients ao, ...,
power sums 071, ..., oy is derived in [21] as

(13)

ay and the

(14)

Lemma 3 shows that RWIG in the steady state, where
walkers start from 3, is able to generate a temporal graph
with the same probability of cliques as in G, ..., Gkg_1.

Lemma 3. Let g, be the empirical probability of cliques of size r
with 1 < r < M. The minimum of M SEcj;que(A, A) satisfies
(12) and occurs when the components of the 1 x N wvector § are
the non-zero roots of a polynomial of order M

M
z) = E arz",
r=0

(15)

where a, = — Ml_ -
number of states in the Markov graph is

N = M — min{r|a,#0 and a;=0 for all | < r}.

The set of equations (12) can be transformed into (15).
Given the assumption that the observed contact sequence
Go, ..., Gk_1 between M walkers is produced by RWIG in
the steady state with N<M states, the rth power sum o,
can be estimated from Gy,...,G k-1 for any 1<r<M as o,=q,
for r>1 and o01=1. Given the power sums o7y,...,07, We can
evaluate the coefficients ay,...,ap; using (14). The number
of states NV in the Markov graph can be defined based on
ao,...,ap, because the number of zero coefficients equals the
number of zero roots of the polynomial pys (z) The non-
zero roots of the polynomial in (15) provides® the values
of the steady-state vector components (5)i,...,(5)n. Any
permutation of (§)i,...,(5)n forms a steady-state vector §.

3. For polynomials of degree N=5 or higher, we can obtain the roots
using the companion matrix in [22].

5

However, if Gy, ..., Gx_1 is generated by RWIG with N>M
states, we cannot identify the steady-state vector 5, because
the probabilities gasy1,...,gn are not observed in Gy,...,G k-1
and, consequently, coefficients apry1,....any of the N-order
polynomial py (z) cannot be defined.

Lemma 3 requires that the empirical contact probabilities
gi,.-,qum are equal to the steady-state contact probabili-
ties 01, ...,0nr. The recoverability of the initial steady-state
vector 5 from a single realization of RWIG is discussed in
Appendix D.

3.4 MSE,;,; of RWIG with different stochastic matrices
Pi,...,P,; in the steady state

Suppose that each random walker w; has an IV x N stochas-
tic matrix P;, which admits a steady-state distribution
3; = §;P;. Assume that the initial state s;[0] of walker w; is
equal to the steady-state probability vector §;, i.e. s;[0] = §;.
The probability of contact @,;[k| between two walkers w;
and w; at discrete time £ is

al'j [k] = Sl[k] . ST[I{Z} = 5 §T = p”

! [0, 1].

(16)

Relation (16) demonstrates that the probability of a
contact between any two walkers at discrete time k is
invariant to time in the steady state. Hence, any given m-
clique contact graph G is equally likely to emerge across K
time slots. This version of RWIG is more flexible than the
simplified RWIG model (P;=P) from Section 3.1, because it
incorporates varying probabilities of contacts between walk-
ers. RWIG in the steady state can be also viewed as another
random graph model for static graphs that generates a set

of cliques from steady-state vectors 51, ..., 5.
Substitution of (16) into (6) gives
K-1 M 5
MSEn(A, A) e Z 3 Z (aislkl-5:57 )
=01:=1j=i+1
M M
Z > (5] au) b, (17)

1=1j=1i+1

where b is a non-negative constant and @;; is the average
number of links between w; and w; in Gy, ..., Gg-1 with

a; -—M Appendix C provides additional informa-
t10r1 on the simplification of M SEj;.

Relation (17) shows that the global minimum of
M SEjiny, occurs when §;57 = @;; for Vi # j. Therefore,
we need to examine whether the system of equations

51‘5? = G5, Vi, j € {1, ...,M},
Su=1, Vie{l,.., M},
(3:), 20, Vie{l,..,M}, viec{1,..,N}

has a solution. The solution set of (18) depends on the
average number of links @;;. For instance, if @;; = 0 for any
two walkers w; and w; (the graph sequence has no links),
then all walkers traverse different states of the Markov
graph at any discrete time k. One possible solution for the
walker wj is the M x 1 steady-state vector 5; = d;; where § is
the Kronecker delta (§;;=1 if [=4, and 0 otherwise). Another
example, if @;;=1 for any two walkers ¢ and j (walkers form
a complete graph at any discrete time k), the solution of (18)
is the 1x1 steady-state vector 3;=1 for any ¢ € {1,..., M}

(18)



while the Markov graph has only N=1 state. However, if
@12=1, @13=1 and Ga3=0, the solution of (18) does not exist*.
Lemma 4 provides an example of static graph sequences
for which system (18) always has a solution. The proof of
Lemma 4 is provided in Appendix E.1.

Lemma 4. Consider RWIG where M walkers have NxN
Markov transition matrices Py, ..., Py with an arbitrary number
N of states, which admit 1< N steady-state vectors 51, ..., 5 and
5i[0] = §; for any i € {1,...,M}. Then any sequence of graphs
Go, ..., G_1 that do not change over time, where G consists of
the union of m disconnected cliques, can be accurately modelled
by RWIG in the steady state where N > m.

The system (18) can be represented by an M x M
Gram matrix G of all possible inner products of steady-state

vectors §1, ..., Sps
g1 012 a1
a2 go2 23 .
g= . =585",
aip QoM MM

where S = [5; 53 ... 57]7 is an M x N matrix of the steady-
state vectors and g;; = 3§;5/. Geometrically, S represents
the constellation of possible latent positions of M vectors
on an (IN-1)-dimensional simplex. Unfortunately, given G,
it is impossible to recover S. If R is an N xN orthogonal
matrix (RT R=RRT=I), then an M x N matrix S = SR has
the same Gram matrix® [22]. Hence, the solution of (18) is
identifiable only up to an orthogonal transformation®.

The diagonal element g;;=35; 57 of the Gram matrix G can
be interpreted as the probability that walker w; remains at
the same state of the Markov graph in the next time slot. Un-
fortunately, ¢11, ..., gm v are not known as we only observe
contacts between walkers and we do not have access to the
underlying Markov graph. However, the diagonal elements
of G should satisfy certain conditions in order for system
(18) to have at least one solution.

Theorem 3. Let G be an MxM symmetric matrix with
9i;€10,1] for any i#j and G=UAU™ be the eigenvalue decom-
position of G where U=[u; ua ... uns] is an M xM orthogonal
matrix formed by the scaled, real eigenvalues wy belonging to
eigenvalue N\, (G), A=diag(A(G)) is an M xM diagonal ma-
trix of eigenvalues and A1 (G)>...>Ap(G). Then G is the Gram
matrix of 1 x N steady-state vectors 51, ..., 5 if and only if
1) G is positive semidefinite;
2) gii € [%, 1;
3) JY>rank(X), where X is an (M-1)xM matrix with
X:[xg—xl JTM—Q?l}T and X:UAl/QZ[],‘l $M]T,‘
4) there exists an N x 1 non-zero vector n such that
SR (X)) = 0, Vi € {1, ., M1,
|25 Dy (X 1
[l VN
5) there exists an N x N orthogonal matrix R such that X R =

4. By Lemma 1, @12 = 1 and @13 = 1 implies §;=582=353=(1,0,0,...),
which in turn contradicts with @as3 = 0.

5. 857 = (SR)(SR)T = S(RRT)ST = 55T =g.

6. For instance, any permutation of columns of S (=steady-state
vector components) produces the same matrix G.
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The proof of Theorem 3 is provided in Appendix E.
Theorem 3 defines the conditions on the diagonal of G and
defines a class of the steady-state vectors §1,...,55s that gen-
erate a temporal graph sequence with the same probability
of a contact between any pair of walkers as in Gy, ..., Gg_1.
In addition, we provide the solution of (18) for M = 2 and
M = 3 (for N = 2) in Appendix E.3.

4 RECOVERING THE MARKOV GRAPH OF RWIG

4.1 Recovering the stochastic matrix P, from the
steady-state vector s;

Section 3 discusses how to find the 1 x IV steady-state vector
5; of each walker w; given the temporal graph sequence
Go,....Gk-1 and the initial condition s;[0] = §;. To recover
an N x N stochastic matrix P; from a given steady-state
vector 5;, we need to utilize properties of stochastic matrices
[21]. First, P; is an N x [N square matrix of nonnegative real
numbers with each row summing to 1. Second, the steady-
state vector 5; is the left eigenvector of P; that corresponds
to the eigenvalue 1. Hence, the stochastic matrix P; can be
obtained from the set of linear equations

PuT =T,

siP; =5,
The solution of (19) is always not unique. For instance, P; =
Iand P; = [5; §; ... 5;]7 are solutions of the system (19) for
any steady-state vector 5;. Thus, the set of linear equations

in (19) defines the class of stochastic matrices P; having the
same steady-state vector 5;.

(19)

Example 1. Let walker wy be in the steady state 5;=[F 3].
Then the 2 x 2 stochastic matrix P; of walker w; is
P — —2+3p22 3 — 3pa2
=

1 —po P22

)

where % < poo < 1.

As aremark, a set of linear equations in (19) are sufficient
to define the stochastic matrix P, if and only if s;[0] = §;, be-
cause it is possible that limy_, . 5;[k] = limg_,o 5;[0] PF #
3; for some s;[0] and P; from system (19). However, if
the Markov chain is irreducible, aperiodic, and positive
recurrent [21], then any initial vector s;[0] converges to the
unique steady-state vector 5;.

Example 2. Let walker w; be in the steady state §; = [ 1]7.
Then the 2 x 2 stochastic matrix P; of walker w; is
P = D22 1- P22} 7
1 —pa2 D22
0 1
where 0<py2<1. Suppose p2=0 and P;= 1 ol If

51[0]=[3 3]7 then 5;=limj_,o s;[0]PF=[3 3]7. However,
if 51[0] = [1 0]7, the steady-state vector 5; does not exist.
4.2 Recovering the stochastic matrix P from the
steady-state contact sequence

Assume that the contact sequence Gy,...,Gx_1 is generated
by RWIG in the steady state where all walkers have the same
Markov policy P and steady-state vector 5. We demonstrate
that, under this assumption, we can recover the Markov



graph using the time correlation between cliques. Since
si[k]=5 for any walker w; in the steady state, we rewrite
the joint probability that a clique C' C {1,..,M} occurs at
discrete time k£ and k+1 from Theorem 1 as

Pr[Ic[k]=1,1c[k+1]=1] = (@ s> (@ P) u”

w; €C w; €C

N N
= Z Z (§COPCOCI)|C|' (20)
co=1lci=1

Equation (20) is independent of the choice of the walker set
C' and the discrete time k£ and is determined solely by the
size of C. For simplicity, we denote the joint probability in
(20) by 0,1 where r = |C]|.

Denote by W the N x N matrix obtained from matrix P
and steady-state vector 5

siPii 51Pi2 51PN

5o P 5o P 5o P .
W= |52P 5P 2PN | p st

syPi1 syPia SNPin

The sum of elements in i-th row of matrix W is
Zj-v:l 5;P;; = 5;. The sum of elements in j-th column of
matrix W is vazl 5;P;; = 55, because s is the steady-state
vector of P with §P = 3. Thus, WuT = §7 and uWW = 3. The
sum of all elements of W is Y. | ZZ]\LJ wi; = uWul = 1.
Furthermore, for each integer r > 1 the rth power sum of
elements of W defines the joint probability that graphs Gj,
and Gy contain the same clique of size r

N N
> wi =0
i=1 i=j
Theorem 4 shows that the elements of W can be identi-
fied using the Newton identities for polynomials [21], [23].
The proof of Theorem 4 is provided in Appendix F.

Theorem 4. Consider the N x N matrix W = P ® 3T. Given
the steady-state vector 5 and the steady-state joint probability o, 1
for each integer 2 < r < N2, the elements of matrix W are the
roots of a polynomial of order N*

N2
pNz(z) = Zamﬁ (21)
r=0
2
where a, = — 57— Z{im—l ajoy,1 with a2 = 1. The position

of the rth root z, of (21) in the matrix W is defined by the solution
of the placement problem

Zivjl Yirzr = 8, forallie{l,..., N},

Zivzi Yrj2r = 85, forall je{1,..., N},

Z;V:l Yrj = 1, forall re{1, ..., N2}, )
SN oy =1,  forallve{l,..,N?},

SN g =N, forallie{l,..,N},

SNy =N, forall je{l,...N}

where Yir,yr; € {0,1} for all 4,5 € {1,...,N} are the binary
variables that define if the rth root z,., v € {1,....N*} has position
w;j in matrix W.

Given the assumption that Gy, ..., Gx_; is produced by
RWIG in the steady state, we identify the steady-state vector

7
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Fig. 2. 3-periodic sequence for a temporal graph with 4 walkers.

5 using Lemma 3 and evaluate the joint probability o, ;
for any 1<r<M 2. We define the coefficients ay, ..., a2 and
identify the roots {zr}ﬁ,\zl of (21). The solution of (22) is not
unique because W and W7 satisfy WuT=35T and uW=3.
The set of stochastic matrices P is derived from § and W.

Example 3. Consider the Markov graph with N=3 states
and M =9 walkers that traverse the Markov graph according
to the 3x3 Markov transition probability matrix

0.567 0.157 0.276
P=10373 0276 0.351].

0.327 0.502 0.171

Given the steady-state probability ¢, of the clique of size
r for r < 9, Lemma 3 defines the steady-state vec-
tor § = [0.447,0.284,0.269]. Given the steady-state joint
probability o, that the same clique of size r occurs in
two adjacent time slots for r < 9, the roots of (21) are
z = [0.254,0.135,0.123,0.106, 0.1, 0.088, 0.078,0.07, 0.046].
From (22), there are only two possible arrangements or roots
{z-}2_, in the W matrix

0.254 0.07 0.123
Wi =

0.106 0.078 0.1
0.088 0.135 0.046

Dividing each row i of W; and W5 by the corresponding
component §; of the steady-state vector produces transition
probability matrices P; (the initial matrix) and P

0.567 0.157 0.276 0.567 0.236 0.197]

], W, = Wi

P=10.373 0.276 0.351 0.248 0.276 0.476

0.327 0.502 0.171 0.459 0.37 0.171

uP2:

Example 3 illustrates how the initial Markov graph can
be inferred from Theorem 4. Additionally, we demonstrate
in Appendix D how Theorem 4 is applied to identify the un-
derlying topology of the real transportation system (PATH
rail system) using the contact data of random walkers.

5 RWIG FOR PERIODIC SEQUENCES

Section 3 demonstrates that RWIG in the steady state can ac-
curately reproduce only static graph sequences Go,...,G k-1
where Go=...=Gk_1. We call such graph sequences 1-
periodic because Vk € {0,..,K-2} Gy = Gpq, for p=1.
In this section, we examine whether RWIG can accurately
reproduce p-periodic graph sequences where p>1. Our
motivation for studying periodic sequences is that many
real-world systems possess a quasi-periodic dynamic that
repeats during a certain period of time [14], [24].

Definition 1. The graph sequence G, ...,Gk_1 is called p-
periodic if there is a positive integer p<K-1 with Gp=Gr1p
forany k € {0,1,.., K—p-1}.

An example of 3-periodic sequence for a temporal graph
with M = 4 walkers is shown in Figure 2.
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Fig. 3. RWIG with N=7 states for 3-periodic graph sequence from Fig.2.

Lemma 5. The RWIG model where the walkers have the same
N x N Markov transition matrix P can accurately reproduce
only 1-periodic graph sequences G, ..., Gx_1.

The proof of Lemma 5 is provided in Appendix G.1.

Consider RWIG where M walkers have N x N transition
matrices P,...,Pyr. Since a;j[k]=a;; [k+p] for any walkers w;
and w; at any discrete time k£ € {0,1,.., K—p-1}, RWIG
reproduces p-periodic graph sequence Gy,G1,...Gk-1
accurately if and only if a;;lk]=a;;[k]|=a;;[k+p] for
any ke{0,.,K-p-1} and any i,j€{1,.,M} where
ajj [k}:s7[k]s]T[k] is defined in (5). We assume that each
walker w; traverses the Markov graph with period p (i.e.
si|k]=si[k+p] for any k € {0, .., K—p-1}) and prove that any
p-periodic graph sequence Gy, ..., Gx_1 can be reproduced
by RWIG if any graph G|, contains a set of cliques.

First, we demonstrate in Figure 3 the solution for the 3-
periodic graph sequence from Figure 2. We introduce N =
7 states in the Markov graph because there are 2 cliques
in Gy, 2 cliques in G; and 3 cliques in G2. Each state of
the Markov graph corresponds to one of the cliques in the
temporal graph at discrete time k € {0,1,2}. Initially, the
walkers wy,ws and ws,wy are placed in the same state as
they have a contact in G (see Figure 3, bottom right). At
each discrete time k, walkers move to the same state if they
have a contact between each other. Otherwise, a walker w;
moves to the state that contains w; in discrete time k (see
Figure 3, top right). The transitions of the walkers are shown
in Figure 3 (red for walker wy, blue for walker w,, green for
walker w3 and black for walker w,). The total number of
walker transitions in the Markov graph, or, equivalently, the
total number of non-zero elements in the transition matrices
Pi,...,Py is sum of walkers periods, i.e., Z?Zl pi=12.

Lemma 6. Any p-periodic graph sequences Gy, ...,Gg_1 can
be accurately reproduced by RWIG where M walkers have
different N x N Markov transition matrices Pi,..., Py and
N = SPZ 0 n.[k], nelk] is the number of cliques in Gy.

The proof of Lemma 6 is provided in Appendix G.2.

Lemma 6 shows that any periodic graph sequence can
be represented by RWIG where the Markov graph has
N = Zi;é ne[k] states and each walker w; follows p-
periodic walk. We formulate two research questions:

1) What is the minimal period of each walker to reproduce
p-periodic graph sequence?

O—® |
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Fig. 4. RWIG with N=5 states for 3-periodic graph sequence from Fig.2.
The transitions of the walkers are shown in red for w1, blue for ws, green
for ws and black for wy.

00000
01000
000 0 0 S

00000
00000

2) What is the minimal number of states IV in the Markov
graph to reproduce p-periodic graph sequence?
Intuitively, the shorter the period p; of each walker w;,
the fewer states are needed to describe the walk of w; and,
consequently, the fewer number of states N should be in the
Markov graph. However, we demonstrate that the minimal
period of the walkers does not imply the minimal number
of states in the Markov graph.

Lemma 7. Any non-zero contact sequence between walkers w;
and w; with period p, where p is the minimal period of the
sequence, can be reproduced by RWIG where walkers w; and w;
traverse the Markov graph with periods p; and p; such that

a) LCD(p1,p2) mod p = 0, where LCD(p1, p2) is the least

common denominator of py and po.
b) min(p,py) > EEPALL) 570 g ]
c) ﬂkl, ko < LCD(pl,pQ) with Qij [k‘l]:aij [k‘g]zl such that

k1 mod p; = ko mod py,
k1 mod ps = ko mod po.

Lemma 7 defines the set of periods (p;, p;) for walkers w;
and w; to reproduce the observed contact sequence between
them. For instance, the contact sequence [1 0 0] between
walkers w3 and w4 can be accurately reproduced by RWIG
if (p3s,pa) € {(1,3),(2,3),(3,3),(3,1),(3,2)}. The proof of
Lemma 7 is provided in Appendix G.3.

The minimal period p; of walker w; in p-periodic contact
sequence is the period, which is present in all sets between
walker w; and other walkers. For instance, the 3-periodic
graph sequence from Figure 2 can be modelled by RWIG
where walkers wi, w2, ws, ws have periods pi=py=p3=3
and p4=1. Hence, the minimal number of states in the
Markov graph is N = 5 because walkers w; and w;
require 4 states (w; and wy should traverse three different
states while two of them should be shared) and walker
wy requires one additional state (walker w,, which has no
contacts with w; and wsy, stays in the same state). Figure
4 demonstrates the parameters of RWIG with N=5 states
for the 3-periodic graph sequence from Figure 2. The total
number of transitions in the Markov graph with N =5 states,
or, equivalently, the total number of non-zero elements in
the transition matrices P,...,P; is 10.

However, N=5 states is not the minimal number of
states in the Markov graph. Suppose that all walkers tra-
verse the Markov graph with period p = 3. We propose
Algorithm 1, which is a heuristic method that constructs
the Markov graph with a small number of states for p-
periodic graph sequence Gy,...,.Gk-1. First, Algorithm 1 se-
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Fig. 5. RWIG with N=4 states for 3-periodic graph sequence from Fig.2.
The transitions of the walkers are shown in red for w1, blue for ws, green
for ws and black for wy.

lects walker w; and generates N = p; states in the Markov
graph (walker w; should traverse p; different states) where
the states of the walker are X;[k] = k for k € {1,...p1}.
Then Algorithm 1 chooses the next walker w, that traverses
po states. If walker ws has a contact with walker w; at
discrete time k < K (function ”GetFirstContact”), then
walker wy shares one of the existing states with wy, i.e.,
Xo[k mod p3] = X1[k mod p;]. However, if the walker wo
has no contact with walker w; when wy was on k-th state
(k < p2), we chooses the first available state [ € {1,...,N} in
the Markov graph (function ”"GetFreeState”)”. If such states
are not available, we add an additional state to the Markov
graph for walker wo. Thus, Algorithm 1 iteratively processes
each walker w; until all M walkers have been considered.

Algorithm 1 Markov Graph Generator (Periodic sequences)

Input: periods p1,...,par of M walkers, contact graph
sequence Gy, ..., Gx_1.

Output: periodic states sequence X1, ..., X s of walkers,
the size N of the Markov graph.

1: N«<0

2: fori <+ 1to M do

3: X, + 0p5,><1

4; forp < 1 to p; do

5: for k < p to K step p; do

6: j < GETFIRSTCONTACT(GY, %)

7: if j # 0 then X;[p] < X;[k mod p;] break
8: end if

9: end for
10: if X;[p] = 0 then
11: s « GETFREESTATE(N, [X1,..., X;])
12: if s = 0 then
13: Xilp) +~ N+1, N+~ N+1
14: else
15: Xilp] < s
16: end if
17: end if
18: end for
19: end for

20: return [X; ... Xp/], N

Figure 5, obtained by Algorithm 1, shows that the 3-
periodic graph sequence from Figure 2 can be modelled by
RWIG with N=4 states. The total number of transitions in

7. State | € {1,..,N} is available for walker wo if X[k] # [ for any
(k mod p1) =l (w2 never meets w; at state [) and Xo[t] # [ fort < k
(w2 have not visited state ).
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the Markov graph with N=4 states is 12, which is more
compared to Figure 4. Hence, Algorithm 1 demonstrates
that the minimal periods of the walkers do not imply the
minimal number of states in the Markov graph.

6 DiISCUSSION

We examined the inverse problem for RWIG in the steady
state. If all walkers have the same transition probability
matrix P and start from the steady-state vector 5, RWIG
is able to accurately reproduce only a sequence of complete
or null graphs. Any other temporal graph G, ..., G g1 with
M walkers can be approximately modelled by the graph
sequence that has the same probability of a clique of size r
and the joint probability o, ; for each r < M. Furthermore,
we demonstrate that inferring the initial ergodic Markov
process is possible: given Gy, ..., Gk_1, we derive an exact
analytical solution that defines the transition probability ma-
trix P of the walkers. Our findings are based on fundamen-
tal results of Newton in polynomial theory and functional
analysis. The scalability and computational complexity of
our methodology are driven by the O(n?) complexity of
existing root-finding methods for n-order polynomials.

If walkers have different transition probability matrices
Py, ..., Py that have different steady-state vectors 51, .., 55,
RWIG can accurately reproduce only a sequence of m-clique
graphs that do not change over time. The lowest possible
mean squared error (MSE) occurs when §Z§]T = a;; for all
pairs of walkers w; and w;, where @;; is the average number
of links between i and j in Gy, ..., Gk_1. We imposed several
constraints on steady-state vectors 3y,...,5)s to achieve this
MSE value. However, the general solution for 31, .., 5 for
arbitrary N and M remains unknown.

For periodic sequences, we have proven that, if the
walkers follow the same policy P in the Markov graph,
RWIG can accurately reproduce only 1-periodic sequences.
We have also demonstrated that any p-periodic sequence
can be reproduced by RWIG where M walkers traverse the
Markov graph with different transition probability matrices
Py, ..., Pyr. We provide the lemma that defines the minimal
period p; of each walker w;.

There are several future directions for this research. First,
we have identified the constraints on the temporal graph
sequence, which can be reproduced by RWIG with the
lowest MSE. However, if a given temporal graph sequence
Go,....G k-1 does not satisfy these constraints, what are the
parameters of RWIG in the steady state to approximate
Go,....Gk-1? Second, how to infer the parameters of RWIG
when the sequence Gy,....G k-1 is neither periodic nor gen-
erated in the steady state? Finally, our findings are valid
only for graph sequences that can be generated by RWIG.
Therefore, we emphasize the importance of solving the
inverse problem for other generative models that produce
non-clique structures.
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APPENDIX A

SYMBOLS

Only when explicitly mentioned, will we deviate from the
symbols outlined here.
General Notation

EX]
Var[X]
pn(z)
LCD(p1,p2)

k1 mod pq
RWIG

O A;[k]

Oy

discrete time

the 1 x N all-one vector

1 x N I[-th standard basis vector, | €
{1,...,N}

Hadamard product

the smallest integer value greater than or
equal to .

mean of the random variable X

variance of the random variable X
symmetric polynomial in IV variables

the least common denominator (LCD) of
numbers p; and ps

the remainder of the division of k; by ks

number of states (nodes) in the Markov
graph

number of random walkers

set of (Z\f ) possible combinations of r
walkers from a set M

the set of M walkers with |[M| = M

label of walker w;

N x N transition probability matrix of
walker w;

set of transition probability matrices
P, ..., Py of M walkers

random variable of the state of walker w;
at discrete time %

1 x N Markov states probability distribu-
tion of walker w; at discrete time k

set of initial state vectors s1[0], ..., sar[0] of
M walkers

clique 7 of walkers at discrete time £ (i.e. a
subset of the walker set M)

subset of walkers

Contact graph (i.e. partition on the set M)
realisation at discrete time k

the set of all partitions on g

cell of a partition on a contact graph (i.e. a
subset of subsets of walkers)

The contact graph associated with parti-
tion m on the contact graph g (i.e. the
amassed-clique contact graph formed by
coalescing cliques in g)

probability that all walkers in the subset
A;[k] are in the same Markov state at time
k (i.e. at the same node in the underlying
graph)

steady-state probability that r walkers are
in the same Markov state (=rth power sum
of the steady-state components)
probability that walker w; is in state [ in
the Markov graph at discrete time k
probability of a link between walkers in
the steady state with policy P
steady-state vector of all walkers

S; steady-state vector of walker w;

Dij probability of a link between
walkers w; and w; in the steady
state with the different policies P;
and P;

g M x M Gram matrix

n a nonzero normal vector (or or-

Temporal Graphs
Gk or Gk (./\/1, Ek)

thogonal vector) to the hyper-
plane containing the points corre-
sponding to the steady-state vec-
tors 51,...,.5m

temporal graph at discrete time
k with walkers (nodes) M and
links L,

Ly set of links in Gy,

Ly, number of links in G, Ly, = |Lg|

L set of all links in G, £ = U} _, L&

L the total number of links in
GO/---/GK -1

Alk] g x M adjacency matrix of graph

k

a;jlk] (i, j)-element of an adjacency ma-
trix A[k]

[ average number of links between
walkers w; and w; over K time
slots.

a average number of links (aver-

age density) in graph sequence
GO ,...,G K-1

the observed sequence of M x M
adjacency matrices over K time
slots.

the sequence of M x M adjacency
matrices, which is generated by
RWIG over K time slots.

I (k] the indicator variable that defines
the existence of clique between
walkers of set C in graph G},

Ly, expected number of links in
graph G},

gr the probability of cliques of size r
in Go,...,G k-1

o1 the steady-state joint probability
that the same clique of size 7 oc-
curs in two adjacent time slots

APPENDIX B

RWIG: JOINT AND CONDITIONAL PROBABILITY OF

A LINK
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Proof of Theorem 1. Consider the RWIG model where
walkers have different transition probability matrices
Py, Py, ..., Pyy and initial states s1[0], s2[0],...,sa7[0]. The joint
probability of a link (¢, j) at time k& + 1 and & is

Pr[aij [k'—f'l}:l, Aij U{}]Zl]

=3 Pr[Xi[kt1]=c1, X, [k+1]=c1,X;[k]=co,. X, [k]=cq].

C()il Clil



Since walkers w; and w; move independently of each
other in the Markov graph, then

Xulk+1]=c1, Xy [k]=co]

Xulk+1]=c1| Xy [k]=co] Pr[ X, [k]=co]

(,0;1 c1=1 N

= Z ((Si[k])co(sj[k])co Z (H)Cocl (Pj)coc1>
¥ ¥

= Z ((Si[k])m(sj[k])% Z (Pi)eoes (PjT)mc())
COJ\7 c1=

= Z (sl[kDCD(Sj[k])CO(PzPJ )eocos

which we write as

Prlag;[k+1]=1, a5 [k]=1] = s;[k] diag(P,PT)s7 k]

= 5;[0]Pf diag(P;P])(PF)"sT[0].  (23)

Equation (23) can be extended to compute the joint
probability of a link (4, j) at time k+x and &

Pr[aij [k"f’:‘ﬁ]:L Qi [k]zl]

I
(]
(]

I
M2
M=

Pr[X, [k+k]=c1, Xu[k]=co]

o
S
Il
—_
o
S,
Il
—_
I3
m
-~
~
&
—~

-
M=

((P)Zye, - (silkD)eo) - ((Pj)ee, - (55[K])eo)

I
o
Il

—
)
S
Il

—

N
2 : n K
(Sl Co SJ Co Pz 6061 P 0001

c1=1

o

S
Il
—

E'qz

which we write as

Prla;j[k+k]=1, a;;[k]=1] = s;[k] diag(Pf(Pf)T)sT

Tlk].

(24)

The joint probability that a link (i, j) will be present from
discrete time & to discrete time k++ is

Prla;[k]=1,...,ai; [k+t]=1]
N N
= > PrX[k]=co, X;[k]=co,... Xi[k+k]=ce, X; [k+r]=
co=1 =1
N N
=y ) Pr[ X, [k]=co,... Xu[k+K]=ct].
co=1 ct=1lue{i,j}

Pr[X; [k-+x]=c1, X, [k-+r]=c1, Xi[k]=co, X; [k]=co] |

Ct]
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Since the walks of any walker w; are generated by the
Markov process, then

PI‘[Xi[k}:Co, . '[k}+/{]:ct]
= Pr[X;[k]=co] H Pr[X; [k+r+1)=c,11 | Xi[k+r]=c,]
t—1
= (Si[k])co ' H (Pi)c,,wc,,qua
r=0

and, consequently,

Pr[ai

<

[k’]—l, - Qij [k+l€]=1]

N t—1

51 c (Pi)crc,,uA (Sj U{;])co ) H (Pj)C'rC7~+1

c=1 r r=0

0
(silkD)eo (55 Deg 3 > T

c1=1  c=1luefi,j}
N

((Sz co (87 [K]) o Z (P © Py) COCt>

which we write as

(PU)Ct—lct

u C0C1"'

'MZHMZ

o

(=}
Il
—

I
M=

ci=1

o

(=)
Il
MR

Prla;;[k)=1,...ai;[k+r]=1] = (s:[k] © s;[j])) (P © P;)"u”,

(25)

where u is the 1 x N all-one vector and ©® denotes the
Hadamard product.

We extend the joint probabilities to cliques. Denote by
I¢[k] the indicator variable that defines the existence of
clique between walkers from C' in graph Gy, as

1,if a clique among walkers from C exists in G,
clkl= .
0, otherwise.

The joint probability that walkers from set C C {1,..., M}
have contacts between each other at time k + 1 and k is

Pr[lo[k+1]=I
— i i Pr[Vw,eC X, [k+1]=c1, Xy[k]=co]-

co=1lci1=1

clkl=1]

Independence of the walkers indicates that

Pr [I¢[k+1]=I¢[k]=1]

PrX, [k+1]=c1, Xu[k]=co]

which we write as

Pr [l [k+1]=I¢[k]=1] = (Q su[k]) (Q Pu) u”,

wy, €C

Equation (26) is the generalization of equation (23). We
extend (24) and define the joint probability that walkers



from set C' C {1,..,M} have contacts between each other

at time k4~ and k as
Pr[Ic[k+k]=Ic[k]=1] = ( O s k]) (@ P;j) u”
wy, €C
) (27)

wy, €C
From equation (25), the joint probability that walkers from
set C' C {1,..,M} have contacts between each other have
contacts between each other from time k to time k+k is

Pr(Ic[k]=1 k<I<k+k] = (@ su[k]) (O Pu> u”.

wy, €C
(28)

APPENDIX C

MSE,;,,, AND MSE;;,. OF RWIG IN THE STEADY
STATE

C.1 Proof of Lemma 2

Lemma 2. Consider RWIG where all M walkers have the same
Markov matrix P with N states, which admits an 1x N steady-
state vector §=5P, and s;[0]=5 for any i € {1,...,.M}.
1) The expected number of links Ly, in gr ]\fzh Gy at any discrete
time k € {1,2,.,K} is, withp =>,_, §7 € [+,1],

- M(M-1) M(M-1) M(M-1)

Ly = .

g 2 Pl T 2

2) The joint probability of a link (i, j) at discrete time k—+x and
k in the stady-state is

Prfas; k4] =1, agy (K] =1]=3 diag(P*(P")T)5" [lel}’

Proof. Equation (8) enables the computation of the expected
number of links in a temporal graph at discrete time k. Since
the probability of a link between any pairs of walkers is
p, the expected number of links Ly in graph Gj with M
walkers at any discrete time k£ € {1,2,..,K} is, with p €

(%11,
- M(M-1) M(M-1) M(M-1)
Ly=—"—>= .
k g P € { ON 2
Theorem 1 states that the joint probability of a link (3, j)
at time k+4x and £ in the steady state is

N N
Pr[aij[k:—i—n]:l,aij[k:] Z Z PK 6061

Cco— 1 :
The matrix P" is stochastic with 0 < (P")c,, < 1

and ch:l( "eoer = 1 for each row c¢g. Similarly to
relation (8) we apply the Cauchy-Schwarz inequality and
obtain ch (P)ee)) € [+, 1]. The lower and the upper
bounds of Prla;;[k+k]=1, a;;[k]=1] are given by

N
1 L, 1
Prla;;[k+k]=1, a;;[k]=1] > N(,E 1 (5o 2 772
0

and

N
Prla;j[k+k]=1, a;; [k Z
Thus, the joint probability

because ZCO (8)2 € [% 1}
[xz,1] for any integer k> 0. [

Prla;;[k+r]=1]a;;[k]=1
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C.2 MSE,;,; of RWIG in the steady state where ) walk-
ers have the same steady-state vector s
Consider the RWIG model where all M walkers have the
same Markov transition matrix P with an arbitrary number
N of states, which admits an 1 x N steady-state vector 5§ =
SP, and s;[0] = § for any i € {1,..,M}. Substitution of (8)
into (6) gives
K-1 M 5
MSEini(A, A) (a” 557)

K =01t=1j=i+1
1 KMo M
- %0 > ( fj[k]_zaij[k}ggu(g?)?)
2/ k=01i=1j=i+1
_ (zzT\2 ~~TZ = 127 z+1a’tj[}
e )y
S (wz )
1\24) k=0 1i=1 j=i+1 ” K(A;)
(=5 M ailk]) LTS S a
K2(2)2 K(Af)
~~T 2 ZK:_I = 1Zj>7, zg[ ]
= (ss —a) 4 =E=0 K(];[)
M 2
aijlk 2
<Z e [ ]> - (§§T—a) +b.

K2(2)

where @ denotes the average number of links in a temporal
graph sequence Gy,....G k1.

C.3 Proof of Theorem 2

Theorem 2. Consider RWIG where all M walkers have the same
Markov matrix P with N states, which admits an 1x N steady-
state vector §=§P, and s;[0|=§ for any i € {1,.,M}. Any
sequence A=(A[0], ..., A[K-1]) of M xM adjacency matrices
with an average graph density @ can be reproduced by RWIG with
1) MSE, T ZthZfMlZg 7+1(a1][k] N) :
link (A A) = >0 lf

K (3
a<+. The steady-state vector is § = N
2) MSElmk(A A) Varld] ~ ifa > % The steady-state
T

k(%)
vector § satisfies §5' = @ and has finite solutions if and only
ifae (4.1}

The minimal number of Markov states N to achieve the lowest
MSEjj,,is N = ’71/61

Proof. The global minimum of MSE;;,; for an arbitrary
vector S occurs at

N
= Z §#=a (29)
Geometrically, Zl 151 = 1 represents a hyperplane in
the N-dimensional Euclidean space, while Z =1 3?2 ;= =c?isa

sphere with radius ¢ € R>. Hence, the system of equations

le\il 512 =c
N -
Zl:l sp=1

5>0, le{l,..,N}



has

e a unique solution for ¢ = % when a hyperplane

: s (1 1.

touches a given N-sphere at § = (-, ..., 7 );

e N solutions for ¢ = 1 when a hyperplane meets a given
N-sphere in N axes points;
e pe e . 1

e infinitely many solutions for ¢ ¢ (W’ 1) when a
hyperplane crosses a given N-sphere;

« no solution for ¢ < LN or ¢ > 1 when a hyperplane

does not meet a given N-sphere in the non-negative

quadrant.

Therefore, equation (9) has a solution if and only if
a € [, ] because Y, 5 € [%,1]. However, since
my — o0 El 151 = th_,oo ~ = 0 for § = &, equation
(9) always has a solution for any @ € [0, 1]. O

C.4 MSE;,;,; of RWIG in the steady state where )/ walk-
ers have steady-state vectors s, 55, ..., 5

Consider the RWIG model where M walkers have NxN
Markov transition matrices P, Ps, ..., Pys with an arbitrary
number NN of states, which admit 1 x N steady-state vectors
51,82, ...,80m and s;[0] = §; for any ¢ € {1,..,M}. Substitu-
tion of (16) into (6) gives

MSEyni(A, A)

1 M M K-1 K-1
= 2o 2 | 2o allk2 > alklEs] + K5 )2>
2 )= j=i+1 \k=0 k=0

K K (]Z’)

2
(ézéjT + aij) +b,

where @;; is the average number of links between walkers ¢
and j over K time slots.
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Fig. 6. PATH rail system.

C.5 MSE ;.. of RWIG in the steady state where )/
walkers have the same steady-state vector 5

Consider the RWIG model where all M walkers have the
same Markov transition matrix P with an arbitrary number
N of states, which admits an 1 x N steady-state vector 5§ =
$P, and s;[0] = § for any ¢ € {1,....M}. Substitution of (10)
into (7) gives

M Z Zce/\/[, (Ic[k] — UT)Q
Z K(M> ’

s

MSEclique (A7 121\)

r=2

where r We rewrite the numerator of

MSEclique (A, A\)

Y Y el =% Y (el

k=0CeM, k=0CeM,

M K-1
K<T>03202 Z Z Ic
k=0CeM,.

C.

~20,1c[k]+02)

K-1
Y Iclk]

k=0 CEM,
2 K4
:K<M> (Ur Z ZC]E\4M7 Ic| ]) +Z Z To[k]
r K(7) k=0 CEM,.

(SIS Soen, Telk)

K(7)
() (=

s
where b, > 0 is a constant. Hence, MSE ique(A, g) be-
comes

2
Yo Scenm, e
< + by,
K(3)

T

M
MSEclique(AzA\) Z (e QT +Z
r=2

ZkK:% ZCGMT Ic [k

%) ] denotes the probability of

cliques of size r in Gy,...,Gk-1.

where ¢, =

APPENDIX D
EXPERIMENTS
D.1 Example on empirical network

Suppose that the underlying graph G represents the PATH
rail system® (see Figure 6) with N = 13 nodes and 14 links
(L = 28 directed links). We consider M = L independent

8. https://www.panynj.gov/path/en/schedules-maps.html


https://www.panynj.gov/path/en/schedules-maps.html

random walkers that traverse the underlying graph G with
respect to the same NV x N probability transition matrix P.

Assume that the generated K-length contact sequence
Go,...,G K1 is generated in the steady state and the steady-
state clique probabilities are

_0'1 1 B 1 1 i O'1>1 1 B 1 1
o9 1.19 x 1071 021 6.27 x 1072
o3 1.60 x 1072 031 4.79 x 1073
o4 2.33 x 1073 041 4.19 x 107*
o 3.58 x 1074 o5 4.03 x 107°
o6 5.70 x 107° 06,1 4.13 x 1076
o7 9.31 x 1076 o1 4.38 x 1077
o3 1.55 x 1076 081 4.74 x 1078
o9 2.60 x 1077 091 5.18 x 107°
g10 4.40 x 1078 010,1 5.71 x 10710
011 7.49 x 1079 011,1 6.30 x 10711
J19 1.28 x 1079 012,1 6.98 x 10712
013 2.19 x 10710 013,1 7.73 x 10713
o14| _|3.76 x 1071 o141 |_|8.57x 10714
15| |6.46 x 10712|” o151| [9.50 x 10719
ol [1.11 x 10712 o161 1.05 x 1012
o7 1.91 x 10713 o171 1.17 x 10716
o] [3.30x 10714 o181 1.30 x 10717
o] [5.68x 1071 o191 1.44 x 10718
oa0| [9.81 x 10716 020,1 1.60 x 10719
o21| [1.69 x 10716 oa1,1| |1.77 x 10720
oaa| [2.92x 10717 oa21| |1.96 x 10721
o3| |5.05 x 10718 o3| [2.18 x 1072
ooa| |8.74 x 10710 oo1| [2.42x107%
o25| [1.51 x 1071 o251 | |2.68 x 10724
o2 | [2.62 x 10720 o261 | |2.98 x 10725
oa7| |4.53 x 1072 o271| |3.30 x 10726
loos] 17.84 x 10722] lo2s1]  13.66 x 10727

By using Lemma 3, the number of nodes (states) in
the underlying Markov graph is N=13. From (15),
the steady-state vector is given by § = [0.175,0.1662,
0.1175,0.1109, 0.1038, 0.1029, 0.0739, 0.0711, 0.0517,0.0197,
0.0032,0.0031, 0.001].

By using Theorem 4, we identify L=28 from the joint
probabilities o4 1,...,0p,1. We construct the polynomial
p(L, z) of order L, whose positive roots are z = [0.1109,
0.1109, 0.0662, 0.0662, 0.0623, 0.0586, 0.0580, 0.0515, 0.0514,
0.0514,0.0498, 0.0490, 0.0382,0.0377,0.0377,0.0197,0.0197,
0.0158,0.0153,0.0125,0.0071, 0.0022, 0.0022, 0.0017,0.0010,
0.0010,0.0009,0.0009]. The solution of the placement
problem in (22) provides only two possible arrangements or
roots zi,...,228 in the W matrix that correspond to matrices
Py and P, which are defined by

0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 07 0 0.3 0 0 0 0 0 0 0 0
031 0.69 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 002 0 0 0 0 0 0 0 0 0 074 024
0 0 0 028 0 0 0 0 0 0 072 0 0
P]_: 0 0 0 0 0 0 0 079 0 0 0 021 0
0 0 0 0 0 0 015 0 037 0 0 048 0
0 0 0 0 0 0 0 036 0 0 064 O 0
0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 044 0 0 05 0 0 0 0
0 0 0 0 0.3 0 035 004 0 0 0 0 031
0 0 0 0 001 0 0 0 0 063 0 03 0 ]
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and
ro o 1 0 0 0 0O 0 O 0 0 0 0T
0 0 07 0O 03 0O 0 0 O 0 0 0 0
031 069 0 0 O O O O 0O 0O 0 0 0
o 0 0 o0 0 1 0 0 0 0 0 0 0
0 002 0 0 0 0O 0 0 0 0 0 095 003
0 0 0 02 0 0 0 0 O 0 072 0 0
P,=|{o o o o o0 0 0 020 0 0 0 079 0
0 0 0 0O 0 0 05 0 037 0 0 007 0
0 0 0 0O 0 0 0 03 0 0 064 0 0
o 0o 0 0 0 o0 0 0 0 0 0 0 1
0 0 0 O 0 044 0O 0 05 0 0 0 0
0 0 0 0 025 0 01 03 0 0 0 0 037
Lo o 0o o0 007 0O O 0 O 063 0 02 0]

Figure 6 illustrates the mapping between the nodes in the
real underlying graph G and their labels as represented in
matrices P; and P,. The difference between two matrices P;
and P is highlighted in blue. Matrix P; corresponds to the
original Markov chain, which was applied to define the pol-
icy of each walker and generate the initial K-length contact
sequence. The second Markov chain is the reversed Markov
chain. We would like to emphasize that both Markov chains
have the same underlying graph G, which corresponds to
the Path rail system. Therefore, experiment demonstrates
that it is possible to infer the initial Markov process from a
given time series of contact graphs.

D.2 Inferring the steady-state vector from a single real-
ization

In our experiments, we assume that the observed contact
sequence Gy,...,.Gk_1 is generated in the steady-state. Hence
the empirical clique probabilities equal the steady-state
probabilities. In this Section, we discuss how the length of
the sequence K and the number of walkers M affects the
accuracy of empirical clique probabilities and, consequently,
the accuracy of the proposed methodology.

Example 4. Consider the Markov graph with N=4 states
and M =5 walkers that traverse the Markov graph in dis-
crete time according to the 4 x4 transition probability matrix

048 0.04 0 048
P 0.21 0.25 0.26 0.28
~10.14 0.25 0.34 0.27

0.42 0.38 0.08 0.12
Suppose that the initial states of the walkers wj,...,ws are
X,1[0] = Xa[0] = X5[0] =0, X3[0] =3, X4[0] =2.

We perform a single realization of RWIG. At each step
k walker w; selects the next state X;[k+1] based on the
current state X;[k] and the probability matrix P. For each
discrete time %k, we estimate the probability ¢, of the clique
of size r (r<M based on the observed sequence of adjacency
matrices A[0],..., A[k] as

_ Yoo Xoem, IclH]
qr K(M)

r

Given the steady-state clique probabilities ¢i,...,gnr, we
evaluate the components of the steady-state vector 5 us-
ing (15). Figure 7 demonstrates the possibility to recover
the steady-state vector 5 from a single realization. Since
the Markov chain with matrix P is irreducible, aperiodic
and positive recurrent, the state vectors of M walkers
will converge to the unique steady-state vector 5. As the
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Fig. 7. The steady-state vector from one realization of RWIG.

length K of the graph sequence Gy,...,Gk_1 increases, the
estimated probabilities ¢o, ..., gas from K graphs tend closer
to the real steady-state probabilities o3, ..., oy, which are
defined in (10). In our example, the estimated steady-
state vector converges to the real steady-state vector 5 for
K > 800,000, because, for smaller K, the number of obser-
vations is insufficient to capture the probability of a clique
of size 4, which is rarely observed in the contact sequence
(04 =~ 0.028). Figure 7 illustrates that the Markov chain has
N=4 states because a5 ~ 0 for large K and, consequently,
pa(2)=0 gives z5 = 0. The estimated steady-state vector is
§ =10.363,0.303,0.209,0.125].

We would like to point out that the length of the
graph sequence K does not necessarily need to satisfy
K > 800,000 to recover the initial steady-state vector 5.
By the law of large numbers, as the number of observa-
tions increases, the estimated probabilities of cliques become
more accurate, steadily converging to the real steady-state
values o,. Figure 8 illustrates how the L1-norm between the
estimated vector 5 and the steady-state vector 5 varies with
the sequence length K and the number of random walkers
M. We observe that increasing the number of random
walkers M can significantly reduce the required length K
of the contact sequence. For instance, if M = 20, then the
estimated steady-state vector 5 converges to the real steady-
state vector 5 after K = 700. In many practical applications,
such as transportation networks, the number of walkers is
often much greater than the number of states (M > N).
Therefore, recovering the initial process is achievable.

APPENDIX E
RWIG WITH DIFFERENT STOCHASTIC MATRICES IN
THE STEADY STATE

E.1

Lemma 4. Consider RWIG where M walkers have NxN
Markov transition matrices Py, ..., Py with an arbitrary number
N of states, which admit 1< N steady-state vectors 51, ..., Spr and
$i[0] = §; for any i € {1,...,M}. Then any sequence of graphs
Go, ..., Gk_1 that do not change over time, where G consists of
the union of m disconnected cliques, can be accurately modelled
by RWIG in the steady state where N > m.

Proof of Lemma 4
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Fig. 8. The accuracy of the steady-state vector (L1-norm) from one
realization of RWIG.

Proof. If the temporal graph contains m disconnected
cliques that do not change over time, then @;; = 1 if walkers
w; and w; belong to the same clique, otherwise @;; = 0.
Then one possible solution of (18) is a collection of 1 x m
steady-state vectors 5y, ..., 37 with §; = J;., where ¢; is the
membership of walker w; in one of the cliques. The Markov
graph contains N=m states and M SEj;,,;(A, A)=0. O

E.2 Proof of Theorem 3

Theorem 3. Let G be an M xM symmetric matrix with
gi;€[0,1] for any i£j and G=UAU? be the eigenvalue decom-
position of G where U=[uy us ... up] is an M x M orthogonal
matrix formed by the scaled, real eigenvalues w belonging to
eigenvalue A\, (G), A=diag(M\(G)) is an M xM diagonal ma-
trix of eigenvalues and A1 (G)>...> A (G). Then G is the Gram
matrix of 1 x N steady-state vectors 81, ..., sy if and only if

1) G is positive semidefinite;
2) gii € [%71]/'
3) J\~f>rcmk()~(), where X is an (M-1)xM matrix with
X=[xo-x1 ... vpr—x1]" and X=UAN?=[zy ... z /)7,
4) there exists an N x 1 non-zero vector n such that
S (X =0, Vi€ {1, M-13,

| S5 D (Xl g
VN
5) there exists an N x N orthogonal matrix R such that X R =
~ ~ ~ 1 _ ﬂ
[51 82 ... Spr] and 7\/ﬁ\\nlan = %

Proof.

1) Positive semidefiniteness is a property of the Gram ma-
trix G that ensures that all inner products are consistent
with the notion of angle and distance in Euclidean
space. The Gram matrix also imposes an additional
constraint on its diagonal elements g;; = 515? For
instance, the non-negativity condition for the second-
order principal minors

Gii

953

>0

—2
for j#i implies that g;; > o
~

[+, 1]. Hence, g;; > max aj;.

> E?j because g;; €



2) The diagonal element g;; of the Gram matrix G is the
squared length of the steady-state vector §; on the (V-
1)-dimensional simplex. Hence, g;; varies from % to 1.

3) The rank of G indicates the number of linearly
independent steady-state vectors 3i,3s,...,5m. By
definition, 1 x N steady-state vectors belong to
an (/V-1)-dimensional simplex. In addition, vectors
59—51,...,50—51 lie on the (N-1)-dimensional hy-
perplane with normal vector u and, consequently,
rank ([52—51 §M—§1]) < N.

The eigenvalue decomposition of the M x M Gram ma-
trix G=UAUT=(UAV2) (UAY/2 "_XXT defines
the M x M matrix X, where the rows of X =
[z1 22 ... zp]T encode the transformed positions of
the steady-state vectors in rank(G)-dimensional sub-
space’. The steady-state vectors do not belong to any
(N-1)-dimensional simplex where N < rank(G). Then
N>rank(G)=rank(X).

Since an orthogonal transformation preserves the orig-
inal geometric structure of the steady-state vectors
81, 82, .., S (their lengths and mutual angles), the vec-
tors of the (M —1)x M matrix X = [zo—21 ... zpr—21]
should also lie on the (/N-1)-dimensional hyperplane,
which is possible if and only if rank(X) < N.

4) The vectors §3-31,...,5—51 belong to the (N-1)-
dimensional hyperplane with normal vector u at a dis-
tance of #N from the origin. Since an orthogonal trans-
formation preserves the original geometric structure of
the steady-state vectors, the vectors zo—x1, ..., Tp—21
must belong to the hyperplane with a non-zero normal
vector n which is at distance ﬁ from the origin. We
define the system

rank o .
Zj:l 2 nj(X)ij =0, Vie {1,...,M—1}, (30)

The first equation of (30) identifies the normal vector
n of the hyperplane that contains zo-21,..., Tp—21.
The second equation of (30) verifies the distance con-
dition where the left part of the equation evaluates
the distance from the origin to the hyperplane where
Z;gk(g) n;(X)1; defines the constant term of the hy-
perplane equation).

5) Condition 4 ensures that there exists an orthogonal
transformation R that rotates the vectors in the rows of
X onto an (N-1)-dimensional hyperplane with normal
vector u, which is at a distance of —= from the origin.
The vector m, which is the perpendicular to the
hyperplane that contains the vectors in the rows of X,
will be rotated to the center of the (NN-1)-dimensional
simplex after applying R to the perpendicular. Hence, if
all columns of X R lie within the convex hull formed by
the vertices of the standard (/V-1)-dimensional simplex,
then G is the Gram matrix of 1 x N steady-state vectors
S = [31, 82, ..., 501)T where S = XR.

9. The vectors in the rows of X, which form rank(G)-dimensional
subspace, can be extended to N-dimensional space by appending
N-rank(G) zeros to each of these vectors.
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Identifying the appropriate orthogonal matrix R for
arbitrary N and M is challenging and requires additional
research'”. O

E.3 RWIG with different stochastic matrices P;,...,Ps
in the steady state: the solution for M/ = 2and M = 3
(N =2)

We provide the solution of system (18) for M = 2 and
M = 3. Lemma 8 demonstrates that RWIG in the steady
state, where M = 2 walkers may have different Markov
transition probability matrices P, and F», is able to re-
produce accurately only a sequence of complete graphs (2
walkers have a contact at any discrete time k). Any other se-
quence of contacts between two walkers can be reproduced
with lowest possible MSE(A, A)=Y*A) on the Markov
graph with N = 2 states where one of the walkers always
remains in the same state, while another walker visits this
state with probability @;2. Lemma 9 provides the conditions
on the initial sequence of contacts such that system (18) has
a solution for N = 2.

Lemma 8. Consider the RWIG model where M =2 walkers have
traverse the Markov graph in discrete timesteps according to
the N x N Markov transition probability matrices Py and P,
which admit 1 x N steady-state vectors 51 and 55. Then any
sequence A=(Ao, ..., Ax-1) of 2x2 adjacency matrices, which
describe contacts between M =2 walkers over K time slots, can
be approximated by RWIG with the lowest mean squared error

lKl
MEAA

s Var[4]
a12) - K 9

where @13 = Zk 0 a12[1€]

For any @12 # 1 the minimal number of states N is 2
where 51 = (1,0)752 = (612,1 — 612). Ifalg = 1, then
MSE(A, A)=0 and the minimal number of states N is 1 where
§1 =382 =1

Proof. The system (18) for M = 2 walkers and N = 2 states
can be rewritten as

5187 = (51)1(52)1 + (51)2(52)2 = £ S iy arz[k] = @uo,
(81)1 + (51)2 =1,

(§ )1 + (52)2 = 1

51, S92, 83 Z 0.

(31)

One possible solution of (31) is §;=(1,0), $2=(a12,1 — @12)
where N = 2. For N = 1 the system (18) has a solution if
and only if 5 = §; = land a;2 = 1. O

Lemma 9. Consider the RWIG model where M = 3 walkers
traverse the Markov graph in discrete timesteps according to the
2 x 2 Markov transition probability matrices Py, Py and Ps,
which admit 1 x 2 steady-state vectors 81, 5o and §3. Then the
sequence A = (Ao, ..., Ax-1) of 3x3 adjacency matrices, which
describe contacts between M = 3 walkers over K time slots, can
be approximated by RWIG with the lowest mean squared error

10. Condition 5 can be reformulated as follows: given the (N-1)-
dimensional hyperplane with normal vector n and point P = m,
is it possible to construct an (N-1)-dimensional simplex around P on

the hyperplane that contains the convex hull, which is formed by the
rows of X?



K-1 3
MSE(A, A) ZZ Z ai;[k]-ai;)?,
3K =01t=1j=i+1

where @;; = 3¢ L SR o[k if and only if one of the conditions
(a)-(c) is satisfied:
a) @1a=a13=a23=0.5. Then at least two walkers must have the
same steady-state vector (0.5, 0.5).
b) Hi#j#k‘e{l,l:i}: Q35 = Qi = 0.5 and Qg = 0.5. The
steady-state vectors are 5; = (0.5,0.5), §; = (1,0) and
S = (Ej]€7 1-— Ejk).
0<d<l,
o) 1 < (612—d0.5) < 1,
1< (513—d0~5) <1,

2ai2+2a13—4a12a;3—1

where d= T

the walkers are

. The steady-state vectors of

ch=(1+ <mf° S )
iy = (1 @500 1o @on))
Proof. Let §; = (z;,1—z;) where z; € [0,1] for i € {1,2,3}.
The system (18) for M = 3 walkers and N = 2 states is
given by
122 + (1 — 21)(1 — 22) = @12,
w123+ (1 —21)(1 — z3) = ?13, (32)
ToZ3 + (]. - (EQ)(l - 1’3) = a23,
x1, 32,23 € [0,1].

The equation ab+ (1 — a)(1 — b) = 0.5 implies!! a = 0.5
or b = 0.5. Hence, if @19=a13=0a23=0.5, then x1 = x5 = 0.5
orxy = x3 = 0.5 or zp = x3 = 0.5. If Ji#j#ke{1,2,3}:
a;j = a;, = 0.5 and @j; # 0.5, a solution of the system (32)
is 5 = (0.5,0.5), 5, = (1,0) and 5 = (@jx, 1 — @j). We
note that @;; = 0.5, @;; # 0.5 and @ # 0.5 is not possible
because @;; = 0.5 implies z; = 0.5 and a@;;, = 0.5.

Assume that @;; # 0.5 for any ¢ # j € {1,2,3}. Then
x1 # 0.5, x2 # 0.5 and x3 # 0.5. Rewrite the system (32) as

2r1x2+ 1 — 1 — 22 = 22221 — 1) + 1 — 21 = Ty,
2123+ 1 —x1 — 23 =232x1 — 1) + 1 — 21 = @13,
2x9x3 + 1 — 29 — 3 = Qos,

x1, 2,23 € [0,1].

Then
G192 +x1—1 1 ais — 0.5 (33)
To —=— ——— = — _
2 271 — 1 2 27— 1
and
r 76134-.%1—171 13—0.5 (34)
BT om -1 2 2 -1

Substituting (33) and (34) into the third equation of the
system (32):

9 612+5U1—1 5134‘.%1—1 11— 612+$1—1
2.’1,‘1—1 2.(1,‘1—1 2.’1}1—1
_ 5134-,%1—1 -3
2$1—1 — 23,

11. Assume that b # 0.5. Then ab+(1—a)(1—-b) = a(2b—1)—b+1 =

0.5and a = 5225 = 0.5
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which can be simplified to
(2—4dp3) 22— (2—

with the solution

4as3) 21+ (212013 —A12—T13—023+1) = 0,

1 \/2@12 + 2a13 — 4a2013 — 1
T = .

1
4=
272 1 — 2G93

Since 221 — 1 = :I:\/%”*QE”;*EU%S”,

T the solution for z-
and x3 is given by

1 _ 1 — 2a93
= - % —0.5
2 2 (a12 )\/2a12 + 2a13 — 4a12a13 — 1’
1 _ 1 — 2as3
=—-=+ —0.5 .
T (@ )\/2a12 + 2a13 — 4aiza13 — 1

Therefore, the system (32) has a solution if 1, z2, 23 € [0, 1].

O
APPENDIX F
PROOF OF THEOREM 4
Theorem 4. Consider the N x N matrix W = P ® §L. Given

the steady-state vector 5 and the steady-state joint probability o, 1
for each integer 2 < r < N2, the elements of matrix W are the
roots of a polynomial of order N

Ear7

where a, = — 57— Zi\irﬂ ayo1,1 with ay2 = 1. The position
of the rth root z, of (21) in the matrix W is defined by the solution
of the placement problem

P2 (2 (35)

2

SN iz = &, forallie{l, ..., N},

Zi\zl Yrjzr = 84, forall je{l,..,N},

SN u =1,  forallre{l, ..., N2}, 6
S yir =1, forall re{1, ..., N2},
SNy =N, forallie{l,... N},

SNy, =N, forall je{l,...N}

where Yir,yr; € {0,1} for all 4,5 € {1,...,N} are the binary
variables that define if the rth root z,, v € {1,...,.N*} has position
w;j in matrix W.

Proof. In general, the rth power sum of the elements of W
has N? non-zero variables. Consider a polynomial pyz(z)
in N2 variables

N? N?
pNz2(z) = Zarzr =d¥ [[(z - 2),
r=0 r=1

where ay, ..., a2 are the coefficients of a polynomial py2(z)
with ay2 = 1 and 2y, ..., 22 are the roots of the polynomial
and the elements of matrix W. Given the steady-state joint
probability o,.; for each integer 2 < r < N?, the rth power
sum o, 1 is

N N
.
ZZ%« =0r1-

i=1 i=j



From [21], the relation between the coefficients ag, ..., a2
and the power sums 01,1, ..., 0,1 is

l r+1

To recover matrix W, we need to identify the position
of each root of p(N?2) = 0 in matrix W. Hence, we
formulate the placement problem in (36), which aims to
find the optimal arrangement of roots {zr}fﬁl in the matrix
W, subject to constraints Wul = §7 and ulW = 5. We
denote by y;- and y,; the binary variables that define if
rth root z, has position w;; in matrix . The total number
of variables is 2N3 because we introduced 2N variables ;,.
and y,; for each root z,, r € {1,..,N?}. The first constraint
in (36) ensures WauT = 5T, the constraint equation ensures
uW = 5. Equations 3-4 in (36) guarantee that each root z,
is assigned to exactly one row and column. The remaining
equations ensure that [V roots are assigned to each row and
column of W. O

APPENDIX G

RWIG FOR PERIODIC SEQUENCES

G.1 Proof of Lemma 5

Lemma 5. The RWIG model, where the walkers have the same

N x N Markov transition matrix P, can accurately reproduce
only 1-periodic graph sequences Go, G1,...,Gk_1.

Proof. Given the sequence A = (A, ..., Ax_1) of adjacency
matrices over K time slots, we need to identify the initial
state vectors S3,[0] = (s5[0],. .., s}3,;[0]) of M walkers and

their transition probability matrices Py, = (Pf,..., P};)
that minimize relation (6)
K-1 M 9
S [0], Pry= argmin —ZZ Z (a” sql s;‘r[k]) .
sal0]. P K k=0i=1 j=i+1
(37)

If the graph sequence Gy, Gy,...Gk-1 is 1-periodic and
G contains m cliques, then one possible solution of (37) is
the m x m transition matrix P = I and a collection of 1 x m
initial state vectors $1[0],...,sp/[0] with s;[0] = d;., where ¢;
is the membership of walker w; in one of m cliques in G;.

Suppose that the graph sequence Gy, Gy,...Gk-1 is p-
periodic and 1 < p < K-1. Then there exist two walkers w;
and w; such that a;;[k] = 1 at discrete time k and a;;[k +
1] = 0. Lemma 1 states that the state vectors of walkers w;
and w; at discrete time £ should be equal to each other and
silk] = s;|k] = e;. Since s;[k + 1] = s;[k]P for any walker
w;, the state vectors s;[k + 1] and s;[k + 1] of walkers ¢ and
J at discrete time k + 1 are also equal to each other

Sl[k‘—i- 1] = Sj[k—f— 1] =¢P = [Pll Py ... ]DlM]

The probability of a contact a;;[k + 1] between two
walkers i and j at discrete time £ + 1 given that they have a
contact at time k is

N

> (Py)* >0,

r=1

because 0 < P, < 1and Y., P, = 1. Therefore, ;;[k +
1] # a;;[k + 1] = 0. Lemma 5 is proven. O
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G.2 Proof of Lemma 6

Lemma 6. Any p-periodic graph sequences Gy, ...,Gg_1 can
be accurately reproduced by RWIG where M walkers have
different N x N Markov transition matrices Pi,..., Py and
N =07 n [k], nelk] is the number of cliques in Gy.

Proof. Suppose that the graph sequence Gy, G1,...,.G k- 1 is p-
periodic. We create a Markov graph with N' = S"0~1 1, .[k]
states 1,2,..,N where n.[k] is the number of cliques in
Gy. Each state j of the Markov graph corresponds to a
clique C; in the temporal graph at discrete time k[j] =
min{t : j < Sh_,ne[k]}. Since the graph sequence is p-
periodic and walker w; is a member of p cliques in graphs
Go,G1,....Gp—1, we can reproduce the graph sequence by
RWIG where each walker w; sequentially traverses p states
in the Markov graph. The element (FP;);; of the N x N
transition matrix P; of walker w; is 1 if w; is a member
of cliques C; and Cj, corresponding to the adjacent periods
k[j] and k[l], otherwise (P;);; =1

(Pt = 1 ifw;, € C;NC, (k[j]+1) mod p = kll],
a 0 otherwise. O

G.3 Proof of Lemma?7

Lemma 7. Any non-zero contact sequence between walkers w;
and w; with period p, where p is the minimal period of the
sequence, can be reproduced by RWIG where walkers w; and w;
traverse the Markov graph with periods p; and p; such that

a) LCD(p1,p2) mod p = 0, where LCD(p1, p2) is the least

common denominator of py and pg
b) min(py,p2) > LCD(% S8 aglk]
o) Bk1, ke < LCD(py,p2) with a;j[k1]=a;j[ke]=1 such that

k1 mod p; = ks mod py,
k1 mod ps = ko mod po.

Proof. a) Assume that walkers w; and w; are in states
Iy and Iy at discrete time k. If walkers w; and w; tra-
verse the Markov graph with periods p; and p;, then
both walkers will be again in states /; and [, at discrete
time k + LCD(pi1,p2). Hence, walkers w; and w; pro-
duce a LCD(py,p2)-periodic contact sequence. Suppose
that LCD(py,p2) modp = r with 0 < r < p. Then
aij[k] = aij[k+ LCD(py, p2)| = ai[k+ [LCD(p1,p2)/p] +
r] = ai;j[k + r]. Hence, the contact sequence is r-periodic,
which is a contradiction (p is the minimal period). Thus,
LCD(py,p2) mod p = 0.

b) Each walker w; traverses p; different states in the
Markov graph. Then the maximum number of shared states
between walkers w; and w; is min(p1, p2). If w; and w; are
in state [ at discrete time k, then they will be again in the
same state [ at time k + LC'D(p1, p2). Thus, the maximum
number of contacts between w; and w; over LCD(p1, p2)
time slots is min(p1, p2).

¢) Suppose that there exist discrete time slots k; < ky <
LCD(pl,pg) with Clij[k'l] = Cl,'j[k‘z] = 1 such that (k‘1 mod
p1) = (ko mod p1) = l;. Then walker w; has two contacts
with walker w; in the same state I;, which is a contradiction
(walkers cannot be together in the same state more than
once over LC'D(p1, p2) time slots). O
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