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Abstract

The replacement of the classical derivative in the governing equation of a continuous-time

Markov process with Önite state space by a fractional derivative of arbitrary order  > 1 pro-

duces solutions that are mathematically incompatible with the theory of stochastic processes.

1 Introduction

We focus on the extension of continuous-time Markov processes with Önite state space to cover a

more general dependence of a stochastic process over time. The essence of a continuous-time Markov

processX (t) with time t  0 lies in the semi-group property P (t+ u) = P (t)P (u) = P (u)P (t) of the
transition probability matrix P (t), with elements Pjk (t) = Pr [X (t) = jjX (0) = k]. The semi-group
property results at any state in exponential transition times, that feature the memoryless property,

which induces the one-step dependence of the event fX (t) = kg on fX (u) = jg at the previous time
u < t at which the Markov process changes. Real processes do not always possess the Markov

properties and motivate the search for a more realistic modeling.

Fractional calculus (see e.g. [1], [2], [3], [4], [5]) may provide a particular extension of continuous-

time Markov processes with the main attractive property of an exact, analytic solution [6]. The

fractional derivative deÖned in Section 2 is, however, far more complicated than the classical deriva-

tive. While the properties of a fractional derivative are mathematically studied and understood, its

repercussions and its meaning to physical phenomena, in particular stochastic processes, is far less

understood.

Here, we highlight a serious limitation for stochastic processes: the extension of the governing

equation (6) of a continuous-time Markovian process with N states to a fractional setting is shown

to be mathematically consistent only for fractional order 0 <   1. We demonstrate, generally, that
the exact solution (12) of the general fractional order, linear di§erential equation (7) for m = de > 1
cannot describe a stochastic process with a Önite state space. Previously in the literature (see e.g. [7],
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[8], [9], [10], [11]), the conÖnement of the fractional order  to the interval (0; 1] was made based upon

the complete monotonicity [6, Sec. 5.1] of the Mittag-Leer function Ea;b (z) for 0 < a  1 and b = 1.
However, also for values of a outside the interval (0; 1], some combinations of Mittag-Leer functions

are completely monotonous [6, art. 91]. Moreover, we deduce in [6, art. 31] that the set fEa;bjgj0 is
independent, implying that a function f (z) can be written as a linear combination

P1
j=0 cjEa;bj (z)

with the coe¢cients cj , depending on the function f (z). Hence, real non-negative functions such as

probability density functions can be expressed as a linear combination of Mittag-Leer functions, while

some of those individual Mittag-Leer functions might violate complete monotonicity. In summary,

complete monotonicity alone is insu¢cient to dismiss the possibility that fractional linear di§erential

equations of order  > 1 cannot describe stochastic processes.

Merely for readability and to motivate of the aim of this paper, we review earlier established

theory, such as the complex fractional derivative in Section 2 and the fractional extension (7) of the

Markov governing equation (6) in Section 3. Theorem 1 in Section 4.2 gives the general solution of

(7) and Section 5.2 formalizes the equation structure for stochastic processes on a Önite state space.

Finally, our main result in Section 6 illustrates a matrix structure incompatibility between a general-

order fractional, linear process and a continuous-time stochastic process on a Önite state space. We

conclude in Section 7 that the mere replacement of the classical derivative by a fractional derivative

needs a reconsideration.

2 Fractional derivative of complex order

The k-th order derivative of a function f (z) can be expressed by Cauchyís integral [12]

dkf(z)

dzk


z=z0

=
 (1 + k)

2i

Z

C(z0)

f(!) d!

(!  z0)k+1
(1)

where C(z0) is a contour around the point z0 in a region of the complex plane where the function

f (z) is analytic. In [13], we have proposed and studied the fractional derivative of complex order ,

deÖned by the formal extension of the scope of the integer number k in (1) to the complex number ,

as

Df (z0) 
df(z)

dz


z=z0

=
 (1 + )

2i

Z

C(z0)

f(!) d!

(!  z0)+1
(2)

The fundamental problem in (2) with the extension of the integer k to the complex  is generated by

the branch cut of the function z = e log z along the negative real z-axis, causing that the function
f(!)

(!z0)+1
is not analytic around the point z0 and that the contour C (z0) in (2) cannot be closed over

the branch cut. Consequently, the formal extension (2) is ill deÖned and its reparations, as shown in

[13], lead to inÖnitely many possible deÖnitions of the fractional derivative (see also [4, Appendix E]).

A general form for real t, that already appeared in the early work of Riemann (see [6, p. 6]), is

Dm;pf (t) =
df(z)

dz


z=t

=
1

 (m )

Z t

p

f (m)(x)

(t x)+1m
dx for Re () < m (3)

where the real number p < t and the m-th classical derivative f (m)(x) is assumed to be Önite on the

interval x 2 [0; t]. The substitution u = t x in (3),

df(z)

dz


z=t

=
1

 (m )

Z tp

0
um1f (m)(t u)du for Re () < m (4)
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further motivates to choose the point p = 0. The simplest deÖnition of the fractional derivative is the

case of m = 1, real  and p = 0 in (3),

D0 f (t) =
1

 (1 )

Z t

0

f 0(x)

(t x)
dx for 0 <  < 1 (5)

which is known as the case m = 1 of the Caputo fractional derivative [4, Chapter E.2].

3 Fractional extension of continuous-time Markov processes

We revisit the generalization of continuous-time Markov processes [14, Chapter 10] to a ìfractional

settingî. The governing equation of a continuous-time Markovian process with N states is

ds (t)

dt
= Qs (t) (6)

where Q is the inÖnitesimal generator in [14, (10.13) after transpose], equal to minus the N  N
weighted Laplacian matrix Q of the underlying Markov graph, in which a node deÖnes a state in the

Markov process. The N  1 probability state vector1 is

s (t) = (Pr [X (t) = 1] ;Pr [X (t) = 2] ; : : : ;Pr [X (t) = N ])

and sj (t) = Pr [X (t) = j] denotes the probability that the Markov process X (t) is in state j at time t.

The probability operator Pr [:] on event X measures the event X by a non-negative, real number in the

interval [0; 1] so that 0  sj (t)  1. Since the Markov process X (t) at time t must be in one of the N
possible states, axiom 1 in probability theory [14, p. 8] states that uT s (t) =

PN
j=1 Pr [X (t) = j] = 1,

where the unity vector u = (1; 1; : : : ; 1) is the all-one vector. Hence, it follows from the governing

equation (6) after left-multiplication by uT that uTQ = 0, which is the characteristic property of

the weighted, generally asymmetric Laplacian Q. Indeed, the unity or all-one vector u is the left-

eigenvector of any Laplacian matrix Q belonging to its zero eigenvalue.

We conÖne the analysis to an inÖnitesimal generator Q that is Öxed and does not depend upon time

t. In other words, the Markov ìmasterî equation (6) is equivalent to an N -th order linear di§erential

equation with constant, time-independent coe¢cients, whose general solution

s (t) = eQts (0)

possesses exponential functions at di§erent eigenvalues of Q as its eigenfunctions (see [6, p. 7-8]).

Instead of replacing the classical derivative in (6) by the Caputo fractional derivative (5) with

limited order 0 <  < 1 as in [13], we formally extend the governing equation (6) with Öxed Laplacian

Q to the general fractional derivative (3), valid for Re () < m,

Dm;0s (t) = Qs (t) (7)

1 In contrast to Markov theory [14], where vectors are usually written as 1  N row vectors, we follow here linear

algebra as in [15] and write N  1 column vectors.
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4 Solution of the general fractional linear di§erential equation (7)

This section is devoted to the analytic solution of the -fractional stochastic process s (t). We Örst

derive in Section 4.1 a solution of (7) under restricted conditions by Laplace transformation. Inspired

by that solution, we prove in Section 4.2 the general solution of the general fractional linear di§erential

equation (7).

4.1 Laplace transformation of (7)

Taking the Laplace transform of both sides in (7) and using (28) yields, for Re () < m,

QL [s (t)] = z1
m1X

l=0

zls(l) (0) z
L [s(t)] (8)

which is reorganized as

(Q+ zI)L [s(t)] =
m1X

l=0

z1ls(l) (0)

Multiplying both sides by the matrix (Q+ zI)1, which we assume to exist, then results into the

Laplace transform of the probability state vector s(t),

L [s(t)] =
m1X

l=0

z1l (Q+ zI)1 s(l) (0) (9)

For simplicity2, we Örst proceed by assuming that the weighted Laplacian Q is diagonalizable and

the eigenvalue decomposition [17] is

Q =

NX

k=1

kxky
T
k = XMY

T

where k, with Re (k)  0, is the eigenvalue belonging to the left-eigenvector xk and the right-

eigenvector yk of the weighted Laplacian Q and we assume the ordering j1j  j2j      N = 0.
The N N matrix X (and Y ) contains the left-(right-) eigenvectors in its columns and M = diag()

is the N N diagonal matrix of the eigenvalue vector  = (1; 2; : : : ; 0) with k-th diagonal element

Mkk = k. Since
PN
k=1 xky

T
k = I, because the right- and left-eigenvectors form a bi-orthogonal set of

vectors [15, art. 237-239] and the corresponding right- and left-eigenvector matrices obey Y TX = I,

we have

Q+ zI =

NX

k=1

(k + z
)xky

T
k = X (M + zI)Y T

Provided that k + z 6= 0, we Önd

(Q+ zI)1 =
NX

k=1

xky
T
k

k + z
= Xdiag


1

+ z


Y T

2A general way invokes Jordan forms [16], that lead to a considerably more involved derivation without adding new

insights. We have chosen to combine a Laplace approach ñ a most common approach in fractional calculus ñ, with a

Taylor series approach. The latter provides more clearly the restriction m 1 < Re () < m in Theorem 1.
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and the Laplace transform (9) becomes

L [s(t)] =
NX

k=1

xky
T
k

m1X

l=0

z1l

k + z
s(l) (0) = X

m1X

l=0

diag

z1l

+ z


Y T s(l) (0) (10)

The Laplace transform (see e.g. [6, art. 43],[4]) of the Mittag-Leer function Ea;b (z) =
P1
k=0

zk

(b+ak) ,

which restricts z by jzaj > jxj for Re (a) > 0 and Re (b) > 0,
Z 1

0
ezttb1Ea;b (xt

a) dt =
zab

za  x
(11)

indicates that the inverse Laplace transform is

L1

z1l

z + k


= tlE;l+1 (kt)

Inverse Laplace transformation of (10) thus leads to

s(t) =
m1X

l=0

tl

 
NX

k=1

E;l+1 (kt)xkyTk

!

s(l) (0)

Finally, after using f (Q) =
PN
k=1 f (k)xky

T
k in [15, (A.88)] for any function f deÖned on the eigenval-

ues of the matrix Q, we arrive at the solution (12) below of the fractional matrix di§erential equation

(7) for 0 < Re () < m,which was already given without derivation in [13, Appendix C].

4.2 General solution of (7) for any N N matrix Q

The derivation in Section 4.1 has assumed that the matrix Q is diagonalizable. Here, we prove the

general solution:

Theorem 1 The general solution of the fractional, linear di§erential equation Dm;0s (t) = Qs (t)
in (7), where the matrix Q can be any N  N matrix with constant, time-independent elements and

where m is a non-negative integer, is

s(t) =
m1X

l=0

tlE;l+1 (Qt) s(l) (0) (12)

with the restriction that the complex fractional order  must obey m 1 < Re () < m.

Proof : Substituting the suggestion s(t) =
Pm1
l=0 t

lE;l+1 (Qt) s
(l)
 (0) in (12) into the matrix

di§erential equation Dm;0s (t) = Qs (t) in (7) with the explicit form of the general fractional

derivative (3) with p = 0 Örst needs the normal derivative s(m) (x) = dm

dxm s (x). The Taylor series

Ea;b (z) =
P1
k=0

zk

(ak+b) of the Mittag-Leer function [6] converges for any complex number z for

Re (a) > 0. A function of a matrix is deÖned by a converging Taylor series [15, Sec. 9.4; art.

232]. The Mittag-Leer matrix function Ea;b (Q) =
P1
k=0

Qk

(ak+b) for Re (a) > 0 and any complex b

converges for any matrix Q.

After introducing the Taylor series in s(t) =
Pm1
l=0 t

lE;l+1 (Qt) s
(l)
 (0),

s(t) =

m1X

l=0

1X

k=0

(Q)k tk+l

 (k + l + 1)
s(l) (0) (13)
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the derivative s(m) (x) = dm

dxm s (x) is, with
dmxk+l

dxm = (k+l)
(k+lm+1)x

k+lm, equal to

s(m) (x) =
m1X

l=0

1X

k=0

(Q)k xk+lm

 (k + l m+ 1)
s(l) (0)

While s(x) is regular for all real x  0, we observe that the m-th derivative s
(m)
 (x) has a singularity

at x = 0 if k + l m < 0 and  =2 N, because for non-integer k, it holds that 1
(k+lm+1) 6= 0.

Thus, for l  m 1, the k = 0 term disappears, resulting in

s(m) (x) =

m1X

l=0

1X

k=1

(Q)k xk+lm

 (k + l m+ 1)
s(l) (0) (14)

The fractional derivative (3) thus becomes with (14)

Dm;0s (t) =
1

 (m )

Z t

0

s
(m)
 (x)

(t x)+1m
dx

=
1

 (m )

m1X

l=0

1X

k=1

(Q)k

 (k + l m+ 1)

Z t

0

xk+lmdx

(t x)+1m


s(l) (0)

The integral
Z t

0

xk+lmdx

(t x)+1m
= t1+m

Z t

0


1

x

t

+m1
xk+lmdx = t(k1)+l

Z 1

0
(1 u)m1 uk+lmdu

equals, provided that kRe () + l m+ 1 > 0,
Z t

0

xk1

(t x)
dx = t(k1)+l

 (m )  (k+ l m+ 1)
 ((k  1)+ l + 1)

where we have used the Beta-function integral [6, Chapter 17], valid for Re (z) > 0 and Re (q) > 0,

B (z; q) =
 (z)  (q)

 (z + q)
=

Z 1

0
uz1 (1 u)q1 du

Hence, the Örst validity condition of the Beta-integral requires that Re () > m1l
k for k  1, which

amounts to the requirement that m  1 < Re () for all k  1, while the second condition of the

Beta-integral requires that Re () < m. Thus, for m 1 < Re () < m, it holds that

Dm;0s (t) =
1

 (m )

m1X

l=0

1X

k=1

(Q)k

 (k + l m+ 1)


t(k1)+l

 (m )  (k+ l m+ 1)
 ((k  1)+ l + 1)


s(l) (0)

=

m1X

l=0

1X

k=1

(Q)k t(k1)+l

 ((k  1)+ l + 1)
s(l) (0) = Q

m1X

l=0

1X

k=0

(Q)k tk+l

 (k+ l + 1)
s(l) (0)

Finally with (13), we arrive at Dm;0s (t) = Qs(t), which proves Theorem 1. 

To some extent, the restriction m  1 < Re () < m in Theorem 1 coincides with the fact that a

higher-order derivative in a physical governing equation describes a di§erent process. For example, the

di§erential equations dsdt = Qs and
d2s
dt2
= Qs have rather di§erent solutions and appear in di§erent

physical processes. A second fact is that the Mittag-Leer function Ea;b (z), an entire function of

order 1a , behaves seriously di§erent in a and di§erent expressions (see [6, Chapter 4, e.g. art. 69]) also

appear in the regimes for m  1 < Re () < m for integer m = dRe ()e, where dxe is the smallest
integer larger than or equal to the real x.
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5 Stochastic processes

5.1 The law of total probability

The law of total probability [18], [14, p. 23], applied to any continuous-time stochastic process Y (t)

with a Önite number of discrete states n 2 f1; 2; : : : ; Ng and time t  0, states that, for any real v  0,

Pr [Y (t+ v) = j] =
NX

n=1

Pr [Y (t+ v) = jjY (v) = n] Pr [Y (v) = n] (15)

Appendix B adds a proof of the law (15) of total probability.

5.2 Derivatives of the law of total probability

The deÖnition

s(n) (t)


j
= dn

dtn Pr [Y (t) = j] and axiom 1 in probability theory [14, p. 8], uT s (t) =

1 =
PN
n=1 Pr [Y (v) = n] show, after di§erentiation with respect to t, that any stochastic process obeys

uT s(n) (t) = 1fn=0g (16)

In other words, the vectors s(n) (t) for n > 0 are orthogonal to the unity vector or all-one vector

u = (1; 1; : : : 1).

Axiom 1 in probability theory ì
PN
j=1 Pr [X (t) = j] = u

T s (t) = 1 for all times tî, which equals

(16) for n = 0, means that the process at time t should be in one state in the probability state space.

Its application to s (t) =
Pm1
l=0 t

lE;l+1 (Qt) s
(l)
 (0) in (12) is investigated in [19], where we show

that the solution (12) satisÖes the necessary conditions uT s(l) (0) = 0 for 0 < l  m 1. However, we
also show, by a counter example, that the necessary conditions are not su¢cient for m = de > 1 to
guarantee that s (t) is a probability state vector, i.e. that each component (s (t))n for 1  n  N is

a probability that lies in the interval [0; 1]. In the sequel, we formalize the observation in [19].

6 Formal comparison between stochastic and fractional process

This Section 6 compares the characteristic properties of both a stochastic process on a Önite state space

with a general-order fractional, linear process by recasting the generalized state vector, deÖned in (19),

in the corresponding matrix representation (20) and (23). Section 6.3 illustrates that the corresponding

matrices (t; 0) and z(t; 0) exhibit a di§erent structure, which causes an incompatibility if a general-
order fractional, linear process would describe a stochastic process on a Önite state space.

6.1 Matrix equation of stochastic processes

Leibnizí rule applied to the law (15) of total probability, expresses the m-th derivative as

dm

dvm
Pr [Y (t+ v) = j] =

NX

n=1

dm

dvm
(Pr [Y (t+ v) = jjY (v) = n] Pr [Y (v) = n])

=
NX

n=1

mX

l=0


m

l


dml

dvml
Pr [Y (t+ v) = jjY (v) = n]

dl

dul
Pr [Y (v) = n]
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With the notation

s(n) (t)


j
= dn

dtn Pr [Y (t) = j], we obtain the m-th derivative of the law of total

probability


s(m) (t+ v)



j
=

NX

n=1

mX

l=0


m

l


dml

dvml
Pr [Y (t+ v) = jjY (v) = n]


s(l) (v)



n
(17)

If we deÖne the N N matrix  (t; v; k) with elements jn (t; v; k) = dk

duk
Pr [Y (t+ v) = jjY (v) = n],

then (17) is written in matrix form as

s(m) (t+ v) =

mX

l=0


m

l


 (t; v;m l) s(l) (v) (18)

Thus, the m-th derivative s(m) (t+ v) of the probability state vector s (t+ v) at time t+ v is a linear

combination of the vectors  (t; v;m l) s(l) (v), illustrating that all the derivatives of the probability
state vector s (v) at time v are involved. In particular, since  (t; v; 0) = P (t; v), the transition

probability matrix with elements Pr [Y (t+ v) = jjY (v) = n] and P (t; 0) = P (t) corresponds to the
transition probability matrix of a stationary continuous-time Markov process (i.e. independent of the

time v). Left-multiplying (18) with the vector uT and invoking (16) shows that

uT (t; v; k) =

(
uT if k = 0

0 if k > 0

Let us deÖne the mN 1 vector  (t) consisting of the m-concatenation of the N 1 vectors s(l) (t)
for 0  l < m, which is the column block vector

 (t) =

2

6666
4

s (t)

s(1) (t)
...

s(m1) (t)

3

7777
5

(19)

then the vector relation (18) can be written in matrix form as

 (t+ v) = z(t; v) (v) (20)

where the mN mN square matrix

z(t; v) =

2

6666666
4

 (t; v; 0) O O    O

 (t; v; 1)  (t; v; 0) O    O

 (t; v; 2)

2
1


 (t; v; 1)  (t; v; 0)    O

...
...

...
. . .

 (t; v;m 1)

m1
1


 (t; v;m 2)


m1
2


 (t; v;m 3)     (t; v; 0)

3

7777777
5

is an lower triangular block matrix with determinant detz(t; v) = (det (t; v; 0))m and whose inverse
is also a lower triangular block matrix as shown in [20]. Thus,

 (v) = z1(t; v) (t+ v) (21)

If t = 0 in (20), then z(0; v) = I for any time t. Thus,  (0; v; 0) = I and  (0; v; k) = O for k > 0.
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6.2 Matrix equation of fractional processes

Returning to the general-order fractional, linear di§erential equation (7) with general solution s(t) =Pm1
l=0 t

lE;l+1 (Qt) s
(l)
 (0) in (12), the n-th derivative is

s(n) (t) =

m1X

l=0

dn

dtn


tlE;l+1 (Qt)


s(l) (0)

Invoking the key di§erential recursion [6, art. 16] of the Mittag-Leer function, d
n

dzn


zb1Ea;b (xz

a)

=

zb1nEa;bn (xz
a), yields

s(n) (t) =

m1X

l=0

tlnE;ln+1 (Qt) s(l) (0) (22)

Employing (22) for n = m leads to the matrix equation

 (t) = (t; 0) (0) (23)

where the block matrix

(t; 0) =

2

6666666
4

E;1 (Qt) tE;2 (Qt) t2E;3 (Qt)    tm1E;m (Qt)
t1E;0 (Qt) E;1 (Qt) tE;2 (Qt)    tm2E;m1 (Qt)
t2E;1 (Qt) t1E;0 (Qt) E;1 (Qt)    tm3E;m2 (Qt)

...
...

...
. . .

t1mE;m (Qt) t2mE;1m (Qt) t3mE;2m (Qt)    E;1 (Qt)

3

7777777
5

is not a lower triangular block matrix as z(t; 0) in (20) for v = 0.

6.3 Matrix structure comparison between stochastic and fractional process

The general-order fractional, linear di§erential equation (7) possesses a general matrix solution  (t) =

(t; 0) (0) in (23) in the generalized state vector  (t) in (19). If a general-order fractional, linear

di§erential equation (7) describes a stochastic process on a Önite state space, then its solution must

also obey the general matrix solution  (t) = z(t; 0) (0) in (20). Equating the generalized state
vectors  (t) =  (t) requires, for all times t > 0, that the matrices (t; 0) and z(t; 0) have the same
lower triangular block matrix structure. However, the matrices (t; 0) and z(t; 0) possess a di§erent
structure.

In summary, we must conclude that the general solution (12) does not describe a stochastic process

if m = de > 1.

7 Conclusions

Our analysis indicates that the generalization of the Markovian governing equation ds(t)
dt = Qs (t)

in (6) by only replacing the left-hand side ds(t)
dt by a fractional derivative Dm;0s (t), culminating in

the generalized governing equation (7), leads to a mathematical incompatibility for  > 1. Since

there is no obvious reason why the fractional order  should be limited to the interval (0; 1] and

9



since measurements indicate that  > 1 for an overwhelming amount of respiratory infectious diseases

[21], we believe that the formal process of replacing only the left-hand side of the Markovian governing

equation (6) with a fractional derivative without modifying the right-hand side, leading toDm;0s (t) =

Qs (t), needs a reconsideration. A mathematical equation acts as a balance and changing only one-
side logically destroys the balance. A consistent generalization of the Markovian governing equation

(6) may need a modiÖcation of both sides of the equation.

Since both equations (6) and (7) possess the same right-hand side Qs (t), their steady-state
vector s1 = limt!1 s (t) = limt!1 s (t) is the same, independent of the fractional order  and

satisfying Qs1 = 0. Thus, if both processes start (at t = 0) with the same probability state vector

s (0) = s (0), then they also end (at t!1) with the same probability state vector s1, which poses
a physical constraint on the generalization of Markov processes.

Even the case for fractional order  2 (0; 1], where mathematically no inconsistencies appear, is
physically questionable, because the solution s (t) only seems to be consistent with a semi-Markov

process [22]. Thus, the case  2 (0; 1] induces an inconsistency: the fractional derivative (4) with
p = 0 is a convolution of the process over all times since its start at t = 0 and causes the current

state at time t to depend on its entire past history. The semi-Markov process, on the other hand, only

depends on the previous states with Mittag-Leer transition times. For epidemics on a contact graph,

a semi-Markov process causes two major problems (I) and (II), which contradict physical observations.

We quote from [23]:

ì(I) all competing infection and curing processes are not independent and (II) when a state tran-

sition occurs, all residual times of competing infection and curing processes are neglected, due to

the semi-Markov ìrestartî property. Dependence in (I) implies that the curing process of some node

i in the contact graph directly ináuences the infection and curing processes of every other node in

the network [19], [22]. Restart (II) implies that, if a state transition event occurs before node i can

cure, then the curing process of node i is reset as if that curing of node i so far has never happened.

The beautiful memoryless property of the exponential and fundamental property in Markov processes

allows a reset, because the remaining time to cure is the same as the time to cure after reset [14, pp.

42-43, pp. 399-401]. Both e§ects (I) and (II) are nonphysical in epidemic spread.î
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A Laplace transform of df(z)
dz


z=t

in (3)

We summarize results from [13]. The single-sided3 Laplace transform for complex z is deÖned (see

e.g. [24], [25, Chapter VII], [26]) as

'(z) =

Z 1

0
eztf(t)dt (24)

and in operator form '(z) = Lz [f(t)], simpliÖed to '(z) = L [f(t)]. The inverse Laplace transform,
in operator form f(t) = L1t ['(z)], simpliÖed to f(t) = L1 ['(z)], is

f(t) =
1

2i

Z c+i1

ci1
'(z)eztdz (25)

where c is the smallest real value of Re(z) for which the integral in (24) converges.

The Laplace transform of the derivative4 L [f 0(t)] =
R1
0 eztf 0(t)dt = zL [f(t)]  f (0). If we

replace f by f (k1), then we Önd with yk = L

f (k)(t)


the recursion yk = zyk1  f (k1) (0), which

becomes after l iterations

yk = z
lykl 

lX

j=1

zj1f (lj) (0)

Since y0 = L [f(t)], choosing l = k yields the general form

L
h
f (k)(t)

i
= zkL [f(t)]

kX

j=1

zj1f (kj) (0)

The k-fold integral

Fk (t; a) =

Z t

a
du1

Z u1

a
du2 : : :

Z uk1

a
dukf (uk) (26)

can be reduced to a single integral, by repeated partial integration, for k  1,

Fk (t; a) =
1

(k  1)!

Z t

a
(t u)k1 f (u) du (27)

The expression (27), which possesses the form of (3), was known to Cauchy, but is also contributed

to Riemann and Liouville [27, p. 43],[4, Appendix E]. Using the Riemann-Liouville integral in

(27) for k-fold integration with a = 0 and the important convolution property L [(h  g) (t)] =
L
hR t
0 h (t x) g (x) dx

i
= L [h (t)]L [g (t)] results in

L [Fk (t; 0)] = L


1

(k  1)!

Z t

0
(t u)k1 f (u) du


=
L [f(t)]
zk

Invoking the convolution property and L

t

=
R1
0 teztdt = (1)

z1
valid for Re () < 1, the

Laplace transform (24) of the generalization (3) with p = 0 is

L

df(z)

dz


z=t


=

1

 (m )
L

t1+m


L
h
f (m)(t)

i

3The double-sided Laplace transform extends the lower integration bound of the single-sided Laplace transform over

all negative real values of t and is '(z) =
R1
1 e

ztf(t)dt.
4We assume that f (t) is analytic at t = 0, else f (0) should be replaced by limt#0 f (t) = f


0+

, because then the

direction of the path towards the point t = 0 matters and the left-limit limt"0 f (t) = f

0

and right-limit may be

di§erent and the function f (t) may not be continuous at t = 0.
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and

L
�
d�f(z)

dz�

����
z=t

�
= z�

(
L [f(t)]�

m�1X
l=0

z�l�1f (l) (0)

)
for Re (�) < m (28)

B Proof of the law (15) of total probability for stochastic processes

The de�nition of conditional probability, Pr [A \B] = Pr [AjB] Pr [B], illustrates that (15) can be
written as

Pr [Y (t+ v) = j] =

NX
n=1

Pr [fY (t+ v) = jg \ fY (v) = ng] (29)

The case for t = 0 is immediate, because fY (v) = jg \ fY (v) = ng = ; for j 6= n as the process can
only be in one state at time v. Now,

Pr
�
[Nn=1 ffY (t+ v) = jg \ fY (v) = ngg

�
= Pr

�
fY (t+ v) = jg \

�
[Nn=1Y (v) = n

	�
by the distributive property fA \B1g [ fA \B2g = A \ fB1 [B2g. Since [Nn=1 fY (v) = ng = 


comprises the entire sample space 
 and A \ 
 = A, we �nd that

Pr [Y (t+ v) = j] = Pr
�
[Nn=1 ffY (t+ v) = jg \ fY (v) = ngg

�
Since all events Wn = ffY (t+ v) = jg \ fY (v) = ngg are mutually exclusive5 in that Wn \Wk = ;
for n 6= k and with relation

Pr [A [B] = Pr [A] + Pr [B]� Pr [A \B] (30)

in [14, eq. (2.4)], we arrive at (29) and thus prove (15). �

5Associativity shows that

Wn \Wk = ffY (t+ v) = jg \ fY (v) = ngg \ ffY (t+ v) = jg \ fY (v) = kgg

= fY (t+ v) = jg \ ffY (v) = ng \ fY (v) = kgg = fY (t+ v) = jg \ ; = ;

13


