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A general two-layer network consists of two networks G| and G,, whose interconnection pattern is specified
by the interconnectivity matrix B. We deduce desirable properties of B from a dynamic process point of view.
Many dynamic processes are described by the Laplacian matrix Q. A regular topological structure of the
interconnectivity matrix B (constant row and column sum) enables the computation of a nontrivial eigenmode
(eigenvector and eigenvalue) of Q. The latter eigenmode is independent from G; and G,. Such a regularity
in B, associated to equitable partitions, suggests design rules for the construction of interconnected networks
and is deemed crucial for the interconnected network to show intriguing behavior, as discovered earlier for the
special case where B = w/ refers to an individual node to node interconnection with interconnection strength
w. Extensions to a general m-layer network are also discussed.
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I. INTRODUCTION

An interdependent network, also called an interconnected
or multilayer network or network of networks, is a network
consisting of different types of networks, which depend upon
each other for their functioning [1]. For example, a power
grid is steered by a computer network, which in turn needs
electricity to function. Interconnected networks have been
brought to the scientific scene by Buldyrev et al. [2], who
illustrated the existence of dramatic cascading effects that
could not occur in single networks. Since their pioneering
work, a wealth of papers (see Ref. [3] and references therein)
have appeared on interconnected networks. Different termi-
nologies and mathematical representations, based on tensors,
are discussed in Ref. [4]. The present work is motivated by the
difficulty to specify the interconnection pattern between the
layered or separate networks of an interdependent network.
Particularly, the functional brain networks, measured with
magnetoencephalography (MEG) at different frequencies,
present slightly different properties of the anatomic brain and
the challenge is to understand how these layered networks at
different frequencies are interconnected to represent the total
brain functioning (see, e.g., Refs. [5,6]).

The dynamics of many processes on networks can be
described in terms of the Laplacian of the underlying graph
topology, such as diffusion and approximate synchronization
[4], and recently the (exact) prevalence in susceptible-infected-
susceptible (SIS) epidemics on networks [7], analyzed in
Ref. [8]. Radicchi [9] motivates the use of the Laplacian
with many more examples. We study the eigenstructure
of the Laplacian of a two-layered interconnected network
(generalized to an m-layered network in Appendix B) as a
function of the interconnectivity matrix. An insight presented
here is that regularity in the interconnection pattern features
attractive properties, that provide engineers with handles to
control or uncouple the network’s dynamics by changing the
strength of the interconnectivity as well as by balancing or
distributing that total strength over several interlinks, that
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connect nodes in different networks or layers. Previously
reported special properties, for example a modular intercon-
nected structure as in Ref. [10], can be related to regularity in
the interconnection pattern. In fact, we show that most special
phenomena observed—rvia the Laplacian spectrum—in the
dynamic behavior of interconnected networks can be traced
back to the graph theoretic concept of “equitable partitions”
(explained in Sec. III A 2 and Appendix B).

After a definition of the interconnected network in Sec. II,
the Laplacian eigensystem is studied. We derive a general
quadratic form from which an interconnectivity energy is
deduced. Although finding a nontrivial eigenmode (eigenvalue
and eigenvector) is generally difficult to find, we show that,
when the interconnection structure exhibits regularity, an
interesting eigenmode can be determined in general, whose
properties and consequences are studied in the remainder
(Sec. III) of this paper. We conclude in Sec. IV. The proofs of
the theorems are deferred to Appendix A.

II. TWOFOLD INTERCONNECTED NETWORK

Consider an interconnected network G with adjacency

matrix
(Al)nxn anm
A= , 1
|:(BT)m><n (A2)n1><m:| ( )

where A is the n x n adjacency matrix of the graph G| with n
nodes, A; is the m x m adjacency matrix of the graph G, with
mnodes and B isthe n x m matrix interconnecting G and G».
The total number of nodes in G is N = n + m. In the theory of
interconnected or interdependent network (see Refs. [3,11,12]
), it is convenient to consider the interconnection matrix B
as a weighted matrix, whose elements are real, non-negative
numbers, rather than just zero-one as in the square adjacency
matrices A; and A,. One of the main reasons for a real
interconnection matrix B is that the networks G| and G, are
usually of a different type, e.g., a communication network G
that controls a power grid G,. When B = O, the network G is
not interconnected anymore and falls apart into two separate
networks G; and G,. Thus, in the sequel, we assume that
B # O, implying that at least one element B;; > 0. We remark
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that, possibly after a node relabeling, the adjacency matrix of
any graph can be written as a block matrix (1), where two
subgraphs G| and G, are interconnected by ann X m zero-one
matrix B. The adjacency matrix A in (1) represents a twofold
interconnected network in the most general way. Two special
cases of the interconnection matrix B, namely B = w/l and
B = wJ, where J is the all-one matrix, are briefly analyzed
in Sec. III B.

Here, we follow the notation of my book [13]. The
Laplacian Q of G, corresponding to (1), equals

Q _ (Ql)nxn+diag[(Bum)i]
n _(BT)mxn

_anm
(QZ)m Xm+diag[(BTu”)i]:| ’

2

where O, =A; — A, O, =A,—A,, and'A; = diag
[(Aruy);] = diag[d;(Gy)] for k = 1,2 and where d;(Gy) de-
notes the degree of node i in the graph Gy. The all-one
vector with n components is denoted by u,, and the subscript
is omitted when the dimension is clear. We call the matrix
(Q1)pxn + diag[(Bu,,);] (and similarly for G,) a generalized
Laplacian, whose properties are studied in Refs. [14] and [1].
Only if B is a zero-one matrix, the total number of links in G
equals

L= LGz + LG1 + M;anmum’

where Lg, = %uTAku is the number of links in G.

Any N x N Laplacian matrix Q is symmetric and positive
semidefinite [13] and has a zero row and column sum, which
is equivalent to the eigenvalue equation

Qu=0

indicating that the smallest eigenvalue is uy = 0, belonging
to the eigenvector xy = u.

III. LAPLACIAN EIGENVALUE EQUATION

We order the eigenvalues of the N x N Laplacian Q as
W1 = Mo = 2 uny—1 = iy = 0 and denote the eigenvec-
tor corresponding to the k-largest eigenvalue by x;. The
kth fundamental weight [15] of any Laplacian equals w; =
uTx; = 0,unless k = N, because eigenvectors are orthogonal,
xkr Xm = Smi- We write an N x 1 vector y as a block vector

—_ (vT I\ : .
y=(y;,y,) ,where yjisann x 1 and y, isanm x 1 vector
corresponding to the block structure of A in (1). Hence, any

. T X
eigenvector x; = x = (x{,xJ)" of the Laplacian Q of the
interconnected network G with 1 < k < N obeys

u,fxl + u,ﬁxz =0 3)

while the normalization x”x = 1 of the eigenvector x trans-
lates to

x{xp 4 x)x = 1. “)

'The diagonal matrix diag(a;), specified by the ith diagonal element,
has the elements a;,a,, .. . ,a, on the diagonal.
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The Laplacian eigenvalue equation for the eigenvector x =
(] xT )" belonging to the eigenvalue L,

(Ql)nxn+diag[(Bum)i]
—(B )mxn

=[]

is equivalent to the set

_anm i||:xlj|
(Qz)me—i-diag[(BTu,,)i] X2

QO x1+diag[(Bu,,)ilx1—Bxy = jux;
Qrx; + diag[(B" u,)ilxa — BT x; = pxs. ©)

The quadratic form of Q has the following property.

Theorem 1. Let y = (y],y7 )" be any real vector, then the
quadratic form y” Qy, where the Laplacian matrix Q is defined
in (2), equals

Y Qy =y Q1y1 + 5] Q2y2 + Riyyym), (6)

where

Ry = Y By — (32)). @

i=1 j=1

which is always non-negative because B;; > 0.

Since any Laplacian is positive semidefinite, each term in
the Laplacian quadratic form (6) is non-negative. Due to our
assumption B # O, (7) shows that R, ,,) = O only if (y;), =
(»2) j for all possible pairs (i,j) of nodal interconnections
with positive coupling strength B;; > 0. In particular, when
y=u= @’ ul)", then Ry, ., =0 independently of the
structure of B [as also follows from (6) because xy = u is
the eigenvector belonging to the zero Laplacian eigenvalue
un = 0]. Asaconsequence of Ry, y,) = 0, wefind withy = x
in (6) that any eigenvalue p of Q belonging to eigenvector

X = (xlT ,sz )T is lower bounded by

T T
u = x; Q1x1 +x, Qoxs.

Theorem 6 in Appendix B generalizes Theorem 1 to an m-fold
interconnected network with m > 2.
We may interpret Ry, ,,) in (7) as the total interconnection

energy between G| and G, due to the vector y = (le ,sz )T.
In such an interpretation, y” Qy represents the total network
energy for a state vector y. Let us denote the link [ = (I*,17),
where the nodes [T and [~ are the endpoints of the link and
by L the set of all links in G. Then, a basic property (see,
e.g., Ref. [13]) of the (unweighted) Laplacian Q is y” Qy =
> jee i+ — yi-)* and, in the same vein, Ry, y,) in (7) can be
written as

Ry = Z

l:IteGy and [~ €G,

Bi- [y — ()’2)17]2~

Apart from the trivial Laplacian eigenvector xy = u,
finding nontrivial eigenvectors of Q in (2) is generally difficult,
even if eigenvectors of the networks G| and G, are known. A
negative result is Theorem 2.

Theorem 2. The vector y = (u;,O)T nor y = (O,u;,)T can
be an eigenvector of Q.
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A. Nontrivial eigenvector and eigenvalue solution

If the interconnected network G with N = m + n nodes
has a special regular structure, we can determine at least two
eigenmodes’ of Q:

Theorem 3. Only if the n x m interconnection matrix B has
a constant row sum equal to ”ﬁ*m and a constant column sum

equal to ”ﬁ*n, which we call the regularity condition for B, x,

Bu,, = u*-2-u
{Bfﬁ__ufml” ®)
n =

m+n Um

then is
x = ﬁ[ LN ©)

an eigenvector of Q, defined in (2), belonging to the eigenvalue

* 1 1 T
w=\-=+—=)u, Bxmtinm (10)
n m

and ul Byxmttm =Y i, >"_| Bij equals the sum of the
elements in B, specifying to the total strength of the inter-
connection between G| and G».

Since each element B;; > 0, the eigenvalue u* in (10) can
only be zero if B = O, in which case the two networks G
and G, are disconnected. With N = m + n, we can express
this eigenvalue as

T
u: By
* n PnxmUm
uw'=N———,
nm
h ul Byt p* - th li " th
whnere ~—wm = N 1S € average coupling streng per
ul Bysmtim

element in B and “Wm = is the nodal coupling
strength of each node 1 < i < n in G; to nodes in G, and

T
i, Busmitm

similarly, “ﬁ*n = = is the nodal coupling strength of
each node 1 < j < m in G, to nodes in G. Finally, we may
regard ul Bty as the total coupling strength between the
constituent network parts G; and G, to form G.

The eigenvector and eigenvalue in Theorem 3 are only
determined by the interconnection matrix B and are inde-
pendent of the structure of G, and of G,, because each
eigenvector component of x in (9) satisfies Q1x; = Qu, =0
and, similarly, Q)x; = Qou,, = 0. If we can control the
coupling strength between G, and G, the eigenvalue p©* in
(10) can be changed at will. This independence of the network
G and G, property, earlier exploited in Ref. [3] to compute
a particular interconnection strength separating the dynamics
in G| and G,, forms the major characteristic feature of a
regular interlink interconnected network structure. If there
is no special structure in the interconnection matrix B, then
we may question whether there is a reason to study a block
adjacency matrix of the form (1) instead of a single matrix A.

If B is a zero-one matrix, then the condition in Theorem
3 shows that the interlink degree between a node i € G| and
anode j € G, is constant. In other words, any node in G is
connected to a same number of nodes in G, (and vice versa). If
both G| and G, have the same number of nodes, n = m, and

2An eigenmode consists of an eigenvector and its corresponding
eigenvalue.
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for the particular form B = wl,, the eigenvector x in (9) exists
and we find that u* = 2w (as in Ref. [3]). This particular case
is discussed below in Sec. III B 1.

1. Regularity and eigenstructure

A consequence of Theorem 3 is Corollary 1.
Corollary 1. If the regularity condition (8) on B in Theorem
3 holds, then the N x N Laplacian matrix (2) simplifies to

_ (Ql)nxn"i_//v*m]n
Q N [ _(BT)man

_anm
(QZ)mxm +/¢L*%Imi| (11)

and any other eigenvector x = (x7 .x7)" of Q, apart from
xy =u and x = ﬁ[ﬁu,{ —\/gu,fl]T, must obey both
ul'x; =0and ul x, = 0.

If B does not satisfy the regularity condition (8), then
x in (9) cannot be an eigenvector of B, implying that the

. T . .
eigenvectors x = (x/,xJ)" of Q belonging to 1 cannot satisfy

T

ul'x; =0 and ul x, =0. Thus, the eigenvector property

ul'x; = 0and ul x, = 0 is a fingerprint of the regularity of B
and reflects a notion of uncoupling of Laplacian eigenmodes
of G into those of both G and G».

An interesting implication of Corollary 1 is that any
eigenvector x; of O belonging to a positive eigenvalue also
satisfies u,f x1 = 0 (and similar for ;). Hence, we may ask
whether y = (x] ,xJ )" is an eigenvector of Q.

Theorem 4. If the following conditions hold:

(i) B satisfies the regularity condition (8) in Theorem 3;

(i1) x; is an eigenvector of both O and BBT;

(iii) x, is an eigenvector of both O, and BT B;

(iv) the vectors Bx, and x; are parallel, i.e., Bx, =
[1(Q1) + frm — §1x;

(v) the vectors BTx; and x, are parallel, i.e., BTx; =
[14(Q2) + 4o — Elxa;

then x = (xlT,sz)T an eigenvector of Q in (11) belonging
to the eigenvalue & equal to

_ (w(Q0) + (@) + ph)x] w1 — (1(Q2) + o)

, 12
§ 2x17x1 —1 (12)
which satisfies either
& > max ( u(Qy) + M—*m,u(Qz)Jr M—*n or
N N
& < min | w(Qy) + M—*m,M(Qz)Jr M—*n . (13)
N N

Theorem 4 contains many conditions, which make it hard

for y = (xlT,sz)T to be an eigenvector of Q. If Q; and
BB" commute, then all eigenvectors of Q; and BB are
the same [13], but commutativity is an even harder confining
condition. Theorem 4 thus illustrates that eigenmodes of the
(Laplacian) dynamics of the constituent networks G, and G,
can be directly reflected by the interconnected network G
under the rather stringent requirement and that, apart from
the regularity of B, the conditions (iv) and (v) asks for an
alignment of eigenmodes in G| and G,. If G| and G, are
different networks, such an alignment is likely to occur with
low probability and the eigenmodes of G are expected to show
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a different, unrelated behavior. In other words, special design
or special conditions (in a physical system) are needed to
observe the peculiar transition in the coupling strength or
normalized coupling strength ©* in (10), reported earlier in
Refs. [12,16] and further studied in Refs. [3,9].

2. Regularity and equitable partitions

Any graph G can be partitioned into nonempty subsets
of nodes. The N x 2 community matrix S for a two-layer
interdependent network is

u, 0
§= |:O um]’

where S;; assigns node i to the community or layer j. If
the partition  is equitable (or regular) [13, pp. 22-24], the
quotient matrix Q7 corresponding to the Laplacian Q in (11)

is
- M[m  —m
Q _W[—n n:|

from which we verify that QS = SQ”. The eigenvalues of
Q7 are 0 and pu*, the latter belonging to the eigenvector
X7 = ﬁ(l, — ™). If ™ is an eigenvalue of Q™ belonging
to the eigenvector x™ so that u”x™ = Q7 x”, then, after left
multiplication with S and invoking QS = SQ", we observe
that

urSxT = 8Q0"x" = QSx”,

indicating that Sx™ = j—ﬁ[@uz —/Zul1" is an eigen-
vector of Q belonging to w* = p* and illustrating that
Theorem 3 is actually a consequence of the general theory
of equitable partitions.

3. Regularity and optimality

The eigenvalue p* in (10) as well as the interconnection
energy (7) increases with any element B;; > 0 of the intercon-
nection matrix B. Thus, limiting the increase in the elements
of B seems a natural consequence of the analysis. Shakeri et al.
[17] maximize the algebraic connectivity py_;, subject to a
constant total interconnection strength unTanmum = ¢, which
is equivalent to a given p* in (10). In particular, Shakeri et al.
[17] consider a special type of interconnected network G
and G, with equal number of nodes, thus n = m, and where
the interconnection matrix B = diag(w;) and w; > 0 is the
interconnection weight or strength between the node j in G,
and its peer (also labeled by j) in G,. Their Laplacian is

0s = [(Ql)nxﬁdiag(wj) —diag(w,) ]
§ —diag(w);) (02)nxn + diag(w;) |°

The vector w = (wy,wy, ...,w,) is a non-negative intercon-
nection vector (which they denote by w > 0), on which they
impose a total weight condition, namely w” u = c. Their main
result is

. . c
ma(;)( un—_1(Qy) is attained for w = —u,,
> n

=

wl u=c

demonstrating that each

2
N

interlink ~ weight wy = =

uTBu = ”7* is precisely equal, which emphasizes the ex-
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tremality of the regularity of B. We add another extremal
property of the nontrivial eigenmode when B is regular:
Theorem 5. Let B satisfy the regularity condition (8) in

Theorem 3. Among all real vectors y = (y!,yJ )" satisfy-
ing the normalization y”y = 1, the Laplacian eigenvector
\/Lﬁ[\/?u: - %u;]T in (9) belonging to eigenvalue u*
in (10) can attain the highest coupling energy Ry, ,,), defined
in (7).

B. Special interconnection matrices

We assume that B has constant row and column sum,
obeying the regularity condition (8).

1. Individual node to node interconnection B = wl

The interconnection B = w1/ has been investigated in depth
in Refs. [3,9,12,16,17], where the number of nodes in both G
and G is the same: n = m. Straightforward substitution of
B = wI in (10) shows that u* = 2w (as in Ref. [3], where
w was denoted by p). The total interconnection energy at
eigenfrequency u follows from (7) as

n

Ris ey = w Y _[(e1)r — (x)i P = wxy — x2)7 (1 — x2).

i=1

In particular, at the eigenfrequency p* = 2w where x| =
au, and x, = Bu, (see Appendix A 3), the computations in
Sec. [II A result in

2
R.—= a2 2 ny _ _ %
w = wn(a — B)” = wna 1+m =2w=u".

We remark that, in particular, the conditions (iv) and (v)
in Theorem 4 complicate the determination of additional
eigenmodes of Q, even in this simple case with B = w/.

2. All pair interconnection pattern B = w J
If B = wlJ, then

xlTJnmez = xlT(unu;)xz = (u,{xl)(u;xz).

With (3), we have
2
xlTJ,,mez = —(u,{xl) .

Explicitly, when x = xy = u, then u” Ju = nm and for the
nontrivial eigenvector x in (9), we find that xlT JuxmXas = — % s
which is negative, while for any other Laplacian eigenmode,
it holds that x| J,ymx2 = 0.

For any eigenvalue i # uy = 0, (Al) indicates that

Q) =x"0x =x{ Qix1 +x] Q2xz
+ w{mxlTxl + nx;xg — 2(uTx1)2}.

The nontrivial eigenvector x in (9) obeys the regularity
condition (8)

menun = nUpy

m

Joxmm = mu, = Em__;'_nun
_ n

- Em+num’

which are eigenvalue equations, so that the eigenvalue pu* =
wé = w(n +m) = wN, which agrees with (10).
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The complement Q€ possesses [13] the same eigenvectors
as Q. In case B = J (thus for w = 1), the complement A€
of A reduces to two not connected graphs G{ and G5, and
the corresponding Laplacian Q¢ consists of two separate
eigensystems of Qf and Qf, and both have the same eigen-
vectors as Q1 and Q,. Thus, for B = J, the knowledge of the
normalized eigenvectors {vi} <<, of O and {r;}, ¢, of Q2
is sufficient to construct the eigenvector xi; = [oyv] ﬁlr,T]T
of Q, where the scalars oy and f; obey a? + 87 = 1 asrequired
by the normalization in (4). The orthogonality of eigenvectors
demands that kakarp = oy va v + ﬂlﬂprlTr,/ = 0, implying
that k £ k' and [ #!’. From the quadratic form (A1), the
eigenvalues (when at least one x| # u) are

w(Q) = x" 0x = [w(Q1) + wmleq + [1(Q2) + wm]p}f.

However, in total, there are nm possible ways of constructing
an eigenvector xj;, while there can be only n+m =N
such eigenvectors. But, (A4) requires that u(Q;) + wm = &
and w(Q») + wm = &, implying either oy = 1 and g, =0
(and vice versa), leading to the n — 1 eigenvector forms
(] 0"}, and m—1 form ([0 /1), .
apart from xy = u (both v, = u, and r,,, = u,,) and x in (9).
This computation, in agreement with Theorem 2 and Theorem
4, again underlines the restrictive nature of (A4), that asks
for alignment of eigenvectors of Q; and Q,. Finally, as a
side effect of concentrating on the Laplacian (and due to
the commutativity of any Laplacian Q and J), we find that
the eigenmodes of a complete interconnection pattern B = J
seems closely related to no interconnection B = O, which
may seem counterintuitive at first glance.

C. Algebraic connectivity of G

The second smallest eigenvalue py_; of the Laplacian
Q is called by Fiedler [18] the algebraic connectivity. The
algebraic connectivity is the most studied eigenvalue of Q
due to its appearance in many phenomena [13]. We derive
several bounds for the algebraic connectivity py—_1(Q) of the
interconnected graph G.

1. Consequence of Theorems 1 and 3

By choosing y; equal to the kth normalized eigenvector (i.e.,
ylyi =1, while yTy =yl y; + y7 y2) of Q and y, equal to
Ith normalized eigenvector of O, the quadratic form (6) reads

¥y Qy = Q1) + wi(Q2) + Ry, -

In particular, confining to the algebraic connectivity where
y1 = x,—1 and y, = x,,—; are the eigenvectors belonging to
the respective algebraic connectivity u,—; in G| and p,,— in
G», leads to

Y 0y = wn1(Q1) + tm—1(Q2) + Rex, 1 1)

where u,{ X,—1 =0 and u,{,xm,l = 0 (since eigenvectors are
orthogonal), so that y"uy = 0. In that case, the Rayleigh

inequality y" Qy = pmin-1(0)y"y = 2imin-1(Q) leads to
the upper bound for the algebraic connectivity of Q,

un-1(Q) < %[an(Ql) + tm-1002) + Ry, x, ). (14)

PHYSICAL REVIEW E 93, 042305 (2016)

Let us investigate the smallest, nonzero eigenvalue u,

. . T T T .
corresponding to any eigenvector x = (x; ,x, ) of Q obeying
ul'x; =ul x, =0 in Corollary 1, a necessary condition for
regularity of B. The Rayleigh inequality [13] demonstrates for
ul'x; = 0 that

T T
x; Q1x1 2 ma—1(Q )X X

and, similarly for u,ﬁxz =0,

T T
X5 Q2x2 2 tn—1(Q02)x, X2

with equality only if x; and x, are the eigenvector of Q;
and O, belonging to the algebraic connectivity, eigenvalue
Un—1(Q1) and w,,—1(02), respectively. Complementary to the
upper bound (14), the quadratic form (6) leads to the lower
bound (15) for the algebraic connectivity of G with regular
interconnection matrix B,

IN=1(Q) Z -1 (QDX{ X1 + sn—1(Q2)3; X2+ R 1) = 0
(15)
with 0 < xJx = 1 — x[ x; < 1. Combining the upper bound

(14) and the lower bound (15) yields, for a regular intercon-
nection matrix B,

,U«n—ll(Ql) n Mm—1(02)

1 + R(xquz)
xlx 1—x] x|
Hn—1(01) | Um-1(Q2)
< unv-1(0) < > + 5
R, x 1
+ (Xn—1,%m )' (16)
2

Even when both G| and G, are disconnected (u,_1(Q;) =
Hm—1(Q2) = 0), a positive interconnection energy Ry, ,) >
0 results in a connected interdependent network G (i.e.,
un—1(Q) > 0). We observe from (16) that, if w,_1(Q)) =
Um—1(Q2), then we obtain the curious inequality

R-xn—]»-xm—l
Mn—1(Q1) + Rix) 3y < un—1(0) < wn1(Q1) + %,

0 < Rixy e < un—1(Q) — un—1(Q) <
w The interconnection energy R(y, ., for the Fiedler
eigenvector x of Q is smaller than half the interconnection
energy R, ,.x, ) Of the individual Fiedler vectors x,_; of
0, and x,,_; of Q,, both belonging to a same algebraic
connectivity p,—1(Q1) = tm—-1(Q2).

The scaling of elements in B also causes that the eigenvalue
w* in (10) is not necessarily equal to the second smallest
eigenvalue py_;. Indeed, by lowering the total coupling
strength u,f B, xmty, we can always force pu* to be lower
than puy_1(Q), because, from (15), we have that uy_;(Q) >
min (v} x1.5] 2){tta-1(Q1) + sm-1(Q2)} > 0 for connected
networks G| and G,. The possibility of modifying the total
coupling strength ' B, ut,, leads to consequences elaborated
in Ref. [3], where the coupling strength w in B = wl was
computed so that u* = puy_1(Q).

illustrating  that

*
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2. Interlacing

The interlacing theorem for symmetric matrices [13] tells us that

Mm+i(Q) < wi{ Q1 + diag[(Buy)g1} < 1i(Q)
pnt (@) < {0 + diag[(BTu,);1} < p;(Q) for any

In particular, for the algebraic connectivity, the interlacing
theorem states

{Mm+n—l(Q) < :u'n—l{Ql + dlag[(Bum)q]} < /J/n—l(Q)
tntm—1(Q) < pm-1{Q2 + diag[(B" u,)i1} < pm-1(Q)

so that the algebraic connectivity ,1+,-1(Q) = un—1(Q) of
the interconnected graph G is upper bounded by

/vLN—l(Q) < min (Mn—l(Ql + diag((Bum)q))v
tim—-1(Q2 + diag((B" uy):))).

If dlag((Bum)q) = bml9 then ,U«nfl(Ql + dlag((Bum)q)) =
by + n—1(Q1) (and similar for the the graph G»), so that

un-1(Q) < min[b,, + py—1(Q1),bp + tm—-1(Q 1]

If we assume in addition that b,, = b,, = w, then
un-1(Q) < w + min[p, 1 (Q1), m—1(QD].

The regime in which uy_1(Q) 2 max [, 1(Q1), m—1(Q1)]
is related to superdiffusion and is possible for a certain

interconnection strength w (see, e.g., Ref. [3]).

IV. CONCLUSION

As shown in Sec. IIT A, we believe that a regular inter-
connection matrix B with constant row sum and column sum
(based on the theory of equitable partitions) is adequate to
engineer or approach interdependent networks. For a regular
interconnection matrix B, there always exist a nontrivial
eigenvector (Theorem 3), which only depends on B and whose
eigenvalue can be controlled via the interconnection strength
(sum of all elements in B). This special eigenmode gives rise

J

nxn di m)i
A A

forany 1 < i
1

n
m.

IN N

<
<J

(

to remarkable physical properties as illustrated in Ref. [3] and
references therein. The fact that the interconnection matrix
B is usually defined with real elements simplifies, besides
the determination of the coupling strength between potentially
different networks G| and G, also the flexibility to shape or
control the topological structure of B: an arbitrary number
of links from node i € G| to G, can be used as long as the
sum of their interconnection strength » ", B;; is constant for
each node i in G;. The constraint to construct a matrix with
a constant row sum (and column sum) is more realistic for
a real matrix than for a matrix with zero-one elements. In
the latter case, the constraints on B would imply that each
node i in G (and vice versa for G,) has the same number of
links to nodes in G,, which in many real-world cases is not
justifiable. However, even for a real interconnection matrix
B, the regularity constraint means that each node i in G, is
coupled to nodes in G, with equal strength. If an equal strength
coupling is not defendable, the study of the interconnected
network G can hardly benefit from the knowledge of its
constituent parts G| and G,, because, as shown here, the
eigenmodes of G are hardly related to those of G, and G».
Thus, to some extent and from a graph theoretical point of
view, such a network G can better be analyzed as a single
(though weighted) network.
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APPENDIX A: PROOFS

1. Proof of Theorem 1
Proof. The quadratic form y” Qy equals

_anm

Y1
(QZ)mxm + dlag((BTun)l)i| |:Y2:|

= [yT yT][ ((Ql)nxn + dlag((Bum)z))yl - anmyZ j|
! 2 ((QZ)mxm + dlag((BTun)l))yZ - (BT)mxnyl

= Y7 (Q a1 + ¥1 diag(Bun)i)y1 — Y1 Buxmy2 + Y3 (Q2)mxmy2 + ¥3 diag((B  un)i)y2 — y3 (BN 1.

Since (y]TByz)T = yI' BTy, is a scalar, whose transpose is equal to itself, (leByz)T = y! By, and we arrive at

¥y Qy =y Q1y1 + v3 Qays + y! diag((Bu,)i)yi + y3 diag((B" u,)i)y2 — 27 Busm Y2,

where

(AD)

Y1Tdiag((Bum)i)y1 = Zf:l (ZT;] Brj)()’l),za
y; diag((B"u,)i)y2 = >0y (31— Big)(02)}
Y{ Busmy2 = > i > Bii()i(y2);-
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Hence, the interconnection part in (A1) equals

Riy,.v) = y{ diag((Buy)i)y1 + y3 diag((B" u,)i)y» —

from which (7) follows.

2. Proof of Theorem 2

Proof. The eigenvalue equation in (5) reduces with x; = y,
and x, = 0to

O1y1 +diag[(Buy);1y1 = uy

BTy, =0,
where
0=B"y1 =) By forl<k<m,
i=l
while, for 1 <i < n,

diag[(Bu,,)ily1 =

(yl)tszj

The condition (BT),,,,y1 = 0 expresses that y, is orthogonal
to each of the m column vectors of B, . Since B;; > 0 and
B # O, the condition BT y; = 0 shows that y; # u,,. [ |

If y; # u,, then the vector y = (le,O)T can be an
eigenvector of Q, for example when B = J as shown in
Sec. III B 2.

3. Proof of Theorem 3
Proof. If x; = au, and x, = Bu,, are parts of the eigen-
vector x7 = (xI',x1) of Q not equal to x =u, then the
orthogonality condition (3) yields 8 = —a >, while the nor-
malization (4) leads to o’n + B%m = 1. The latter is an
ellipse in the variables @ and $ around the origin with axis

\/LE and ﬁ’ while the former is a line through the origin.

Their intersection results in two possible points (o, ) as in

Ref. [19]:
m n
*=E20N PET N

but the two resulting eigenvectors are the same (apart from
the factor —1). In order for x = (au?,Bul), with « and B
defined in (A2), to be an eigenvector of Q belonging to the
eigenvalue ©*, x must obey the eigenvalue equation (5)

O[diag[(Bum)i]un - :BBum = ,U.*C(Mn
Bdiag[(BTu,)ilum — aBTu, = w*Bu,,.

Since diag[(Bu,,);lu, = Bu,, and diag[(BTu,);1u,, = B u,,
we have

(A2)

B

7= Um-

Bu,, = /'L*a%un
BTu, = —p*

With —= ﬁ o and 55 = — -2 we arrive at the regularity
condition (8), Wthh means w1th N =m + n that B must
have a constant row equal to u* % and column sum equal to

w* 5. With these eigenvector parts X1 = au, and xp = Bu,,

2y!I'B

PHYSICAL REVIEW E 93, 042305 (2016)

Dim i Bi{? + ()&)? =20y}

nxmY2 =

(

the quadratic form (A1) becomes

w* =x" Qx = o*ul diag[(Bu,)ilu, + B*ul diag[(B” u,);lunm
— Zaﬂun B, xmtim

:(O[ - ﬂ)zu,{anmum~

_m_

Finally, with 8 = —a% and o = o> we arrive at (10). |

4. Proof of Corollary 1
Proof. If Theorem 3 holds, it follows from (8) that

diag[(Bun)i] = ,u*%ln and diag[(Bu,)i] = w* 1,

N

leading to (11). Any other eigenvector x of O must be
orthogonal to the above two eigenvectors xy = u and

o =)

T T T,
u,x1 +u,x, =0 1 L ||u,xi|
{mu,{xl —nulx; =0 < H:m —n ,T;lxz =0. (A3)

Since the determinant in (A3) is —(m +n) = —N # 0, any
other eigenvector must obey both u” x; = 0 and ul x, = 0. B

m

T
and must obey

5. Proof of Theorem 4

Proof. The eigenvalue equation Qx = &x for Q in (11)
becomes with (5)

{(Ql)nxnxl +M* - X1

mtn ByxmXx2 = §xy
(Q2)m><m~x2+llv* o .Xz—(B )mxnx] —E)Cz.

m+n
= p(Qp)x1 (and

Since x; is an eigenvector Q1, then Qix;
similar for x; and Q,), we obtain

{anmxz = ((Qn) + fym — €)x (Ad)

(BM)pxnxt = (1(Q2) + &n — £)xs.

After left multiplying the first equation by B” and using the
second in (A4), we find the eigenvalue equations

{BTBXZ = {')CQ
BTx; = (u(Q2) + S n — §)xa,

where
¢ = <M(Q1) + %m - s) <M(Qz) + %n - s). (A5)

Alternatively, left multiplying the second equation by B and
using the first in (A4) leads to

Bxy = (W(Q1) + &m — &)x
BBTX| = {xl.

042305-7
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Hence, we have demonstrated the conditions in Theorem 4: x;
is an eigenvector of both Q| and B BT and x; is an eigenvector
of both Q, and BT B, while, in addition, the vector Bx, and
x1, as well as BT x; and x,, are parallel.

The remainder concentrates on the determination of the
eigenvalue £. By left multiplying the first equation in (A4) by
xlT (and similar for the second equation), we obtain?

T *
xi Bx, 1%
= —|— —m —
T u(Q1) N §
xI'BTx *
and 22—+ n—s (A6)
X5 X2 N

and since the scalar x! Bx, = xJ B” x, we find that*

(u(Qo + %m - s>x{x1 = (M(Qz) + %n - s)xez.

The normalization (4) leads to the eigenvalue & of Q in (12).
Furthermore, we see that {x! x; = x;BB x| = ||BTx1||§ and
¢xlxy = xaBT Bxy = || Bx,||3 so that’

¢ =B x5 + | Bx2ll3 = 0

and (AS) indicate that either u(Q1) + u* % < & and u(Q>) +

Wy <& or Q)+ u'y =4 and u(Qz)Jru*% > £
Combined, we find that the elgenvalue & of Q obeys (13). W

6. Proof of Theorem 5
Proof. If Bmax = maXigi<ni<j<m Bij 1S the maximum
element of the interconnection matrix B, then the coupling

energy R(y, y, for any real vector y = (y] ,y] i (7)is upper
bounded by

Bmaxzz«yl)z - (h),) - BmaxR(y1 xz)lB J>

i=1 j=1

R(n ) X

which is rewritten as

<m Z(yo +n Z(yz>2 2 Z(m, Z(Yz);
- 2(“;1 yl)(umyz)‘

R(}l \2)

max

= myill* +nlly:|1?

3Since u x; = 0and ulx, = 0, it follows from (A4) that

m

ul Byxmxs =0
uyTy‘,(BT)mxnxl =0.

Thus, the scalar u! Bx, = x] (uTB) = xI BTu, = 0 (and similarly
ul BTx; = x| Bu,, = 0) and these scalar products are compatible
with the regularity condition (8).

4Combining one of the equations in (A6) and the quadratic form
(6) alternatively leads to (12). If x[ x; = § = xJ x,, then it must hold
that 12(Q1) — 11(Q2) = 4 (n — m).

3Since x! Bx, = x] BT x;, a non-negative ¢ also follows from (A6)
after multiplying both equations.

PHYSICAL REVIEW E 93, 042305 (2016)

Given the constraint on the norm, ||y ||> + [|y2|I> = [|y||> = 1
implying that [y [|* < 1 and ||y,[|* < 1, then

R()‘l \)2)

e SN =2 31) (32)-
max

If either y, is orthogonal to u,, (thus u’y; = 0) or ul y, =0
as in any other eigenmode of Q (Corollary 1), we observe that

. . Roy s
the right-hand side reduces to =2 < N. On the other hand,

1

if yy = au,, and y, = Bu,, as in Theorem 3 where o = —+

N?
the right-hand side is maximized,
R nm 3
(aun, Buw) <SN+2— < >N
Bmax N 2
because® 2;’\,’” < % Hence, we conclude that, among

all eigenmodes of @ and, hence among all possi-

ble normalized vectors y = (y{, yz)
ﬁ[ﬁu,{ \/; m T belonging to the eigenvalue u*
in Theorem 3 can obtain the highest possible coupling
energy. ]

, the eigenmode x =

APPENDIX B: m-FOLD INTERCONNECTED NETWORK

We extend the analysis to m interconnected networks with
adjacency matrix

Ay B Biz - B

B21 Az 323 c B2m
A=|Bu Bn A3 -+ B

Bml Bm2 Bm3 te Am

where A is the adjacency matrix of the graph G, with ny
nodes and B;; is the n; x n; matrix interconnecting G; and G ;.

The total number of nodes in G is N = Y/ ny. We confine
ourselves to symmetric adjacency matrices A = A7 as well as
AT = Ay for any subgraph Gy of G. One of the consequences
of symmetry is that (Bji), ., BT and Bj; = Oy, xn,. The

corresponding Laplacian Q A — A of G equals

01+ C —B —Bj3 —By,
—By 0,+C;, —By —By,
0= — B3 —By O3+ C3 - Bs,, i
_Bml _BmZ _Bm3 Qm + Cm

(B1)

where the diagonal matrix C; = diag(} . i1 (Byjun, ) ) and
un, is the ny x 1 all-one vector. The Laplacian Qy = Ak — A
of subgraph G; has diagonal elements equal to the degree of
its nodes, which is the number of intralinks incident to a node,
without the interconnection links that are specified by the Cy
matrix.

®Combine N2 = (n + m)” and (m — n)* >
"Each N x 1 vector y can be written as a hnear combination of
eigenvectors of Q.
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The block vector y = (y!,y7, ..., ym) is normalized so
that y'y = 1 and
Z yiyi =1 (B2)
=1

Theorem 6. Let y = (y! ,y7, ... ,ym) be any real vector,
then the quadratic form y? Qy of the Laplacian (B1) of

J

m m m

Ry = ZyiTCin - ZZ)’,-TBU)’/
i=1

i=1 j=1

which is always non-negative because B;; > 0.
Proof. The quadratic form y” Qy is

PHYSICAL REVIEW E 93, 042305 (2016)

m interconnected networks equals

Y0y =Y 30y + Ru,

i=1

where

m i—1 n;

Z Z Z Z(B,j g {(Vi)r — (y])l]} )

i=1 j=1r=1 g=1

ro1+Ci —By; —Bim
— By O, +Cp - — By
yoy=[{ v A | : . :
- _Bml _Bm2 Qm +Cm

3

=Y "3 (Qi + Cyi — Z Z

i=1 i=1 j=1;j#i

With the convention that B;; = O, the quadratic form reads

[ (Q1+Coyr— Y7y By,
(Q2+ Co)yr — 3010 Bajy,

| (On + Cm>ym — > By

vl Bijy;.

m m m m
Y0y =Y 3 0iyi+ Y ¥ Ciyi =Y 3 Byy;.
i=1 j=1

i=l i=1

Since (y! Bijy;)’ = y] Bl;yi = y] Bjiyi and a scalar satisfies (v

m i—1

m i—1 n;

Xm:iyf lfy!_zZZyIT UyJ_ZZZZZ l] (yl y])

i=1 j=1 i=1 j=1
Moreover,

m m

3

m m

i=1 j=1 i=1 j=1

i—1 n; nj m n;

Yoyl Cvi =) yldiag| Y Byun)y |y =D v | diag| D (By),,
i=1

q=1 i=1 j=1 r=I q:l

i=1 j=1 r=1 g=1

nj

r

nj

Y Y (B 00 YD (B,

i=1 j=I1 r=1 g=1 i=1 j=i r=1 g=1

and

> Z (Bl,»q(y, Z Z Z Z(B,] )rg 1) =

i=1 j=i r=1 g=1 j=1i=1 r=1 g=1

= ZZZZ(Bu)qr(y]) =

i=1 j=I1 g=1 r=1

i nj n;

i=1 j=1r=1 gq=1

m i—1 n; nj

i=1 j=1 r=1 g=1

042305-9
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T
Bijyj) = yiTB,'jyj, we have that yiTBijyj = nyjiyi and
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Combining all,

m i—1 n;

PHYSICAL REVIEW E 93, 042305 (2016)

nj

Doyl Ciyi =Y > By =3 3D " Bipeg {00F + 002 = 2000 (g )
i=1

i=1 j=I

which is (B4). Finally, the quadratic form is (B3).

If y = xy = < (and thus y; = W

m i—1 n;

i=1 j=1 r=1 ¢=1

nj

>SS B {60 — )

1 j=1 r=1 g=1

) is the eigenvector belonging to the zero eigenvalue of Q, then Qxy = 0 expresses that

the row sum of any Laplacian is zero. Since all terms in (B3) are non-negative, we conclude each term must be zero. We know
that yiT Qiy; = 0if y; = a;u,, for an arbitrary constant o;. However, R, in (B4) is only zero, if each term in the sum in (B4) is

zero, which requires that each y; = \/Lﬁuni, consistent with xy =

Nontrivial eigenvector and eigenvalue solution

The goal in this section is to generalize Theorem 3 to an
m-layer interconnected graph. If each interconnection matrix
B;; istegular (i.e., with constant row sum and constant column
sum), then the m x m quotient matrix Q7 follows from Q in
(B1), in which each block matrix is replaced by a real number
equal to the row sum of that block matrix. All eigenvalues of
Q7 (and corresponding eigenvectors, after a transformation
by the community matrix S as shown in Sec. I[IT A) are also
eigenmodes of Q.

In particular, if y; = a;ju,, for an arbitrary constant «; as
suggested by Theorem 3, then y! Q;y; = 0, but R,, is then
positive, equal to yT'Qy > 0, and

m i—1 n; nj

Rm = ZZ{O{[ — Olj}zzZ(Bij)rq

i=1 j=1 r=1 g=1

m i
2 :2 : 2. T
= {Ot,' — Olj} u,1iBi_iunj.

i=1 j=1

The normalization (B2) of the y vector then indicates that

(BS)

m

2
E ain; =1,
j=1

which represents a ellipsoid in the m-dimensional space around
the origin. If y is an eigenvector, then the orthogonality of
eigenvectors requires that y"u = 0,

(B6)

m
E ain;g = 0
j=1

represent a plane through the origin and orthogonal to the
vector (ny,n,, ... ,n,,) containing the sizes (number of nodes)
in the subgraphs of G. The intersection of the ellipsoid (B5) and
the plane (B6) determines the possible vectors (1,07, . . . ,0tp).

Before proceeding, we must verify whether y =
(ayuy ouf ... auul ) with not all o; constant or zero

ni

u

14

can be an eigenvector of Q that satisfies Qy = uy for some
positive . We execute Qy,

01+ C —B —By, aiiy,
— By 0+ C, — By, Uy,
_Bml _Bm2 Qm + Cm UplUp,
m
a1 Crutn, — D5 Bijorjun,
m
@02 Cottny, — D71, 40 Bojerjtn,
m—1
o Cttn,, — Zj:l Byjajuy;

With

Crity, = diag| > " (Bijitn))g |ttn, = Y diag((Bijiun,)g)itn,
j=1 j=1

m
= E : Byjun,
j=1

we find that block row k equals

m

m
arCrity, — E Byjoju,, = E (ox — o) Byjty, .
j=1 j=1

Let us assume that «; # 0, because there must be at least of
the «; be different from zero (and not all «; = ¢). In order
for this kth block vector to be the kth block eigenvector of Q,
there must hold, for some nonzero &, that®

m
Z (ozk — aj)Bkjunj = Eoylty,.

J=1

This requirement is, in general, difficult to verify.
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