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1. Introduction

In spectral graph theory [22], the eigenvalues and eigenvectors of matrix represen-
tations of graphs are studied and related to properties of the graph. This spectral
methodology often enables a very concise characterization of a graph by relating complex
combinatorial graph properties to simple expressions involving the graphs’ eigenvalues.
While other methods may provide tight algorithmic approximations to such combinato-
rial problems, for instance the famous Arora-Rao-Vazirani algorithm for finding sparse
cuts [4], the added value of the spectral approach is that it provides analytical rela-
tions and bounds in terms of the graphs’ spectral properties rather than numerical or
algorithmic solutions.

The combinatorial property of interest in this work is related to the number of links
between disjoint sets of nodes in a graph. If we select two such sets, then the cut-set is
defined as the set of all links that connect nodes from one set to nodes from the other
set. The number of links in the cut-set is then called the cut size. Given the number of
nodes in each subset, one is often interested in the smallest and largest possible value
of the cut size. Here, we propose new spectral bounds for the cut size. We start from
the standard spectral approach, which we refer to as the standard relaxation method
(SR), which yields spectral bounds by relaxing the combinatorial optimization problem
of finding the smallest and largest cut-sets. By considering additional constraints based
on Laplacian eigenvectors, our constrained relazation method (CR) leads to a tighter
relaxation of the combinatorial optimization problem, and tighter bounds on the cut
size. While the SR bounds contain limited spectral information about the graph — in
fact, only the largest or second-smallest eigenvalue of the Laplacian of the graph — the
CR bounds include a larger number of eigenvalues, and additionally, some properties of
the Laplacian eigenvectors. To illustrate the applicability of our new bounds, we relate
the cut size to three well-studied problems in graph theory: the Cheeger inequalities, the
Max Cut problem, and the expander mixing lemma [3], [14], [L7, Lemma 2.5]. Numerical
simulations of the new (CR) and existing (SR) bounds further illustrate the potential of
our constrained relaxation approach. Finally, we apply our bounds to study cut sizes in
the hypercube graph, and describe how bounding the cut size plays an important role in
the study of epidemics on networks, where the cut size relates to the spreading velocity
of a disease over a network [24].

In Section 2, we introduce some basic definitions from spectral graph theory and
formally define the cut size. In Section 3, we derive the new cut size bounds starting
from the definition of the largest and smallest cut size and the standard relaxation. We
then compare all bounds, which results in a hierarchy of bounds. Section 4 describes
the application of our constrained relaxation method to the Cheeger inequality, the Max
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Cut problem, the expander mixing lemma, cuts in the hypercube graph and epidemics
on graphs. Finally, Section 5 concludes and summarizes the results.

2. Preliminaries
2.1. Graphs and the Laplacian matriz
We consider a connected and unweighted graph G(N, £) without self-loops, where A/

is the set of NV nodes and £ the set of L links. The structure of any such graph can be
represented by a symmetric N x N Laplacian matrix () with elements:

d; ifi=j
Qij =1 -1 if(i,j)eL
0 otherwise

Here, the degree d; is the number of nodes connected to node i, and (4, j) € L represents
the condition that there is a link between node i and node j. The quadratic form =7 Qz,
for some vector x € RN, can be written as a sum over the graph links:

?'Qr =" (i—a;) (1)

(i,5)€L

Furthermore, since the Laplacian matrix @) is a real and symmetric matrix, its eigende-
composition is [22]:

N
Q= Zukzkzg,

k=1

where y, is the k" real eigenvalue and z;, the corresponding eigenvector. Equation (1)
shows that the Laplacian matrix is positive semi-definite and, additionally, a basic result
from spectral graph theory states that the multiplicity of the zero eigenvalue equals the
number of connected components [22, art. 80]. Since we are considering connected graphs,
we can thus always define the ordered sequence of eigenvalues py > po > --- > uy = 0.
From the definition of the Laplacian matrix ), we find that the eigenvector corresponding
to the zero eigenvalue puy = 0 equals zy = ﬁ, where u = [1,1,...,1]7 is the all-one
vector. Furthermore, as the Laplacian is real and symmetric, we know that the set of
all eigenvectors {z1, zo,...,2x} forms an orthonormal basis of RY. In other words, we
know that z'z; = &;;, where §;; is the Kronecker delta, which is equal to ¢;; = 1 if
i = 7, and d;; = 0 otherwise. An important consequence of this orthonormality property
is Plancherel’s theorem:

N
Z(zgw)2 =2z VreRN. (2)
k=1
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2.2. Cut size: definition, quadratic form and constraints

Definition 1 (Cut-set). For two non-empty, disjoint node subsets V,S C N of a graph,
the cut-set C(V, S) is the set of all links that connect nodes in V to nodes in S. In other
words:

CV,8)={(@,5)eL]|ieV,jeS}

For a subset V and its complement V, this cut-set equals the edge boundary 9V of the
set V:

oV =C(V,V)

In the remainder of this article, we will work with the edge boundary 0V, which is
invariant when V and its complement V are interchanged. The number of links in the
edge boundary 9V is called the cut size and is denoted by |0V|. The number of nodes in V
will be denoted by V' = |V| and the fraction of nodes in V by v = . Appendix E extends
the results for 9V to C(V,S) in context of the expander mixing lemma, illustrating how
the derivations and results for JV can be generalized.

The ability to find spectral bounds for the cut size follows from its algebraic repre-

sentation as a quadratic form:

Definition 2 (Quadratic and Spectral Form). The cut size |0V| of a set V in a graph with
Laplacian matrix () can be written as:

N-1

V] = whQuy = (w) ), (3)
k=1

where wy € {0,1}? is the zero-one partition indicator vector specifying the nodes in V
by (wy); =1if i €V, and (wy); = 0 otherwise.

The quadratic form for the cut size can be rewritten with (1) as

wpQuy = Y ((wy)i — (wv);)?,

(1,7)eL

where the sum in the right-hand side runs over all links, and only links in the cut-set
contribute a “4+1” to the sum. Furthermore, based on Plancherel’s theorem and on the
specific form of wy as a zero-one vector, we show in Appendix A that the projections
w);z;, obey the following constraints:

Property 1 (Spectral Constraints). For any vector wy representing a subset of V' nodes,
the projections w%zk on the Laplacian eigenvectors are constrained by:
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N-1

whz)? = No(l —v) (a
k:1( vae)” = No(l—v) (a) @
(wir21)? < sj(v), (b)

where we introduce

52 (v) = max (Z (4)) 2 , (NZV (z,t)> 2 : (5)

=1 i=1

where z,ﬁ is the vector z;, with entries ordered by decreasing value, such that (zi) >
1
) (=)
z > >z .
( kjy = = \"k) N

Property (4a) follows from Plancherel’s theorem applied to the partition indicator
vector wy and the eigenvectors of Q. Property (4b) follows from the fact that wy is a
zero-one vector with exactly V non-zero elements.

3. Deriving the constrained relaxation bounds

Our main result is the formulation of the constrained relaxation bounds in Theorem 2
and the hierarchy of bounds in Theorem 3, which proves that these new bounds are at
least as tight the standard bounds.

Assuming that a graph G(N, £) is given and its eigendecomposition is either known
or can be calculated, we propose a new upper-bound on the cut size |0V|. First, we
discuss the exact characterization of the cut size range (EX), then formulate the standard
spectral approximation approach (SR) and finally discuss our constrained relaxation
approach (CR), which improves these standard bounds.

3.1. The Ezxact Method

The tightest characterization for the range of the cut size |0V| for a given size of the
set V is:

Definition 3 (Ezact Cut Size Bounds). The cut size between a subset V* of V nodes and
its complement is bounded by:

min_ [0V| < [0V*| < max |0V)]. (6)
VN VN
V=V V=V

The lower and upper-bound are further abbreviated by 0g(v) and ©g(v), respectively,

4
where v = .
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While (6) is an explicit description for the tightest possible cut size range, finding the
maximum and minimum over all possible sets V of size V is NP-hard? [17, Sec. 2.4], [6],
[18], which motivates the pursuit to approximate the cut size bounds instead.

3.2. The Standard Relaxation Method

The standard relaxation method (SR) addresses the combinatorial difficulty of finding
0r and O by writing the optimization objective in a spectral form, and by subsequently
relaxing the optimization domain.

First, using the spectral form of the cut size (3), the exact upper-bound (6) can be
written as®:

N-1
Op(v) = max [0V| = max 2 wy)? g (7)
VY v e kZ:l
- uTwy=V

Next, the combinatorial domain is relaxed from the zero-one partition indicator vector
wy to a real vector x, taking property (4a) into account:

N N-1
{wVE{O,l}N Zw\;k— }C{wGRN Z(z{x)QNv(lv)}
k=1

k=1
(SR relaxation)

Finally, after denoting the projection of z on the k' Laplacian eigenvector by y, =
(2 x)? and rewriting the sum using the all-one vector u, the SR optimization problem
follows as:

Problem 1 (SR Problem,).

maximize E Yk Uk
UERN_ 1

subject to 0 <y,
uly = No(1 —v).

This optimization problem is solved by the vector y*, with its first entry equal to
(y*)1 = Nv(1 — v) and all other entries equal to zero, leading to the SR bounds:

2 The problem maxy |8V is NP-hard (see also Section 4.2) and can be rewritten as maxy maxy, |y|=y |0V],
which implies that maxy |yj—v [0V] is NP-hard for general V.

3 We confine our derivation to the upper-bound, but the results for the lower-bound follow in direct analogy
by replacing the matrix @ with eigenvalues u,; and eigenvectors z; by the matrix @ with eigenvalues (—p;)
and eigenvectors z;.
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Proposition 1 (SR Bounds). The cut size between a subset V of V' nodes and its comple-
ment is bounded by:

Os(v) < |0V] < O5(v), (9)

where the lower and upper-bound are defined as
Os(v) = Nv(l—v)un_1 (10)
Os(v) = Nv(l —v)m

Since the SR bounds (9) solve the relaxed optimization problem (8), they are neces-
sarily less tight than the exact bounds, which means that ©g(v) < Og(v) holds for all
v.

3.8. The Constrained Relaxation Method

In order to improve the bounds obtained by the standard relaxation method, we
further constrain the relaxed optimization domain. Starting from the exact formulation
of the cut size upper-bound (7), the zero-one partition indicator vector wy is relaxed to
a real vector x taking both property (4a) and property (4b) into account:

Z(wy)k = V} C {m eRY

k=1

S () = No(1—v), (Fa)? < siw)}

k=1

{wv S {0, 1}N

(CR relaxation)

Relying again on the notation y; = (z%x){ the relaxed problem can be written as:

N-1
maximize E Yk Uk
yERN -1 Pt

subject to 0 <y, < s7(v),

By explicitly incorporating the equality constraint, variable yy_1 can be eliminated as
yn—1 = No(l —v) — Z,I:;Q yx. The problem can then be rewritten as:

Problem 2 (CR* Problem,).

N-2
imi — y1) + No(1 = 0)pn
maximize ’;yk(ﬂk pn-1) + No(1—v)puy

subject to 0 <y, < s3(v),
0< Nu(l—v)—uly <s%_,(v).
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Since the CR* problem is a linear program, it can be solved efficiently in polyno-
mial time, yielding numerical solutions O, (v) and O¢y(v) for the cut size lower and
upper-bound, respectively. In order to find closed-form bounds, we introduce further
approximations.

We derive a set of bounds parametrized by K € {1,2,..., N}, by upper-bounding the
objective function of (11). For any K, the eigenvalue order dictates that ux < px for all
k > K, and thus that 22[;11 Yk < ZkK;ll Yk + K Zg;é yr. Now, from property
(4a), we have ZkN:}i yr = No(1—v) — Zngll Yk, by which the objective function of (11)
can be upper-bounded by:

N-1

Ykt
k=1 k=1

MN

k(e — px) + No(l —v)pg, (13)

for y € RV—1 subject to the constraints in (11). Introducing the approximate objective
function (13) for general values of K in problem (11) and translating the constraints
leads to:

Problem 3 (CR-K Problem,).

MN

aximize —puk)+ No(l -
e 2 wkn =)+ Nl =
subject to 0 < yp < s7(v), (14)
K-1
0< Nu(l—v)—uly< Z 53 (v).
k=1

We will show that there always exists some K (see later: this corresponds to K =
K,(v) or K = K;(v)) for which the second inequality constraint in (14) follows from
the first inequality constraint. For this K, the exact solution y* can be found, which
has elements (y*); = s7(v). In Appendix B, this solution and approximate solutions for
other values of K are derived, leading to the following bounds:

Theorem 2 (CR-K Bounds). The cut size between a subset V of V nodes and its comple-
ment is bounded by:

Oc(v, K) <|0V| < O¢(v,K) foralll<K <N (15)

where the lower and upper-bound are defined as

{ecw, K) =Yy ) 52,(0) (ur — purer) + No(1 — ) g (16)

Oc(w.K) =Y s2(0)(ue — ) + No(1 = v)ux

with k' =N —k and K' =N — K.
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3.4. Comparison between bounds

When comparing the constrained relaxation bounds for different values of the param-
eter K, certain values of K are “special”. In particular, the values K, (v) and K;(v),
defined as

Ku(v) =max{1 <K <N|SI5 s (o) < No(1 - v)}

17
K;(v) = max 1§K§N‘Zf:_llsi,(v)gl\fv(l—v)}, {an

are important since the CR-K bounds (15) are tightest at these values. This optimality
of K, (v) and K;(v) is derived in Appendix C in context of a hierarchy of bounds:

Theorem 3 (Hierarchy of Bounds). The cut size bounds are related by

0V] < Op(v) < Ocx(v) <Bc(v,Ky) < Oc(v, K) < O5(v) =0c¢(v,1) (18)
—— ——

NP-hard Lin.Prog. new bounds standard bound

for all K < K, and similarly for the lower bounds.

Theorem 3 thus states that amongst all CR-K bounds, the bound with K = K, (v)
according to (17) is the tightest bound. Since the SR bound corresponds to the CR-K
bound with K = 1, this implies that the CR-K bounds are at least as tight as the SR
bound, and that the constrained relaxation method can yield strictly tighter bounds
only if K,,(v) > 1 holds. More specifically, and taking the multiplicity of eigenvalues into
account,* the following condition can be formulated:

Corollary 1. The constrained relazation method leads to tighter upper-bounds than the
standard relazation method, if and only if K, (v) is strictly larger than the multiplicity of
the largest eigenvalue, in other words if K, (v) > mult(ui) holds. The same result holds
for the lower-bound, with condition K;(v) > mult(un_1).

Interestingly, a similar condition can be used as a criterion to determine in which
graphs the SR bounds are achieved for some set V*: if Kj(v) = 1 for some v, then
the set V* consisting of the V' nodes with the largest elements of zy_1 corresponds to
a cut size |OV*| which equals the SR lower-bound. An example where the condition of
Corollary 1 can be invoked to find when the constrained spectral bounds and standard
spectral bounds coincide, is the hypercube graph (see Section 4.4).

4 When an eigenvalue pj has multiplicity higher than one, say multiplicity m, then the corresponding
eigenvectors Zy = {zk1, 2k2, .., 2km } and thus also sil, 5%2’ AU Sim are not uniquely defined. For any
particular set of m vectors that spans Zj all derivations still hold, and in some cases it might be desirable
to consider specific choices of these m vectors.
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Cut size bounds (BA graph, 10° nodes) Cut size bounds (ER graph, 10° nodes)
150 +
o5 \ yTighter bound
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CR bound
U 12}
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g 100 21 E] 4
g Tighter bound 2
- = 15
ke r Tighter bound
]E 2.05 Vr/’ § 3 t
= Tighter bound =
E 50t 2 é 10 - 2
3 &100 200 300 400 500 .2 0 100 200 300 400 500
Z, Z
5l
0 L L L L L L L L L L Il 0 L L L L L L L L L L Il
0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500
Subset size V' Subset size V'
(a) Cut size bounds for Barabasi-Albert graph. (b) Cut size bounds for Erdds-Rényi graph.

Fig. 1. Simulation of the SR and CR bounds for a Barabéasi-Albert and Erdds-Rényi random graph on

N = 103 nodes. The bounds are normalized to N?g'l(z)v) and N%?I(f)v), such that the standard bounds

correspond to constant bounds g1 and pn—1. The lower bounds are magnified in the inset.

To further illustrate the discrepancy between the SR and the CR-K bounds, Figs. 1a
and 1b show numerical simulations of the bounds for a randomly generated Barabasi-
Albert graph and a randomly generated Erdds-Rényi graph.” These simulations indicate
that the improvements can be considerable, and hint towards “degree heterogeneity” as
a property that leads to large differences between the SR and the CR methodology.

4. Applications of the improved bound
4.1. The Cheeger constant

In 1969, Jeff Cheeger [7] proved a relation between the smallest non-zero eigenvalue
of the Laplace operator on a Riemannian manifold M, and a geometric characterization
h(M) of that manifold. Later, this inspired others to define the Cheeger constant for

graphs:

Definition 4. The Cheeger constant h(G) of a graph is defined as

5%
6 = win (19)
vi<&

In other words, the Cheeger constant, also called the edge expansion or the isoperi-
metric constant, is the smallest number h(G) such that each partition of V' nodes has a

5 The Barabasi-Albert graph was generated starting from a clique of 10 nodes and by adding degree four
nodes that link to the existing nodes with probability proportional to their degree. For the Erdés-Rényi

random graph, link density p = 4p. was chosen, with p. = % = ﬁ the connectedness threshold for p.
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cut size of at least Vh(G) links. By this description, it is clear that the Cheeger constant
is closely related to how well-connected a graph is. Similar to the spectral result of Jeff
Cheeger for Riemannian manifolds, the Cheeger constant (19) for graphs can also be
bounded by spectral properties of the Laplacian matrix @ [12,3,1,19]:

Theorem 4. The Cheeger constant h(G) of a graph can be bounded by:

UN—-1
2

< G) < Vpn-12dmax — py-1), (20)
where dpyqz 15 the largest degree.

Invoking the CR-K bounds (15) for the cut size, it is possible to find tighter lower-
bounds for the Cheeger constant:

Corollary 2 (Tighter Cheeger lower-bound). The Cheeger constant h(G) of a graph is
lower-bounded by

o < min{f(v, Kiv)} < h(C) (21)

The standard Cheeger inequality (20) is an important result in spectral graph theory,
that highlights the relation between the second-smallest Laplacian eigenvalue pn—1 and
the connectedness of a graph. This fact was discovered earlier by Fiedler [13,9], who
coined the appropriate name algebraic connectivity for py_1. The constrained relaxation
method and resulting tighter Cheeger lower-bound (21) provide additional information
about the connectivity of a graph in terms of the other eigenvalues. Assume for simplicity
that K;(v) > 1 for all v, such that we can look at ¢ (v, 2) as a lower bound. The standard
Cheeger inequality is based on min, {(1 — v)uy—1} < h(G), which relates py—_; to the
connectedness of a graph. The constrained relaxation (limited to K = 2) is then based on
min,, {(1 —v)un—2+ (Un—2 — MN,QM} < h(G). This inequality shows that pn_o
is related to the graph connectedness in a similar way as the algebraic connectivity pun_1,
and that a large eigenvalue gap (uny—2 — pn—1) contributes to a higher connectedness.
The CR-K bounds for higher values of K thus provide relations between the K smallest
Laplacian eigenvalues and the graph’s connectedness.

4.2. The Max Cut problem

Finding the node subset V* with the largest cut size |0V*| in a graph was one of
the original 21 NP-hard problems® identified by Karp [18]. This problem is commonly
known as the Max Cut problem, and several approaches were developed to approximate

8 More precisely, the following decision problem was shown to be NP-hard: “given a graph G and a positive
integer k, is there a cut-set in G of at least k links?” Consequently, finding the largest cut size or the subset
V* must be NP-hard as well.
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the largest cut size, or to find subsets with large cut sizes. The spectral relaxation,
corresponding to what we have called the SR methodology, was first invoked on the max
cut problem by Mohar and Poljak [20], yielding the bound

N
V| < —puy. 22
max [9V| < - (22)
It was shown that (22) is tight for a number of graph families, such as complete graphs,
regular bipartite graphs and others [20]. Taking into account additional constraints, the
CR methodology can be invoked to yield the new bound

<
max |oV] < max Oc (v, Ky) (23)
with the CR bound ©¢(v, K,,) as in Theorem 2. By the hierarchy of bounds (18), the CR
max cut bound (23) is tighter than the SR max cut bound (22). A different eigenvalue-
based bound was formulated by Delorme and Poljak [10], given by the optimization
problem

Theorem 5 (Delorme-Poljak maz cut bound). The largest cut size in a graph is bounded
by

N
{}ngji(/|8V| < Z crélﬂl{% Hmax (Q + diag(c))a (24)

cTu=0

with pmax (M) the largest eigenvalue of matriz M.

This spectral optimization problem (24) is solvable in polynomial time, and is tighter
than the SR max cut bound (22), as (24) reduces to (22) for ¢ = 0. In 1995, Goemans
and Williamson [14] relaxed the max cut problem to a semidefinite program:

Theorem 6 (Goemans-Williamson maz cut bound). The largest cut size in a graph is
bounded by

1

ov| < - tr(QY 25

pEplovi= g Jogy, wQY), (25)
(Y)u=1 Vi

where Y € PSD means that'Y is a real, symmetric matrix with non-negative eigenvalues

(positive semi-definite).

The Goemans-Williamson semidefinite optimization problem is the dual problem of
the spectral optimization of Delorme and Poljak (see [14]), which means that (25) is a
tighter max cut bound than (24) (with equality possible), and consequently is tighter
than the SR max cut bound (22). The approach of Goemans and Williamson more-
over leads to an elegant randomized construction of a set Vg, whose average cut
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Comparison between SR,CR and GW Max Cut bounds

BA graph ER graph
25 T T T 0.8 T T
= + SR bound = . ’
£ - CR bound . £07r . oo ¢ .
8207 . b 8
= =061
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g g 0.5
1 1
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Fig. 2. Comparison between the standard (spectral) relaxation bounds (SR) (22), the constrained (spectral)
relaxation bounds (CR) (23) and the Goemans-Williamson bound (GW) (25) for the largest cut size of a
graph. The relative differences —GW and CE-GW 4re calculated for Erdés- Rényi and Barabégsi-Albert
random graphs of size N = 50, 70,90, ...,800, and for each size 10 random graphs are sampled.

size is guaranteed to be within a constant factor a &~ 0.878 of the max cut value, i.e.
E (|0Vew|) > amaxycy [0V] (see [14]).

Fig. 2 above compares the different max cut bounds (22) and (23) to the GW max
cut bound (25) for a number of Erdés-Rényi and Barabési-Albert random graphs’ of
increasing size N. The SDP problem in (25) is solved using CVX, a package for specifying
and solving convex programs [15]. The positive relative differences GVE;VS E and GVZWCR
which are plotted in Fig. 2 show that the GW bound (25) clearly outperforms the
spectral bounds (22), (23) for these random graphs. The relative difference for both SR
and CR max cut bounds seems to be much smaller for Erdés-Rényi random graphs than

for Barabdsi-Albert random graphs. However, the improvement of the CR bound over
the SR bound is significantly larger for Barabéasi-Albert random graphs compared to
the improvement for Erdds-Rényi random graphs, which was also the case in Fig. la.
While the Goemans-Williamson bound seems to generally give a tighter bound than the
spectral bounds, it yields a numerical solution rather than a closed-form expression in
terms of properties of the Laplacian @, such as Laplacian eigenvalues and eigenvectors.
Hence, we believe that the interpretable expression of our constrained relaxation bound
(23) has complementary value to the numerical solution of the GW bound, even if the
latter might generally be tighter.

7 The Barabési-Albert random graphs are generated starting from a clique of 10 nodes and adding degree
four nodes with probability proportional to the existing degrees. The Erd8s-Rényi random graphs have link

density equal to p = 4p. with p. = %, the connectedness threshold for p.
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4.3. The Expander Mixing Lemma

The expander mixing lemma (EML) is a basic result in the study of expander graphs
[2,17], which relates the expansion properties of a graph to the Laplacian spectrum.
In context of the graph isoperimetric problem [5,8], the same inequality appears in a
geometric context. While generally stated in terms of the cut-set C(V,S) between two
disjoint sets V and S (see Appendix E), we focus here on the cut-set 9V corresponding
to S = V. The expander mixing lemma is then stated as:

Lemma 1 (Ezpander Mizing Lemma). In a graph G(N, L), the difference between the cut
size |OV| for any subset V of V' nodes, and the average cut size 2Lv(1 —v) is bounded by

|10V| = 2Lv(1 — v)| < ANv(1 —v),
with A = max {|puy_1 — %L L — %|}

The expander mixing lemma quantifies how far the cut size of a set with V nodes can
possibly diverge from 2Lv(1 — v), which is the expected cut size in a random graph with
the same “link density” or average degree as G. Hence, rather than bounding the cut size
range, EML bounds the variation of this range around a central value. In Appendix D,
we show that the CR-K bounds naturally translate to the EML bounds:

Corollary 3 (Tighter Ezpander Mizing Lemma). In a graph G(N, L), the difference be-
tween the cut size |OV| for any subset V of V nodes, and the average cut size 2Lv(1 —v)
s bounded by

V] - 2Lv(1 — v)| < max{‘gc(v, K(v))

éc(v,Ku(v))‘} < ANw(1 —v),

)

where O¢ (v, K) and 0c(v, K) are the CR-K bounds corresponding to the matriz Q =

Q- 21— ).

The proof of Corollary 3 in Appendix D shows that the standard EML inequality
corresponds to the least tight bound in the bound hierarchy of Theorem 3, for bounds
calculated from the matrix Q@ = Q — 2£(I — %) Appendix E further generalizes the
result to cut-sets between any pair of disjoint subsets.

4.4. Spectral lower bounds in the hypercube graph Hgy

The hypercube graph is a graph where cuts and cut sizes have been thoroughly studied.
The d-dimensional hypercube graph is the graph Hy = G(N, L) with N = 2¢ nodes,
and with links £ determined by identifying each node n € N with a unique d-length
bit string b(n) € {0,1}%, and connecting two nodes with a link if their bit strings differ



82 K. Devriendt, P. Van Mieghem / Linear Algebra and its Applications 572 (2019) 68-91

in only one entry, i.e. £ = {(4,7) | ||6(¢) — b(4)|l1 = 1}. In 1964, Harper [16] proved the
following result for the smallest cut size in the hypercube graph:

Theorem 7. In the hypercube graph Hg the smallest cut size for a set of size V' is achieved
by the set of nodes V* containing the nodes with the V' smallest bit strings, in other words

d

min |0V| = |0V*| where V* = {
VCN
V=V

2’1<V—1} (26)

where (b(n)), is the i'™ bit of the bit string b(n).

Harper’s result (26) does not give an explicit numerical result in terms of graph
properties, and in practice the following approximate bound can be used [17, Example
4.2.1]:

N
. N
in 0V] >V log, (V) , (27)
V=V

which is tight when V' = 2¢ for some integer £. As the Laplacian eigenvalues and eigen-
vectors of the hypercube graph Hy are known, we can compare (26) and (27) to the CR
bounds. The hypercube graph H; has Laplacian eigenvalues p; = 2m with multiplicity
(;ll) for 0 < m < d, and except for the eigenvector zy = %7 all eigenvectors z; contain

N
2d—1 2d—1

; =1
exactly entries equal to \E and entries equal to NeTE As a result, the ordered

eigenvectors obey

L forall 1 <4< 241

(Zk)i -V
(

z,ﬁ)l :\7217 for all 2971 +1 < ¢ < 29,

such that s?(v) = VWZ is independent of k. Since s?(v) is constant, we find that K;(v) =

max {1 <K<N ‘ ZK V2 < W} = LU*IJ. By Corollary 1 and the fact that

mult(un—_1) = d, it thus follows that the CR bound can only be tighter than the SR
bound when Lv‘lJ > d. More specifically, the CR bound will always equal the SR bound
when v > d~!. Fig. 3, comparing lower bounds for the cut size in the hypercube graph
Hg, shows that the CR bound is better than the SR bound for small cuts, i.e. when
v < d~!, but that both the SR and CR bounds are significantly less tight than Harper’s
bound (26) and its approximation (27). However, this difference can be expected as (26)
and (27) are tailored to the hypercube H4 specifically, while the CR bound is valid for
general graphs.
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Cut size lower bounds in the Hypercube H4

Dimension d = 6

Subset fraction v

Dimension d = 8

6 8 Harper's exact bound
2 2 e Approximate lower bound
g g CR bound
5] 26
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Fig. 3. Comparison between different bounds for the smallest cut size in the hypercube graph H4 of dimension
d. All bounds are divided by Nv(1—v) for normalization. This comparison indicates that the tightest bounds
are, respectively: Harper’s bound (26), the approximate lower bound (27), the CR bound and finally the
SR bound. The black star indicates v = d~! from which point the CR bound is guaranteed to equal the SR
bound.

4.5. Bounding the spread of epidemics and mean-field accuracy

In epidemics on networks, a disease spreads through the network, infecting new nodes
via links between infected nodes and healthy nodes [21]. If all infected nodes at some
time ¢ are grouped in the set V(¢), and all healthy nodes in the complementary set V(t),
then the cut-set OV(t) is the set of all “infectious links” at that time, i.e. links between
healthy and infected nodes over which the disease can spread.

By modeling the spreading dynamics as independent Poisson processes, the epidemic
process satisfies the Markov property [23] and the probability distribution Py« (t) =
Pr[V(t) = V*] can be solved from the Kolmogorov equations. However, since this prob-
ability distribution is defined over all 2V possible states V* C N, several methods have
been developed to approximate the exact description. In [24], a compact differential equa-
tion for the average number of infected nodes in the SIS epidemic model is proposed:

dEy)[|V]]

- = —Ey[|VI] + TEpn [[0V]]

(28)
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where 7 is the effective infection rate of the disease and Ey)[.] the expected value
with respect to Py« (t). Since the second term contains the cut size, equation (28) is not
self-contained and cannot be solved for Ey)[|V(t)|]. However, using the CR-K bounds
for |0V|, we can write:

dEy (V]

By [V + 7 min {6o(v, Kiv)} < =20

< By [IVl] + 7 max {Oc (v, Ku(v))}
which shows how the best and worst-case SIS spreading behavior of a disease can be
bounded, based on spectral information of the network over which the epidemic spreads.

More detailed approximations exist, ranging from approaches that incorporate the
full topology of the graph, to mean-field approaches that coarse-grain the topological
information. This variety of approaches is unified in [11] from the perspective of cut-set
approximations. Specifically, the class of mean-field methods (MF) rely on approxima-
tions of the form:

MF approx.
Epvi=vy [[0V]] o

2Lv(1 —v) (29)
where E ) jv)= V}[ ] is the expectation with respect to the conditional probability dis-
tribution Pr[V(t) = V*|[V(t)| = V], and similar results were found for general cut-sets
C(V,S). The main result in [11] was to show that the topological mean-field approxima-
tion (29) can be bounded using the isoperimetric inequality (equivalently, the expander
mixing lemma). Since we provide tighter bounds for EML in Corollary 3, these bounds
for the MF accuracy are also improved:

B vi=vy [10V] = 2Lv(1 - v)| < max{‘ec (v, K (v

D] [Bet, Kuwn[}

CR-K bounds

< Mw(l-vw) ,
—_———
SR bounds [11]

-l

where \ = max{’uN,l — =
5. Conclusion

We formulate new spectral bounds for the cut size |0V)| in general graphs. The bounds
follow from a convex relaxation of the combinatorial (EX) problem maxy |0V| and, com-
pared to the standard spectral relaxation approach (SR), additional constraints based
on the Laplacian eigenvectors lead to a tighter relaxation of the problem (CR). The new
bounds that follow from this constrained relaxation problem are given by Theorem 2,
and as summarized in Theorem 3, these new bounds are at least as tight as the ex-
isting spectral bounds. Corollary 1 additionally specifies the condition that determines
whether the CR bounds are strictly tighter than the SR bounds. The numerical results
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in Figs. 1a—3 show that, indeed, the CR bounds are tighter than the SR bounds, and
that the improvement can be significant.

We furthermore apply the constrained relaxation method to a number of problems in
spectral graph theory. In particular, we show that the Cheeger inequality lower-bound,
max cut bounds and the expander mixing lemma and related graph isoperimetric in-
equality [17,2] can be tightened using the constrained relaxation method. Finally, the
conceptual importance of the cut-set in epidemics on networks is highlighted, and we
show how our improved bounds provide a tighter characterization of best and worst-case
spreading behavior, as well as improved bounds for the error of mean-field approximation
methods.

Appendix A. Proof of spectral constraints

Proof of property (4a). From Plancherel’s theorem applied to the Laplacian eigenvectors
21, (2), we know that for any vector z € RY the relation

N N
ST = 3 n)?
k=1

k=1

holds. For the partition indicator vector wy in particular, and using the fact that zy =
\F’ this yields:
N—-1
(zfwy)? = Nou(1 —v),
k=1

proving property (4a). O

Proof of property (4b). Since the partition indicator vector wy is a zero-one vector, the
projection wjzj, can be written as

wgzk = Z(zk)l

S

In other words, the projection is a sum of V entries of eigenvector z;. This sum can be
bounded by

D (zn)i Swha <> ()i (30)

ieV_ i€V

where V, is the subset of N corresponding to the V nodes with the highest z; values,
and V_ the subset with the V lowest z; values. Introducing the ordered vector zt, with

(zt)l > (z,t)Q > > (z,t)N, allows inequality (30) to be written as
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S () <ula< Z( ).

Since all eigenvectors zi, with &k # N, are orthogonal to zy = N which means that

vazl(zk)l = 0 holds, we can write

Squaring leads to the inequality

(6T 0)? < max (i( ))2 (NZV@))Q |

i=1

which proves property (4b). O
Appendix B. Derivation of constrained relaxation bounds

Proof of Theorem 2. From expression (3) and introducing the parameter K €

{1,2,..., N}, we know that the cut size can be written as
N K—1 N—1
|oV| = Z(wvzk wvzk 2l + Z wvzk 2 g,
k=1 k=1 k=K

where the empty sums 22:1 and EkN:_]\l, are defined to be zero. By the ordering of the
eigenvalues pux > ui holds for all k£ > K. Replacing ux by px in the second summation
then yields the inequality:

K— N-—-1
10| < Z whzk) s+ px Y (whz)?
k=1 k=K

Invoking property (4a) as Zf:_ll (whzk)? + ZkN:_é (whzk)? = Nv(1 —v) then leads to

K—1
|oV] < (wh2)?(r — pxc) + No(1 — v)ug.
k=1

Finally, invoking property (4b), we can further bound the cut-set size as:

MN

|oV] < v)(pr — px) + Nv(l —v)ug  forany 1 < K <N,

k=1

which proves that the CR-K bounds upper-bound the cut size. 0O
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The lower-bound inequality follows similarly by replacing p; by —ug (turning max-
imization into minimization) and subsequently ordering the eigenvalues according to
decreasing values, which leads to the index replacement k — k' = N — k.

Appendix C. Hierarchy of bounds

We start by proving an additional Lemma, which relates the CR-K bounds for different
values of K:

Lemma 2. The constrained relaxation upper-bounds for different values of K satisfy

Oc(v, K1) > O¢(v, Ka) for 1 < Ky < Ky < Ky(v)
Oc(v,K3) <O¢(v,Ky)  for Ku(v) < K3 < Ky <N,

and similarly for the lower-bounds.

Proof of Lemma 2. The difference between two consecutive bounds equals:

K-1
Oc(v, K —1) = O¢c(v,K) = (ux — pr—1) (Z s2(v) — Nov(1 — v)) for 2< K <N,
¢ k=1

<0

where the first factor is always negative or zero by the eigenvalue ordering. Hence, the
sign of the second factor determines which of the consecutive bounds is tighter:

Oc(v, K —1) > Oc(v,K) if K s2(v) < No(1 —v)
Oc(v, K —1) < Oc(v,K) if S5 s2(v) > No(l —v)

from which Lemma 2 follows by definition of K, (v) = maX{l <K< N} 252—11 si(v) <

Nu(l — v)} in (17), and by transitivity of “<” and “>”. O

In order to prove the hierarchy of bounds (18), we start by proving pairwise inequalities
of the form 6, < 65 and 0 < 63, which by transitivity of “<” over the real numbers also
proves 0, < 6y < 03.

Proof of Theorem 3. By definition, the exact bound satisfies:

|0V] < max |0V| = O (v) (a)
VCN
VI=v

Since the CR* bound is found by relaxing the exact optimization problem, the solution
to the CR* problem (12) is less tight than the exact bound:
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9E(“) < @C*(U) (b)

Next, the CR-K problem approximates the CR* problem by replacing pr~x by px,
which means that for all K and for K,(v) in particular, the inequality

@C*(U) < @C(vaKu(U)) (C)

must hold. From Lemma 2, it follows that K = K, (v) achieves the tightest bound among
all CR-K bounds:

Oc (v, Ky(v)) < O¢(v,K) for 1 < K < K,(v) (d)

Finally, since the CR-K bound for K = 1 equals the SR bound, and invoking Lemma 2
leads to:

Oc(v,K) <O¢(v,1) =0Og(v) for 1 <K < K, (v) (e)
By transitivity, the inequalities (a)-(e) then lead to

(a) () © (@) ()
[0V < Or(v) < Ocx(v) < O¢(v, Ky(v)) < O¢(v, K) < Bg(v) =0¢(v,1),

proving Theorem 3. O
Appendix D. Proof of Tighter Expander Mixing Lemma

We prove that the tighter expander mixing lemma follows as a corollary from The-
orem 2, by rewriting the difference between the cut size |0V| and the average cut size
2Lv(1 —v).

Proof of Corollary 3. Using the partition indicator vector wy,, we can write the difference
between the cut size |0V| and the average cut size 2Lv(1 — v) as:

2L T
|0V — 2Lv(1 —v) = ngwv - ng (I - %) wy,

with I the identity matrix. Since all Laplacian eigenvectors zj; that correspond to non-
— T

zero eigenvalues jy, # 0 satisfy zlu = 0, and thus satisfy Zszll ezl =1 — “N this

can be rewritten as:

N-1 oL
|OV| — 2Lv(1 —v) = w); <Z 22k <Mk - W)) wy.

k=1

Defining the matrix Q = Zg:_ll 2zl (e — 22) leads to
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0V| — 2Lv(1 — v) = whQuy = |8V, (31)

where 9V is the “cut-set” with respect to the matrix @ While in general this matrix @

is not a Laplacian matrix (since py, — % can be negative for some k), the derivation of

the CR-K bound still works for the matrix @), because @ has a single zero eigenvalue

corresponding to the eigenvector —z=. Hence, we can bound the cut size |0V| by the

CR-K bounds O¢ (v, K), which means equation (31) can be written as

bl

‘gc(v,K)’ < |0V| - 2Lv(1 —v) < ‘éC(U,K)

which proves Corollary 3 by taking the absolute value and using the tightest bounds
K = K,(v) and K = K;(v) for the upper and lower-bound, respectively. O

Appendix E. The General Expander Mixing Lemma

Here, we prove an improvement of the general expander mixing lemma which is based
on the cut-set C(V,S) between any pair of disjoint partitions [2,17]:

Lemma 3 (General Expander Mizing Lemma). In a graph G(N, L), the difference between
the average cut size 2Lsv and the cut size |C(V,S)| between two disjoint partitions V and
S is bounded by

IC(V,S)| — 2Lsv| < ANV/v(1 —v)s(1 — s),

S|

with A = max{|un_1 — 2|, |1 — 22}, and s = R! and v = V]

W .

As we show further, it is possible to upper-bound the cut size |C(V, S)| using the cut
sizes |0V| and |0S|, which allows the general expander mixing lemma to be improved
using the constrained relaxation method:

Theorem 8 (Tighter Expander Mizving Lemma). In a graph G(N, L), the difference be-
tween the average cut size 2Lsv and the cut size |C(V,S)| between two disjoint partitions
V and S is bounded by

HC(V,S)\ — 2st’ < \/@C(U,Ku(v))@c(s,l(u(s)) < NAWou(l —v)s(1— )

where ©¢ (v, K) is the CR-K bound with respect to the matriz Q = ‘Q — 2w

Proof. Using the zero-one partition indication vectors wy and ws with wgu = Nv and
wgu = Ns and the fact that ’U.);I;U)S = 0, we have:

T
v, ) -2 = |- + Zuf (1= ") s




90 K. Devriendt, P. Van Mieghem / Linear Algebra and its Applications 572 (2019) 68-91

Since all eigenvectors of the Laplacian Q that correspond to non-zero eigenvalues satisfy

zIu =0 and thus satisfy Zk ek =1 - u” , this can be written as:
N-1 oI
C(V,S)| —2Lsv| = 7 L - —
lc(v, 8)| - 2Lsv| ;(wvzk)(wszk)(uk )

Now we define fiy = |px — %| and Zp = z;+, where ¢* is the index such that fij is ordered
according to descending values. Invoking the Cauchy-Schwarz inequality then leads to:

N-1 N-1
||C(V,S)| - 2st| < Z(wgzk )2 fig, Z wkz)?
k=1 i=1

If by d we denote the “cut-set” with respect to the matrix @ = 211272—11 Ekégﬂk, then we

lc(v,S)| — 2Lsv| < 1/|8V]|DS].

By introducing the CR-K upper-bounds for |§V| and |5S | in this expression, we arrive
at Corollary 3. O

can write:
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