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Abstract

After a brief overview of Random Geometric Graphs and their corresponding distribution for

the degree and number of links, we concentrate on Hard Random Geometric Graphs, for which the

link density can be computed analytically. Both Euclidean and hyperbolic embeddings on nodes

are explained.

1 De�nition of Random Geometric Graphs (RGG)

Erd½os-Rényi random graphs are created from a setN of N nodes, where each pair of nodes is connected

by a link with probability p, independently of the existence of any other link [1, 2].

By placing the nodes in a d-dimensional metric space S, where a distance function is de�ned,
geometry is added to a graph: each node has a coordinate or position in the metric space S and the
distance between nodes can be computed. The position ri of each node i in the metric space S can
be either deterministic or stochastic. In remarkably few networks1, the nodal positions are precisely

known; thus deterministic. However, in most networks, the precise nodal positions are not known

publicly or only a (small) set of nodal positions is known. In such cases, the positions are modelled

stochastically, where the probabilistic setting introduces randomness, that re�ects our uncertainty

about the precise nodal positions in a partially observed network.

If the node i at position ri and the node j at position rj in the metric space S are connected by
a link with probability pij = f(jri � rj j), where f(r) is a non-negative real function of the distance r,
then we talk about a random geometric graph (RGG) [3]. If f(r) = 1r<r0 , where 1x is the indicator

function2, then all nodes at distance smaller than r0 are connected. Although link creation is then

deterministic, such type is called a hard random geometric graph (HRGG), where random refers to

the stochastic position of the nodes. The idea of relating the probability of a link between nodes i

and j to some function f(r) of the distance r = jri � rj j between those nodes stems from realistic

networks. The farther two nodes lie separated, the less the need for a direct link between them as well

�Faculty of Electrical Engineering, Mathematics and Computer Science, P.O Box 5031, 2600 GA Delft, The Nether-

lands; email : P.F.A.VanMieghem@tudelft.nl
1Only transportation networks are publicly available, such as road networks where cross-sections can be represented

as nodes, while the roads or streets are the links. Via route planners (e.g. Google maps), a route from one place with

GPS coordinate to another can be generated.
2The indicator function 1x = 1, if the condition or event x is true, else 1x = 0.
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as the smaller the possibility to connect them by a link in infrastructural networks (e.g. by a wireless,

optical, electricity link, by a direct road in a transport network, by a pipe in a utility network, etc.).

If positions are stochastic, then the link existence is doubly stochastic and depends both on the dis-

tance function f(r) and on the random placement of nodes described by a joint probability distribution

Pr[r1 � x1; � � � ; rN � xN ].
In the sequel, we summarize the theory in [4] and [3].

2 Number of links and degree in a RGG

A link lij in a RGG between node i and node j is a Bernoulli random variable [5] that takes the value

lij = 1, meaning that the link exists, with probability pij or lij = 0 (no link) with probability 1� pij .
The attractive feature of a Bernoulli random variable is that the expectation E [lij ] = Pr [lij = 1].

In other words, the di¢ cult probability operator Pr [:] can be replaced by the linear expectation

operator E [:] and the powerful theory of the probability generating function 'X (z) = E
�
zX
�
=P1

k=0 Pr [X = k] zk of a discrete random variable X is applicable [5, Sec. 2.2.2]. In particular, the

probability generating function (pgf) is a Taylor series3 around z0 = 0 with Taylor coe¢ cient equal to

Pr [X = k] =
1

k!

dk'X (z)

dzk

����
z=0

(1)

=
1

2�i

Z
C(0)

'X (z)

zk+1
dz (2)

where the complex integral (2) along a closed contour C (0) around the origin z0 = 0 follows from

Cauchy�s powerful integral theorem [6]. In summary, once the pgf 'X (z) of the random variable X is

known, the corresponding probability Pr [X = k] can always be computed.

2.1 Expectation of the number of links

The number of links L[R] in a RGG, speci�ed by the N nodal positions R = fr1; r2; � � � ; rNg in a
metric space S, is the sum over

�
N
2

�
, i.e all possible links, Bernoulli random variables

L[R] =
NX
i=1

NX
j=i+1

lij

with expectation, due to linearity E
hPN

i=1

PN
j=i+1 lij

i
=
PN
i=1

PN
j=i+1E [lij ],

E [L[R]] =
NX
i=1

NX
j=i+1

pij =
NX
i=1

NX
j=i+1

f (jri � rj j) (3)

where f (r) is a real, non-negative function that de�nes links between nodes at distance r in a RGG.

3A function f (z), that is analytic in a region S of the complex plane, can be expanded in a Taylor series f (z) =P1
k=0 fk (z0) (z � z0)

k around a point z0 2 S. That Taylor series converges for all jz � z0j < R, where R is the radius of
the largest circle, with center at z0, that lies inside the region S.
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2.2 Probability that the number of links equals k

Since the distance4 in any metric space S obeys the triangle inequality, jri�rkj � jri�rj j+jrj�rkj, the
introduction of geometry destroys the independence (or almost independence) of links in the Erd½os-

Rényi random graph. Indeed, if link lij and link lik exist, which means that node i, node j and node

k are close to each other, then the existence of link ljk has higher probability to exist than based on

independence alone without nodal positions. Hence, links in a RGG are generally not independent, but

in some cases, the assumption of independence might be a reasonable approximation. If independence

cannot be assumed, then the computation of graph metrics, such as degree, number links, number of

triangles, etc. becomes challenging.

If we assume that each link lij is independent of any other link in a RGG, then the number of links

L[R] is a sum of independent Bernoulli random variable with probability generating function (pgf)

E
h
zL[R]

i
= E

h
z
PN
i=1

PN
j=i+1 lij

i
=

NY
i=1

NY
j=i+1

E
h
zlij
i

The pgf is E
�
zlij
�
= z0 Pr [lij = 0] + z

1 Pr [lij = 1] = (1� pij) + pijz = 1 + pij (z � 1) so that

E
h
zL[R]

i
=

NY
i=1

NY
j=i+1

(1 + pij (z � 1))

After out-multiplying the product, a polynomial (thus �nite Taylor series) in (z � 1) is found, from
which Pr [L[R] = k] can be computed via (1) or (2).

If all links have equal probability pij = p, as in Erd½os-Rényi random graphs, then E
�
zL[R]

�
=

(1� p+ pz)(
N
2 ) and Newton�s binomium results in

Pr [L[R] = k] =
��N

2

�
k

�
pk (1� p)(

N
2 )�k

Hence, the probability that there are k links in a RGG, where each link has the same probability p,

is a binomial distributed with parameters p and
�
N
2

�
, which is the maximum possible number of links

in any graph. In particular, only the complete graph has Lmax =
�
N
2

�
links.

2.3 Probability that the degree of a random node equals k

Likewise, the degree of a node i equals DRGG;i[R] =
PN
j=1;j 6=i lij . The assumption of independence of

the links again produces a sum of N � 1 independent Bernoulli random variables with pgf

'DRGG;i (z) = E
h
zDRGG;i[R]

i
= E

h
z
PN
j=1;j 6=i lij

i
=

NY
j=1;j 6=i

E
h
zlij
i

=

NY
j=1;j 6=i

(1 + pij (z � 1))

4We use the notation jri � rj j for distance, although kri � rjk is more appropriate in higher dimensions, where ri and
rj are vectors and k:k is a matrix or vector norm [7, Sec. 9.2].
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If all links have equal probability pij = p, so that DRGG;i[R] = DRGG[R], then we �nd that

Pr [DRGG[R] = k] =
�
N � 1
k

�
pk (1� p)N�1�k

Hence, if the link probability pij = p and links are nearly independent, then the degree DRGG[R] of a
random node in a RGG is a binomial random variable with parameters p and N � 1 and R. Clearly,
if p = 1, then randomness disappears and the RGG becomes the complete graph KN .

2.4 General analysis of the link density in a RGG

If nodes are randomly placed at positions R, then the expectation E [L[R]] in (3) is a random variable,
else E [L[R]] is positive real number. The average over all possible con�gurations R of nodes in a

chosen �nite volume v of the d-dimensional space S generated by the link connection function f(:)
produces the average number of links

Lav =

Z
v
E [L[R]] Pr[R] dR

where

Pr[R] = @N Pr [r1 � x1; r2 � x2; : : : ; rN � xN ]
@x1@x2 : : : @xN

= gfr1;r2;:::;rNg (x1; x2; : : : ; xN )

is the joint probability density function (pdf) of the positions R of the set of nodes, resulting with (3)

in

Lav =

Z
v
dx1dx2 : : : dxNgfr1;r2;:::;rNg (x1; x2; : : : ; xN )

NX
i=1

NX
j=i+1

f (jxi � xj j) (4)

Thus, rj is a d-dimensional random variable and xj is a deterministic d-dimensional vector with

coordinates xj =
�
(xj)1 ; (xj)2 ; : : : ; (xj)D

�
.

We can proceed further if we assume independence in the nodal positions,

Pr [r1 � x1; r2 � x2; : : : ; rN � xN ] =
NY
k=1

Pr [rk � xk]

with corresponding joint pdf gfr1;r2;:::;rNg (x1; x2; : : : ; xN ) =
QN
k=1 grk (xk) consisting, by independence,

in a product of N single pdfs grk (x) =
dPr[rk�x]

dx . Then, the average number of links in (4) simpli�es

to

Lav =

Z
v

NY
k=1

grk (xk) dxk

NX
i=1

NX
j=i+1

f (jxi � xj j)

=
NX
i=1

NX
j=i+1

Z
v
dxi

Z
v
dxjgri (xi) grj (xj) f (jxi � xj j)

Further, we assume that each node is placed in the d-dimensional space S in a similar or homoge-
neous way, so that the distributions of Pr [ri � x] = Pr [rj � x] are the same and equal to Pr [r � x].
The average number of links formula then reduces to

Lav =
NX
i=1

NX
j=i+1

Z
v
dx

Z
v
dy gr (x) gr (y) f (jx� yj)

=

�
N

2

�Z
v
dx

Z
v
dy gr (x) gr (y) f (jx� yj)
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The corresponding link density p = Lav
Lmax

, where the maximum possible number of links Lmax =
�
N
2

�
=

N(N�1)
2 , for a set of nodes with i.i.d. placement strategy is

p =
Lav
Lmax

=

Z
v
dx

Z
v
dy gr (x) gr (y) f (jx� yj) (5)

A �nal simpli�cation is the assumption of uniform placement of the nodes in a space S with volume
v, in which case gr (x) = 1

v . We then arrive at the link density of a RGG with i.i.d. uniformly placed

nodes in a volume v for any link connection function f (r),

p =
Lav
Lmax

=

Z
v

dx

v

Z
v

dy

v
f (jx� yj) (6)

When the nodes are placed uniformly at random inside a d-dimensional rectangular hyperprism in

the Euclidean space with edge lengths Z1; Z2; � � � ; Zd and volume vd =
Qd
k=1 Zk, so that gr(x) =

1
vd
,

the integral in (6) can be analytically evaluated, for which we refer to [3].

2.5 Formula (6) of the link density in a RGG

We observe that the link density (6) is a purely geometric property and does not depend on the

number N of nodes, in contrast to the average degree. Indeed, the basic law dav = 2Lav
N = p (N � 1)

of the nodal degree in any graph [7] maps the link density p to the average degree dav or expectation

E [D] = 2Lav
N of the random degree D.

The importance and practical use of the link density formula (6) for an RGG (under the stated

assumptions in Section 2.4 of i.i.d. uniform placement) lies in at least two aspects.

First, only if links in an RGG are almost independent from each other, the connectivity in a RGG

with N nodes and link density p in (6) is well approximated by the theory of Erd½os-Rényi random

graph Gp (N). For large N , the Erd½os-Rényi random graph Gp (N) is connected [5, Sec. 17.5.3], [1, 2]

almost surely if the link density p > pc, where the critical threshold pc =
logN
N +O

�
1
N

�
. Hence, only if

link independence is a good approximation, then a su¢ ciently large RGG with link density p in (6) is

almost surely connected if p > logN
N and disconnected if p < logN

N (see also [4, Sec. 4.2; Appendix C]).

Generally, the link dependence in a RRG may cause a lower link density p at which disconnectivity

of the RGG occurs.

Second, when both the topologies of the Erd½os-Rényi random graph Gp (N) and the Waxman

graph on N nodes, de�ned by the link connection function f (r) = e�ar, possess exponentially or

uniformly distributed link weights, the probability distribution of the hopcount of the shortest path

between two arbitrary nodes is almost identical [8], [5, Chapt. 16] in both graphs for the same link

density p, related via (6), even for a relatively small number N of nodes. In unweighted RGGs or in

RGGs with unit link weights, however, the shortest paths can deviate much [9] in di¤erent RGGs.

3 Link density of the RGG in a two-dimensional square

In this section, we con�ne ourselves to a d = 2 dimensional square � with Z1 = Z2 = Z in the

Euclidean space, where the link density (6) reduces to

p� =
1

Z4

Z Z

0
dx1

Z Z

0
dx2

Z Z

0
dy1

Z Z

0
dy2f

�q
(x1 � x2)2 + (y1 � y2)2

�
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We show in [4, Appendix A] that this 4-dimensional integral can be reduced to a single integral

p� =

Z Z
p
2

0
f (r) fD (r) dr (7)

where the probability density function fD (r) of the distance5 D between two arbitrary points in the

square with size Z equals

fD (r) =

(
1
Z4

�
2�rZ2 � 8r2Z + 2r3

�
for 0 � r � Z

1
Z4

�
Z2r (2� � 4) + 8Zr

p
r2 � Z2 � 8Z2r arccos

�
Z
r

�
� 2r3

�
for Z � r � Z

p
2

(8)

Since the pdf fD (r) in (8) of the HRGG is one of the very few exact results, a further exploration is

recommended.

The probability distribution function FD (r) = Pr [D � r] of the distance D between two random

points in the square with size Z, which is equal to FD (r) =
R r
0 fD (r) dr, shows that

R Zp2
0 fD (r) dr = 1,

because D � Z
p
2 and the longest possible distance Z

p
2 is the length of the diagonal of the square. We

notice that limr"Z fD (r) = 2
Z (� � 3) and limr#Z fD (r) =

2
Z ((� � 2)� 4 arccos (1)� 1) =

2
Z (� � 3).

Thus, fD (r) is continuous6 at r = Z. Hence, the pdf fD (r) is continuous for all real 0 � r � Z
p
2.

Applying the Integral Mean Value Theorem7 to (7), tells us that there exist a real value ' 2�
0; Z

p
2
�
, such that

p� =

Z Z
p
2

0
f (r) fD (r) dr = f (') (10)

Since usually the continuous function f (r) �which excludes f (r) = 1fr�r0g for a HRGG �is decreasing

in r, such as e.g. f (r) = e�ar
�
in [3] for positive real a and �, the maximum of f (r) occurs at f (0)

and the minimum at f
�
Z
p
2
�
. Consequently, (10) is maximal at p� = f (0), which must equal 1 if

we wish that the RGG can construct all possible link densities. The minimum possible link density

p� = f
�
Z
p
2
�
should be ideally zero or, if connectivity of RGG is regarded as important, equal to

some link density threshold pc under which the graph is almost surely disconnected, such as pc � logN
N

for Erd½os-Rényi graphs with su¢ ciently large N .

3.1 Link density of Hard RGG in a square

For a HRGG with f (r) = 1fr�r0g, execution of (7) yields a link density

p�;HRGG (r0) =

Z r0

0
fD (r) dr = Pr [D � r0] (11)

The link density in a HRGG on a square � with size Z with link connection radius r0 equals the

probability that the random distance D between two uniformly at random placed nodes in the square
5The random variable of the distance is denoted by �round�D, while the random variable of the degree by D.
6Probability theory only requires that the probability distribution function FX (x) = Pr [X � x] of a random variable

X is continuous �at the right�. Hence, FX (x) is not necessarily continuous and may possess jumps [5, p. 16]. Even if

FX (x) is continuous, the pdf fX (x) =
dFX (x)
dx

is not necessarily continuous.
7The Integral Mean Value Theorem [10, p. 322] states: For a real continuous function g (x) on the interval [�; �] and

a function p (x), which is positive and integrable on the interval [�; �], there exists a real number ' 2 [�; �] such thatZ �

�

p (x) g (x) dx = g (')

Z �

�

p (x) dx (9)
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is smaller than the link connection radius r0. Hence, the link density also equals the probability to

have a link between any two nodes in HRGG.

If boundary e¤ects can be ignored for su¢ ciently small link connection radius r0 << Z, then

nodes can be regarded as indistinguishable in the sense that each node sees a same surrounding

(which does not apply for nodes close to the boundary or close to corners of the square). The

indistinguishability between nodes and their nodal position independence then produce8, to a good

approximation, similarly as in an Erd½os-Rényi random graph and as shown in Section 2, the binomial

probability distribution Pr [DHRGG = k] '
�
N�1
k

�
pk�;HRGG (r0)

�
1� p�;HRGG (r0)

�N�1�k of the degree
DHRGG of a node in HRGG with average degree

dav;HRGG = E [DHRGG] = (N � 1) p�;HRGG (r0) (12)

After transforming (11) into the normalized length u = r
Z , the link density p�;HRGG (r0) =

Z
R r0

Z
0 fD (Zu) du expresses the pdf (8) as

ZfD (Zu) =

(
2
�
�u� 4u2 + u3

�
for 0 � u � 1

2
�
(� � 2)u+ 4u

p
u2 � 1� 4u arccos

�
1
u

�
� u3

�
for 1 � u �

p
2

(13)

We use the inde�nite integrals with constants K1 and K2,

I1 (u) =

Z �
�u� 4u2 + u3

�
du =

�

2
u2 � 4

3
u3 +

1

4
u4 +K1

and9

I2 (u) =

Z �
(� � 2)u+ 4u

p
u2 � 1� 4u arccos

�
1

u

�
� u3

�
du

=
� � 2
2

u2 +
4

3

�
u2 � 1

� 3
2 � 2u2 arccos

�
1

u

�
+ 2
p
u2 � 1� 1

4
u4 +K2

Since I1 (0) = limr0!0
1
2

R r0
0 fD (r) dr = 0, it holds that K1 = 0, so that I1 (1) = �

2 �
13
12 . Further

I2 (1) =
�
2�

5
4+K2, combined with I1 (1) = I2 (1) due to continuity, determinesK2 =

�
2�

13
12�

�
2+

5
4 =

1
6 .

Thus, if r0 � Z, then the link density in a HRGG on a square with size Z is

p�;HRGG (r0) =
1

2

�r0
Z

�4
� 8
3

�r0
Z

�3
+ �

�r0
Z

�2
(14)

8Since the nodes i and j are placed at position ri and rj independently and uniformly ad random over the square,

their random distance equals D. This holds for any pair of nodal positions. Hence, there are k links at node i if

Pr
hn
\kj=1 jrj � rij � r0

o
\
n
\Nj=k+1 jrj � rij > r0

oi
= (Pr [D � r0])k (Pr [D > r0])N�k

After taking all possible combinations of k nodes out of all N possible nodes, we arrive with (11) at (12).
9Partial integration leads to Z

u arccos

�
1

u

�
du =

u2

2
arccos

�
1

u

�
� 1

2

Z
up
u2 � 1

du

=
u2

2
arccos

�
1

u

�
� 1

2

p
u2 � 1
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Figure 1: The pdf fD (u0) in (13) and its corresponding distribution FD (u0) = Pr [D � u0], which also
equals the link density (11) in a HRGG, versus normalized connection radius u0 = r0

Z . The Poisson

approximation (red dotted line) equals FD (u0) � �u20 for small u0.

If Z � r0 � Z
p
2, then

p�;HRGG (r0) = (� � 2)
�r0
Z

�2
+
8

3

��r0
Z

�2
� 1
�3=2

� 4
�r0
Z

�2
arccos

�
Z

r0

�
(15)

+ 4

r�r0
Z

�2
� 1� 1

2

�r0
Z

�4
+
1

3

We deduce from (14) that p�;HRGG (Z) =
R Z
0 fD (r) dr = � �

13
6 = 0:974926. Fig. 1 shows that, for

r0 > Z, we enter the tail region of the distribution. We verify from (15) that

p�;HRGG
�
Z
p
2
�
= 2(� � 2) + 8

3
� 8 arccos

�
1p
2

�
+ 4� 1

2
4 +

1

3
= 1

Indeed, p�;HRGG
�
Z
p
2
�
= Pr

�
D � Z

p
2
�
= 1 means that all nodes or points in the square with size

Z lie inside any circle with a center inside the square and with radius r0 = Z
p
2. The resulting RGG

with r0 = Z
p
2 is the complete graph.

The link density p�;HRGG (r0) in (11) is a di¤erentiable, strictly increasing function of the connec-

tion radius r0 that varies from p�;HRGG (0) = 0 to p�;HRGG
�
Z
p
2
�
= 1. In other words, by tuning

the normalized connection radius u0 = r0
Z in the interval

�
0;
p
2
�
, any link density between 0 and 1 can

be achieved. Also, since the link density p�;HRGG (r0) = FD (r0) in (11) is a probability distribution

function and since the inverse function of a continuous probability distribution function always exists,

the inverse function of p = p�;HRGG (r0) exists r0 = p
�1
�;HRGG (p). The connection radius

r0 = p
�1
�;HRGG (p) (16)

as a function of the link density p can be read from Fig. 1, but the inverse function p�1�;HRGG (x) is

not analytically available. In other to construct a HRGG with link density p, the connection radius

r0 is key, which emphasizes the importance of the inverse function.
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3.2 Asymptotics of HRGG for N !1

The link density (6) and in particular (14) and (15) for the HRGG in a square with size Z does

not depend upon the number of nodes N . On the other hand, if we require that the average degree

dav = p (N � 1) is kept constant when N !1, then the connection radius (16) is

r0 = p
�1
�;HRGG

�
dav
N � 1

�
To achieve a small link density p = dav

N�1 for N ! 1, the strictly increasing nature of (14) with r0
implies a small connection radius r0,

p�;HRGG (r0) = �
�r0
Z

�2�
1� 8

3�

�r0
Z

�
+
1

2�

�r0
Z

�2�
= �

�r0
Z

�2
(1 +O (r0)) (17)

that leads10, after inversion, ignoring the order term O (r0) in 1 + O (r0) and noting the inequality

p�;HRGG (r0) < �
�
r0
Z

�2 for small r0, to
r0 � Z

r
1

�

dav
N � 1 (18)

In other words, if the number of nodes N grows unboundedly, the connection radius r0 must decrease

as r0 = O
�

1p
N

�
in order to produce a HRGG with average degree dav. This scaling result (18) is

known and follows elegantly from Poisson processes.

Connectivity, however, is a concern. Indeed, the ER-theory states that the link density p > pc,

where the critical link density threshold pc =
logN
N + O

�
1
N

�
. If connectivity is required in very large

HRGG, then the average degree dav = p (N � 1) should scale or grow as O (logN). In other words, if
dav is kept constant while N increases, then the asymptotic RGG is almost surely disconnected.

3.2.1 Poisson approximation

The nodal density in the rectangle with length a and height b is n = N
ab . Node i has a link to node

j if node j lies inside or on the boundary of a circle Ci with center at node i and radius r0. The

average number of nodes inside the disk Ci, that lies within the rectangle with sizes a and b, equals

E [DRGG;P] = n�r
2
0, where DRGG;P is the Poisson random degree of any node, not just node i, because

each node within or on the boundary of the disk Ci is connected to node i and because the boundary

of the rectangle is ignored.

Since the uniform and independent sprinkling of nodes in the rectangle is achieved by a Pois-

son point process with rate n, the degree distribution of a node in RGG follows from the Poisson

distribution [5, Sec. 7.4]

Pr [DRGG;P = k] �
�
n�r20

�k
k!

e�n�r
2
0

approximately (because Pr [DRGG;P > N � 1] 6= 0 due to ignoring the boundary). If the number of

nodes N !1 and assuming that the link connection radius decreases as r0 = �0N��, then the average
10Since p�;HRGG (uZ) = �u2 � 8

3
u3 + 1

2
u4 is a polynomial of degree 4 in u < 1, its roots and thus the inversion

p�1�;HRGG (uZ) can be computed analytically exactly. However, the result is not insightful and omitted.
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degree is E [DRGG;P] = limN!1
��20
ab N

1�2� , which is only positive, �nite and equal to E [DRGG;P] =
��20
ab

(which agrees with (18)), provided that we choose � = 1
2 . If both the number N of nodes and the link

connection radius r0 tend independently of each other to their limit 1 and 0, respectively, then the

average degree E [DRGG;P] is not de�ned anymore.

Another advantage of the Poisson approximation is the extension to higher dimensions d. Since

the volume11 of a sphere in the d-dimensional Euclidean space with radius r0 equals

vD-sphere (r0) =
�
d
2 rd0

�
�
d
2 + 1

�
and the nodal density in a d-hyperprism with same edge length Z is nd = N

Zd
, the expectation

of the degree of d-HRGG, created by the d-Poisson point process and ignoring the boundary, is

E [DD-RGG;P] � N �
d
2

�( d2+1)

�
r0
Z

�d. The requirement that the average degree E [DD-RGG;P] = dav should
be �nite and �xed, leads to

r0 � Z
 
�
�
d
2 + 1

�
�
d
2

dav

! 1
d

N� 1
d

illustrating the scaling law r0 = O
�
N� 1

d

�
in d dimensions if N !1. The scaling law r0 = O

�
N� 1

d

�
illustrates that the link connection radius in a d-HRGG decreases slower with N if the dimension d

increases.

4 Link density of the HRGG in a two-dimensional Poincaré disk

The Hard Random Hyperbolic Graph in hyperbolic geometry is very similar to its Euclidean coun-

terpart, discussed in Section 3.1 and can also be computed exactly for the �hard� link connection

function f (r) = 1fr�r0g. The link density or average degree in a Hard Random Hyperbolic Graph

(HRHG) has been computed exactly by Krioukov et al. [11]. The major technical complication lies in

computing distances, line segments and areas in hyperbolic geometry. We refer to Appendix A for a

brief introduction.

Similarly as for the Hard Random Geometric Graph (HRRG) in the Euclidean square, the Hard

Random Hyperbolic Graph (HRHG) is constructed by sprinkling N nodes �uniformly at random

in the Poincaré disk with radius R� and connecting nodes by a link if the distance between their

positions in the Poincaré disk is closer than some given r0. For simplicity, we choose a curvature

K = � jKj = �1. If nodes are placed uniformly at random over an area A, then the probability

density function g(r;�) (x) =
dPr[z�x]

dx of the position z = (r; �) in polar coordinates of a random node

is g(r;�) (x) =
1
A and (33) would indicate that

g(r;�) (x) =
1

2� (cosh (R)� 1)

However, Krioukov et al. [11] choose a uniformly at random distribution only over the angular direction

�, where the radial coordinate r is variable. Thus, the nodes with position z = (r; �) lying in an

11The volume of an ellipsoid E in d dimensions with semi-axis lenghts �1; �2; : : : :�d equals vE = �
d
2

�( d2+1)

Qd
j=1 �j .
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in�nitesimal area dSH = sinh (r) drd� in (31) are uniformly distribution over the angles � 2 [0; 2�],

dSH
Adisk

=
sinh (r) drd�

2� (cosh (R)� 1)

and

Pr [x � z � x+ dx] =
Z 2�

0

sinh (r) drd�

2� (cosh (R)� 1) =
sinh (x) dx

cosh (R)� 1

Since Pr [x � z � x+ dx] = dPr[z�x]
dx dx, the corresponding probability density function g(r;�) (x) =

dPr[z�x]
dx of the position of a node at radial coordinate r = x is

g(r;�) (x) =
sinh (x)

cosh (R)� 1 (19)

For large R, we approximate as g(r;�) (x) =
ex�e�x

eR+e�R�1 � e
x�R. In contrast to the Euclidean HRRG,

the nodal density is chosen in [11] to dependent on the distance r = x to the origin in the hyperbolic

Poincaré disk.

Next, nodes are connected if their distance lies within a connection radius r0, which Krioukov et al.

[11] choose equal to the radius R of hyperbolic Poincaré disk. The distance between two nodes in the

hyperbolic Poincaré disk is given by (34), which fairly complicates the conceptually easy computation.

We content ourselves to refer to page 5 and Fig. 3 in Krioukov et al. [11] and only mention their

result of the average degree of a node with radial coordinate r,

dav;HRHG (r) �
4

�
Ne�

r
2 (20)

The average degree in the entire network is computed from (20) as

dav;HRHG =

Z R

0
dav;HRHG (x) g(r;�) (x) dx �

4N

�

Z R

0
e�

x
2 ex�Rdx =

8N

�
e�

R
2

which is an instance E [D] =
R R
0 E [Djz]

dPr[z�x]
dx dx of the law of total probability [5, p. 23], where

E [Djz] = dav;HRHG (z) is the conditional expectation of the degree of a node, given its radial position
z = r in the the hyperbolic Poincaré disk. The resulting link density pHRHG =

dav;HRHG
N�1 then follows

approximately as

pHRHG �
8

�
e�

R
2 (21)

The HRHG is a sparse graph, if we assume that the link density pHRHG in (21) is low and the

radius of R of the hyperbolic Poincaré disk is su¢ ciently large. For a sparse HRHG, assuming a

Poisson degree distribution (see Section 3.2.1) is a reasonable approximation. The degree of a node

at radial position r = x then becomes

Pr [DHRHG (x) = k] =
dkav;HRHG (x)

k!
e�dav;HRHG(x) (22)

The degree of an arbitrary node in HRHG follows from (22), again as an instance of the law of total

probability [5, p. 23], as

Pr [DHRHG = k] =

Z R

0
Pr [DHRHG (x) = k] g(r;�) (x) dx (23)
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which is computed in Appendix B.1. Krioukov et al. [11] mention that

Pr [DHRHG = k] � ck�3

which only holds for su¢ ciently large k and where c is constant (speci�ed in Appendix B.1).

In summary, the degree DHRHG of a random node in the Hard Random Hyperbolic Graph, whose

particular construction and chosen parameters are outlined above, possesses a power law degree dis-

tribution (in the tail, i.e. for large k). Since many real-world network feature approximately such

power law degree, a hyperbolic embedding �naturally�provides a power law-like degree distribution.

4.1 Comparison between HRRG (Euclidean) and HRHG (Hyperbolic)

In the Hard Random Geometric Graph (HRRG), N nodes are distributed uniformly over unit square

(with size Z = 1) and linked if their Euclidean distance is below a connection radius r0. The average

degree in (12) is dav;HRGG = (N � 1) p�;HRGG (r0), where the link density is speci�ed in (14) and (15)
for any connection radius r0 2 [0;

p
2].

In the Hard Random Hyperbolic Graph (HRHG), computed by Krioukov et al. [11], nodes with

polar coordinates (r; �) are only uniformly at random distributed over all angular positions � 2 [0; 2�]
for each radial position r. This choice then results in an average degree (20), depending on the distance

r to the origin. The link density pHRHG =
dav;HRHG
N�1 , deduced from the average degree dav;HRHG, is

pHRHG � 8
�e
�R
2 in (21), which decreases exponentially with the radius R of the Poincaré hyperbolic

disk. In contrast to a �exible connection radius r0, Krioukov et al. [11] choose r0 = R, which is very

large compared to its Euclidean counter part.

Assuming that the Poisson approximation (Section 3.2.1) holds �Fig. 1 shows validity only for

very small connection radius r0 in HRGG �and that a certain given average degree dav in both graph

types is required, then the connection radius r0 in (18) for the RGG scales, for large number N of

nodes, as

r0 �
r
1

�

dav
N

� N� 1
2

For the HRHG, on the other hand, the link density (21) in HRHG leads to

r0 = R � 2 ln
�
8N

�dav

�
� logN

The scaling in connection radius r0 in both types of random graphs is hugely di¤erent!
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A Absolute geometry

Absolute geometry [12, Vol. II, Chapter 9] treats the three main geometries, Euclidean, Elliptic and

Hyperbolic, as one framework in the curvature K as illustrated in Section A.5 below. If the curvature

K = 0, then Euclidean geometry is obtained, while for curvature K = 1, absolute geometry reduces

to Elliptic geometry and a curvature K = �1 generates Hyperbolic geometry.
The separation into three geometries is a consequence of the famous postulate 5 in Book 1 of Euclid

[13, p. 155]:

K�i "�� "�& ��o "��"��& "��"�� "��i��o��� ��& "��o& ��� "�� �� ���� �"�� 
!���& ��o

o��!� "����o��& �o��, "�����o�"��& ��& ��o "��"��& "�0 ��"��o� �������"��; "�0 � �"�� "����

�� �!� ��o o��!� "����o�"&

That, if a straight line falling on two straight lines make the interior angles on the same side less

than two right angles, the two straight lines, if produced inde�nitely, meet on that side on which are

the angels less than the two right angles.
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Heath [13, p. 202-220] extensively explains Euclid�s postulate 5 and discusses the views of a

broad number of scholars before him that have interpreted (and tried to prove) postulate 5 and its

consequences. Euclid�s postulate 5 is alternatively known as [13, p. 220 (1)]

Through a given point only one parallel can be drawn to a given straight line.

The separation into three geometries started with a letter of the genius Carl Friedrich Gauss, Prince

of Mathematics [14, Chapter 14], to his friend W. Bolay in 1799: �If I could prove that a rectilineal

triangle is possible, the content of which is greater than any given area, I am in a position to prove

perfectly rigorously the whole of geometry�. Hence, it was Gauss who �rst expressed a conviction

that the Postulate 5 could never be proved (see more historical sources in [13, p. 219]). Gauss did not

publish anything about non-Euclidean geometry. Later, the published work of J. Bolay (son of W.

Bolay) and Lobachevsky, independently, gave rise to non-Euclidean (i.e. both elliptic and hyperbolic)

geometry.

In the sequel, we brie�y explain Elliptic and Hyperbolic geometry, inspired by Sansone and Ger-

ritsen [12].

A.1 Stereographic projection

Sansone and Gerritsen [12, p. 3-4] consider a unit sphere with center at the origin of the three-

dimensional Cartesian coordinate axes (Fig. 2). On the surface of the sphere lies a point M 0 with

coordinates (�; �; �). The south pole P , also on the unit sphere, has coordinates (0; 0;�1). The

stereographic projection of the M 0 on to the (two-dimensional) x; y-plane through the origin is the

point M with coordinates (x; y; 0). The points M 0, M and P lie on one line, called �collinear�, so

that they satisfy12
x

�
=
y

�
=

1

1 + �

whence,

x =
�

1 + �
and y =

�

1 + �

The converse, i.e. expressing (�; �; �) in terms of (x; y) relies on the equation of the unit sphere

�2 + �2 + �2 = 1, as the surface where all points lie at equal distance R = 1 to the center.

A.2 Sphere and hyperboloid

The equation of a sphere �2 + �2 + �2 = R2, centered at the origin with radius R, is rewritten as

� = �
p
R2 � �2 � �2

12 If three points a = (xa; ya; za) ; b = (xb; yb; zb) and c = (xc; yc; zc) lie on one line, then in the coordinate axis with

center the point, say c, the vectors (xa � xc; ya � yc; za � zc) and (xb � xc; yb � yc; zb � zc) are parallel, which means
that all their coordinates are proportional to some non-zero number k,

xa � xc = k (xb � xc)

ya � yc = k (yb � yc)

za � zc = k (zb � zc)

Hence, collinearity means that
xa � xc
xb � xc

=
ya � yc
yb � yc

=
za � zc
zb � zc

= k

14



Figure 2: Stereographic projection from a point M 0 on the unit sphere to a point M in the x,y-plane.

(Fig. copied from Sansone and Gerritsen [12, Fig. 1.1-4])
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Figure 3: The one-sheet hyperboloid (left) has negative Gaussian curvature K (x; y; z) =

� c6

(c4+(a2+c2)z2)2
. The two-sheet hyperboloid (right) has positive Gaussian curvature K (x; y; z) =

c6

(c4�(a2+c2)z2)2 .

If �2 + �2 > R2, then � becomes purely imaginary, which implies that such a sphere does not exist.

However, the left-hand side exists, �
p
�2 + �2 �R2 = i� and tells that i� is real and (i�)2 = ��2.

The corresponding equation

�2 + �2 � �2 = R2

describes a one-sheet or hyperbolic hyperboloid13. The companion �2 + �2 � �2 = �R2 is the two-
sheet hyperboloid as illustrated in Fig. 3, with two separate surfaces, with positive � and negative �,

mirrored with respect to the origin.

Since

�2 =
�p

�2 + �2 �R
��p

�2 + �2 +R
�

the hyperboloid has circles at constant �. Moreover, if � and � are large compared to R, the hyperboloid

approaches his asymptotic form �2+ �2� �2 = 0, which is a cone with top at the origin (0,0,0). Fig. 4
illustrates that the stereograph projection of a point H on the two-sheet hyperboloid into the Poincaré

disk, a circle with �nite radius, is entirely di¤erent than the stereograph projection of a point M 0 on

the sphere, which covers the entire x; y-plane. Only the south pole at (0; 0;�1), that lies on the surface
of the sphere, is projected to the point at in�nity. The south pole (0; 0;�1) does not necessarily lie on
the surface of the hyperboloid and merely serves as the third collinear point to de�ne the stereographic

projection.

13See e.g. https://mathworld.wolfram.com/One-SheetedHyperboloid.html.
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Figure 4: Stereographic projection from a point H 0 on the positive (i.e. � > 0) hyperboloid to a point

P in the Pioncaré disk, with the south pole at (0; 0;�1) as in the sphere. (Fig. received from Maksim

Kitsak)
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A.3 Polar coordinates

Before proceeding, we add the representation of the a point on the sphere �2 + �2 + �2 = R2 in polar

coordinates,

� = R cos' sin �

� = R sin' sin �

� = R cos �

The corresponding polar representation for a point on the one-sheet hyperboloid �2 + �2 � �2 = R2 is

� = R cos' cosh �

� = R sin' cosh �

� = R sinh �

A point on the two-sheet hyperboloid �2 + �2 � �2 = �R2 has polar coordinates

� = R cos' sinh �

� = R sin' sinh �

� = R cosh �

The stereographic projection of the M 0 on the sphere is the point M in the x; y-plane, which can

be written as a complex number

z = x+ iy =
� + i�

1 + �

where the real axis x = Re (z) and the imaginary axis is y = Im (z). In polar coordinates,

z =
� + i�

1 + �
=
R cos' sin � + iR cos' sin �

1 +R cos �
=

R sin �

1 +R cos �
ei' (24)

=
2R sin �2 cos

�
2

1�R+ 2R cos2 �2
ei'

for R=1
= tan

�

2
ei'

A.4 Elliptic plane

An in�nitesimal line segment on the sphere satis�es

(ds)2 = (d�)2 + (d�)2 + (d�)2

which is the square in�nitesimal distance between two points that lie in�nitesimally close to each other

on the sphere (by Pythogoras�theorem). Introducing the polar coordinates with d� = �R sin � sin'd'+
R cos' cos �d� and similar for � and � coordinates, we �nd14 that

(ds)2 = R2
�
sin2 � (d')2 + (d�)2

�
(25)

14Explicitly,

(ds)2 = (�R sin � sin'd'+R cos' cos �d�)2 + (R sin � cos'd'+R sin' cos �d�)2 +R2 sin2 � (d�)2

= R2 sin2 � sin2 ' (d')2 +R2 cos2 ' cos2 � (d�)2 � 2R2 sin � sin' cos' cos �d'd�

+R2 sin2 � cos2 ' (d')2 +R2 sin2 ' cos2 � (d�)2 � 2R2 sin � cos' sin' cos �d'd� +R2 sin2 � (d�)2

= R2 sin2 � (d')2 +R2 cos2 � (d�)2 +R2 sin2 � (d�)2
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Similarly, we deduce from (24), for R = 1, that

dz = i tan
�

2
ei'd'+

1

2
ei' sec2

�

2
d�

from which, where z� = x� iy denotes the complex conjugate of z = x+ iy,

jdzj2 = dz (dz)� = tan2 �
2
(d')2 +

1

4
sec4

�

2
(d�)2

= sin2
�

2
sec2

�

2
(d')2 +

1

4
sec4

�

2
(d�)2

=
1

4
sec4

�

2

�
sin2 � (d')2 + (d�)2

�
Further, 1+ z�z = 1+ jzj2 = 1+ tan2 �2 = sec

2 �
2 , so that

�
1 + jzj2

�2
= sec4 �2 and, with (25), we have

4 jdzj2�
1 + jzj2

�2 = sin2 � (d')2 + (d�)2 = (ds)2
Hence, for a point z = rei� in the complex plane or �elliptic plane�, the in�nitesimal line segment

(after stereographic projection based on collinearity) is

(dsE)
2 =

4 jdzj2�
1 + jzj2

�2 = 4
�
(dr)2 + r2 (d�)2

�
(1 + r2)2

(26)

Relation (26) enables us to compute the distance rE from point M with coordinates (x; y) and

complex representation z = x+ iy = rei� to the origin as

rE =

Z r

0
dsE =

Z r

0

2dr

(1 + r2)
= 2 arctan r

hence

r = tan
rE
2

Relation z = tan �2e
i' in (24) for the unit sphere R = 1 indicates that � = rE . Substituting r = tan

rE
2

into (26) yields

(dsE)
2 = (drE )

2 + sin2 rE (d�)
2

Finally, an in�nitesimal surface element in the x; y-plane (or complex plane z) in polar coordinates

is

dSE = drE : dsE jrE=constant = sin rEdrEd�

A.5 Absolute geometry

Sansone and Gerritsen [12, Section 9.5] treat hyperbolic geometry, based on automorphisms of the

unit circle and Mobius transforms, and showed, after a considerably more involved analysis, that the

in�nitesimal line segment in the Poincaré disk or �hyperbolic plane�, is

(dsH)
2 =

4
�
(dr)2 + r2 (d�)2

�
(1� r2)2

(27)
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The striking similarity between (26) and (27) suggests to de�ne absolute geometry by the in�nitesimal

line segment,

(dsA)
2 =

4
�
(dr)2 + r2 (d�)2

�
(1 +Kr2)2

(28)

where K is the curvature of the surface. For example, K = 1
R2

is the Gaussian curvature of the

sphere with radius R. All geometries with K < 0 and K > 0 do not di¤er essentially, which leads to

three distinct classes: K = 0, for Euclidean geometry, K > 0 speci�es elliptic geometry and K < 0

hyperbolic geometry. The distance rA of a point z in the plane to the origin is

rA =

Z r

0
dsA =

Z r

0

2dr

(1 +Kr2)
=

2p
K
arctan

�
2
p
K
�

The alternative in�nitesimal line segment (similar as in Section A.4) is

(dsA)
2 = (drA)

2 +
1

K
sin2

�
rA
p
K
�
(d�)2 (29)

while the corresponding in�nitesimal surface element is

dSA =
1p
K
sin
�
rA
p
K
�
drAd� (30)

We verify15 for Euclidean geometry (K ! 0), that (30) reduces to the well-known di¤erential for

the area S in polar coordinates

dS = rdrd�

For hyperbolic geometry (K < 0), the in�nitesimal line segment for a point (rH ; �H) in the hyper-

bolic (Poincaré) disk follows from (29), with K = � jKj < 0 and

sin2
�
rH
p
K
�
=
�
sin
�
rH
p
� jKj

��2
=
�
sin
�
irH
p
jKj
��2

=
�
i sinh

�
irH
p
jKj
��2

= � sinh2
�
rH
p
jKj
�

as

(dsH)
2 = (drH)

2 +
1

jKj sinh
2
�
rH
p
jKj
�
(d�)2

Similarly, the in�nitesimal surface element (30) becomes

dSH =
1p
jKj

sinh
�
rH
p
jKj
�
drHd� (31)

The length or perimeter of a circle with radius r in the the hyperbolic (Poincaré) disk is

Lcircle =

Z 2�

0
dsHjrH= constant =

Z 2�

0

1p
jKj

sinh
�
r
p
jKj
�
d�

and

Lcircle =
2�p
jKj

sinh
�
r
p
jKj
�

(32)

15Either apply de l�Hospital�s limit rule limy!0
f(y)
g(y)

= 0
0
= limy!0

f 0(y)
g0(y) or invoke the Taylor series sin z =P1

k=0
(�1)kz2k+1
(2k+1)!

around z0 = 0, which is convergent for all complex z. For small z, it holds that sin z = z +O
�
z3
�
.
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while its area equals

Acircle =

Z 2�

0

Z r

0
dSH =

Z 2�

0

Z r

0

1p
jKj

sinh
�
u
p
jKj
�
dud�

=
2�

jKj cosh
�
u
p
jKj
����u=r
u=0

resulting in

Acircle =
2�

jKj

�
cosh

�
r
p
jKj
�
� 1
�

(33)

If the curvature tends to zero, K ! 0, then the area Acircle in (33) reduces, after twice applying de

l�Hospital�s rule or after introducing the Taylor expansion of cosh (x) =
P1
k=0

x2k

(2k)! = 1+
x2

2 +O
�
x4
�
,

to the well-known Euclidean circular area Acircle, = �r2.

The distance d (z1; z2) between two points z1 and z2 with polar coordinates (r1; �1) and (r2; �2),

respectively, in the hyperbolic Poincaré disk is speci�ed by the �hyperbolic law of cosines�

cosh
�
d (z1; z2)

p
jKj
�
= cosh

�
r1
p
jKj
�
cosh

�
r2
p
jKj
�
�sinh

�
r1
p
jKj
�
sinh

�
r2
p
jKj
�
cos (k�1 � �2k)

(34)

where k�1 � �2k = � � j� � j�1 � �2jj is the angle between the points z1 and z2. The proof of (34),
which can be deduced from (29), is involved and omitted.

Sansone and Gerritsen [12, Section 9.6.3] prove (via Euler equations in variational calculus that

characterize the shortest distance curves, i.e. the geodesics) that the area � of a triangle with angles

�; � and 
 in absolute geometry is

K� = �+ � + 
 � � (35)

Apart from Euclidean geometry (K = 0), the area � of a triangle in absolute geometry is entirely

determined by its three angles �; � and 
. Formula (35) demonstrates the famous result that in elliptic

geometry (K > 0), the sum �+�+
 of the angles of a triangle is larger than �, in hyperbolic geometry

(K < 0), the sum of the angles of a triangle is smaller than �, while perfectly equal to � in Euclidean

geometry (K = 0).

B Computations

B.1 Approximate power law deep tail approximation for degree in HRHG

We compute the probability of the degree in HRHG from (23),

Pr [DHRHG = k] =

Z R

0
Pr [DHRHG (x) = k] g(r;�) (x) dx

We insert the Poisson approximation (22) of the degree,

Pr [DHRHG = k] �
1

k!

Z R

0
dkav;HRHG (x) e

�dav;HRHG(x)ex�Rdx

21



and introduce the estimate dav;HRHG (r) � 4
�Ne

� r
2 in (20) for the average degree at a radial position

x,

Pr [DHRHG = k] �
1

k!

Z R

0
dkav;HRHG (x) e

�dav;HRHG(x)ex�Rdx

=

�
4
�N
�k
e�R

k!

Z R

0
e�

kx
2 e�

4
�
Ne�

x
2 exdx =

�
4
�N
�k
e�R

k!

Z R

0
e�(

k
2
�1)xe�

4
�
Ne�

x
2 dx

Let u = 4
�Ne

�x
2 , then x = �2 log

�
�
4N u

�
and dx = � 2

udu,Z R

0

�
e�

x
2

�(k�2)
e�

4
�
Ne�

x
2 dx = 2

Z 4
�
N

4
�
Ne�

R
2

� �
4N

u
�(k�2)

e�u
du

u
= 2

� �
4N

�(k�2) Z 4
�
N

4
�
Ne�

R
2

u(k�2)�1e�udu

' 2
� �
4N

�(k�2) Z 1

dav;HRHG
2

u(k�2)�1e�udu

In terms of the incomplete Gamma function � (a; z) =
R1
z ua�1e�udu in [15, Eq. (16.1) on p. 283]

and with � (k + 1) = k!, we obtain approximately

Pr [DHRHG = k] � 2
�
dav;HRHG

2

�2 ��k � 2; dav;HRHG2

�
� (k + 1)

For su¢ ciently small dav;HRHG, we approximate �
�
k � 2; dav;HRHG2

�
� � (k � 2; 0) = � (k � 2) and

use the functional equation � (z + 1) = z� (z) in [15, (10.1) on p. 181] of the Gamma function,

resulting in

�
�
k � 2; dav;HRHG2

�
� (k + 1)

� � (k � 2)
� (k + 1)

=
� (k � 2)

k (k � 1) (k � 2) � (k � 2) =
1

k (k � 1) (k � 2)

Finally, for su¢ ciently large k, we arrive approximately at the deep tail probability (thus only for

large k)

Pr [DHRHG = k] � 2
�
dav;HRHG

2

�2
k�3

C Clustering coe¢ cient of a Hard Random Geometric Graph on 2D
torus

We consider a Hard Random Geometric Graph (HRGG) with N nodes, placed independently and

uniformly at random in a square with size Z. Node i at position ri and node j at position rj are

connected by a link if their distance jri � rj j is smaller than the connection radius r0, i.e. the link
connection function is f(r) = 1fr�r0g. The link density of a 2D HRGG on a square, illustrated in

Figure 5 (right) is computed in Section 3.1. Following Dall and Christensen [16], we impose periodic

boundary conditions: opposite sides of the square are folded and nodes close the upper (or left)

boundary can connect to nodes close to the lower (or right) boundary of the square, so that the square

becomes a torus T in 3D and the distance jri � rj j is measured along the shortest path on the torus
(Figure 5, left). The boundary e¤ects that complicate the link density (14) and (15) disappear. The
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Figure 5: HRGG with N = 300 nodes and connection radius r0 = 0:15 with discrete (right) and

continuous boundary conditions (left).

circle Ci(r0) with center at node i, radius r0 and surface area S[Ci(r0)] lies entirely within the torus

if r0 � Z=2, and the link density (11) becomes exactly,

pT;HRGG(r0) = Pr [D � r0] =
S [Ci(r0)]

Z2
= �

�r0
Z

�2
(36)

which equals the Poisson approximation (17) of the square.

The graph clustering coe¢ cient cG is the ratio of the number of labelled triangles and the number

of labelled connected triples [5, Sec. 15.6.5],

cG =

PN
k=1

P
i2Nk

P
j2Nknfig aijPN

k=1 dk(dk � 1)
(37)

where Nk is the set of neighbors of node k, dk = jNkj is the degree of node k and aij is the element
of the adjacency matrix A. Replacing the numerator and denominator in (37) by their expectation

and using that all ordered triples (k; i; j) are statistically equivalent, gives the clustering coe¢ cient

cT;HRGG of the HRGG on the torus,

cT;HRGG =
Pr [aij = 1; aik = 1; ajk = 1]

Pr [aik = 1; ajk = 1]
= Pr [aij = 1j aik = 1; ajk = 1] (38)

i.e. the clustering coe¢ cient is the probability that two neighbors i and j of a node k are linked. For

large N , the graph clustering coe¢ cient cG of a single realization concentrates around the expected

clustering coe¢ cient (38). In terms of the circles with radius r0, the clustering coe¢ cient in (38) reads

cT;HRGG = Pr [j 2 Ci(r0)j i 2 Ck(r0); j 2 Ck(r0)]
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Node j is uniformly distributed over the circle Ck(r0), independently of node i. Hence, for a given

position of node i, the probability that j 2 Ci(r0) equals the fraction of the area of Ck(r0) that overlaps
with Ci(r0),

cT;HRGG = E

�
S [Ci(r0) \ Ck(r0)]

S [Ck(r0)]

�
(39)

The overlapping area S[Ci(r0)\Ck(r0)] is shaded in the diagram in Figure 6. Denote by r = jri � rkj

Figure 6: The circles Ck(r0) and Ci(r0) with radius r0 around node k and node i at distance r. Node

j is a common neighbor of k and i if node j lies in the shaded overlapping area S[Ci(r0) \ Ck(r0)],
bounded by the thick lines.

the distance between nodes i and k, which varies from 0 to r0. The overlapping area of two circles

with radius r0, whose centers lie at distance r � 2r0, equals (cool problem for the reader):

S [Ci(r0) \ Ck(r0)] = r20 (� � sin �) ; � = 2arccos

�
r

2r0

�
(40)

Since S [Ck(r0)] = �r20, the area ratio (39) becomes

S [Ci(r0) \ Ck(r0)]
S [Ck(r0)]

=
� � sin �

�

which depends on node i only via the distance r. Given that i 2 Ck(r0), node i is uniformly distributed
over Ck(r0) and the probability density function of the distance r is 2r=r20 for 0 � r � r0. The expected
area overlap gives the clustering coe¢ cient:

cT;HRGG =

Z r0

0

S [Ci(r0) \ Ck(r0)]
S [Ck(r0)]

2r

r20
dr =

2

�

Z �

2�=3
(� � sin �) sin �d� = 1� 3

p
3

4�
� 0:5865 (41)

where the term �2 sin �d� comes from the change of variable from r to � in (40):

r2 = 4r20 cos
2

�
�

2

�
= 2r20 (1 + cos(�)) ; 2rdr = �2r20 sin(�)d�

The clustering coe¢ cient (41) of a HRGG on a torus does not depend on the number of nodes N ,

nor on the connection radius r0, nor on the link density p in (36). Two important remarks: (i) Two
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Figure 7: Average clustering coe¢ cient (37) of 5 realizations of a HRGG with discrete (blue) and

continuous (orange) boundary conditions, as a function of the connection radius r0, compared with

the theoretical expectation (41).

neighbours i and j of k, at most at distance 2r0, are connected by a path of length Z � r0 around
the torus of size Z, if Z � 2r0 < r0. Then, if the connection radius is larger than r0 > Z

3 , then (40)

underestimates the overlapping area and (41) underestimates the clustering coe¢ cient. (ii) Instead,

when the connection radius and the number of nodes are small: (41) is the exact expectation, but

�uctuations are high since there are few connected triples on average (Figure 7, bottom right).
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