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Abstract

We solve the problem “Given the spectrum (i.e. all eigenvalues and eigenvectors) of the Lapla-
cian matrix of a graph, find the spectrum of the effective resistance matrix of that graph” and of
the reversed problem. We find partial fraction expansions for the eigenvalues of either matrix in
terms of the spectrum of the other matrix as well as the explicit characteristic polynomials and
some sums of powers of eigenvalues.We also improve the bounds of the Interlacing Theorem for the

eigenvalues of the Laplacian and effective resistance matrix of a same graph.

1 Introduction

We consider an undirected, possibly weighted and connected graph G, whose corresponding graph-
related matrices are symmetric. The graph G contains a set A/ of N nodes and a set £ of L links. As
mentioned in my book [12], I believe that, after the adjacency matrix A and Laplacian matrix @ of a
graph G, the effective resistance matrix {) with elements w;; is the third important matrix associated

with graph G. The effective resistance matrix € is closely related to the Laplacian matrix by
Q= ¢ul +u¢t —2Q7 (1)

where u is the all-one vector, the vector ( = (QL,Q;, e ,Q}L\,N) and Q' is the pseudoinverse of
the Laplacian [13], [12, Secion 4.2]. In a graph G, two different types [8] of transport are possible
that lead to either “path networks”, such as telecommunication and transportation networks (for e.g.
cars, trains, ships, airplanes), or “flow networks”, such as power grids and utility (water, gas, etc.)
networks. In a path network, the transport of items follows a single path P;; between a node pair
(i,7), whereas in a flow network, the transport from node i to node j propagates over all possible
paths from node ¢ to node j. The effective resistance matrix €2 plays a crucial role in “flow networks”,
such as electrical resistor networks [12, art. 14].

The effective resistance matrix € is a distance matrix [12, art. 8]. The spectrum of distance

matrices was overviewed by Aouchiche and Hansen [1]. A fundamental relation in the theory of the
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effective resistance matrix 2 is Fiedler’s block matrix [7],[12, (5.17)]

-1
0 T -9 2 T
“ = o r with Qp = 20%u (2)
1
u € P -3

where the N x 1 vector p is defined as

1 U
= ng + N (3)
obeys pTu = 1, and where!
- Ra T 4
=t C Q¢ (4)

and Rg = Nu''¢ = %uTQu =N trace(QT) is the effective graph resistance, an important graph metric
[12, Section 5.2]. The effective resistance matrix 2 also possesses interesting geometric properties,
recently explored by Devriendt and colleagues [2, 5, 4]. They demonstrate that the vector p = %QC +%

= <& QC + RCQ’ can be interpreted as a variance of a

has several fundamental properties and that o2

distribution on a graph. In particular [3], the vector p can be interpreted as a discrete scalar curvature

on a graph, p is the solution of the optimization problem max z! Qz for the vector x subject to z7u = 1
xr

and that maximum equals 202 = p” Qp, where
1
o2 = 1 Z (wix — wjk)z
(i.g)eL
for any node k in the graph G. We also add that the vector p is the barycentric coordinate of the

circumcenter of the simplex S of the graph [6] and o is the radius of the circumcenter of the simplex

S. Each component (; of the vector { has the property that % =

vertex ¢ in the simplex S towards the face containing all other verticesﬁ. Following the terminology
of Devriendt, the vector p is called the “resistance curvature” and o is “resistance radius” of the
circumcircle of the simplex S. In comparison with the Laplacian Q = A — A, where A is the diagonal
matrix with element A;; = d; equal to the degree of node ¢ and being a component of the degree
vector d = (dy,ds,...,dy), we observe that the vector ¢, which we call the “simplex-altitude” vector,
is equally important as the degree vector d, which is perhaps the most prominent characterizing vector
of any graph. The simplex-altitude vector ¢, whose component (; quantifies the spreading capacity in

node i, is studied in [13], where the upper bound for the Euclidean norm ¢7¢ = ||¢||3 is deduced

N _
=3 (Qhn) < (1 - > 3 % (5)
m=1 —y
which is tight in the sense that equality is achieved if Qinm = % for any node m in the graph. Such
a graph, characterized by ( = J%u, is called “resistance regular” [15].
The eigenvalue equation [12, Section 5.5] of the NV x N non-negative, symmetric, effective resistance
matrix 2 is
Qj = pjv; (6)

"Unfortunately, there is an error in [12, p. 182], where 0® = R + +¢" Q( is written, whereas (4) correct is.
2 Any undirected graph G, with N nodes and L links, possesses a simplex S in the (N — 1)-dimensional Euclidian

space, consisting of N vertices. Each vertex in the simplex S corresponds with a node in the graph G, but a link in the
graph G does not correspond to an edge in the simplex S. To avoid confusion, we have proposed in [12, p. 2] to use

nodes and links in a graph G, while vertices and edges in the simplex S of that graph G.



where p; is the j-th eigenvalue of € belonging to the normalized eigenvector vj, i.e. U;‘-ij = 1, for
1 < j < N. The real eigenvalues are ordered as in [12]: p; > p2 > --- > py. The effective resistance
matrix € in a connected graph has N — 1 negative eigenvalues (see e.g. [12, Theorem 34], but also
Theorem 1 below) and only the spectral radius p; = — Z;Vﬁ p; > 0. The corresponding eigenvalue

equation for the Laplacian matrix is
Qzr = pk2k (7)
where py, is the k-th eigenvalue of @) belonging to the normalized eigenvector z;. Any Laplacian [12,

art. 102] possesses the eigenvector zy = \/Lﬁ belonging to the smallest eigenvalue puy = 0.

Here, we explicitly express the eigenvectors vy, v, ...,vy and eigenvalues pi,p2,...,pn of the
effective resistance matrix €2 in terms of the eigenvectors z1,z9,...,2y = \/Lﬁ and eigenvalues p; >

p2 > ... > pun = 0 of the possibly weighted, but symmetric Laplacian (), and vice versa.

The article is outlined as follows. Section 2 starts by deriving two “quasi-eigenvalue equations”
that are consequences of Fiedler’s fundamental block-matrix equation (2). Section 3 introduces the
Delft graph metrics as a motivation for the spectral decomposition 2 = Zﬁvzl pjvjv;fp of the effective
resistance matrix. The remainder of the article concentrates on spectral decomposition and insights
deduced from those two quasi-eigenvalue equations (9) and (10). We express the eigenvectors of {2 as
a linear combination of the eigenvectors of the Laplacian matrix @) and vice versa in Section 4. In
Section 5, we deduce partial fractions of the eigenvalues of €2 in terms of the spectrum (i.e. eigenvalues
and eigenvectors) of the Laplacian @) and vice versa, from which the explicit characteristic polynomials
are derived. The characteristic polynomial of the Laplacian @) and effective resistance matrix €2 are
derived in Section 6 and 7, respectively, and the coefficients of those polynomials are explicitly deduced
together with some sums of powers of eigenvalues. Section 8 focusses on the computation of eigenvalues
of the effective resistance matrix {2, given the spectrum of the Laplacian (), and vice versa. Section
9 gives a general relation of the sum of quadratic forms and the trace of a matrix, with examples
to graph metrics such as the effective graph resistance Rg. Section 10 concludes, while Appendix
A proves double orthogonality of the row and column vectors of the orthogonal matrix C' in (25).
Appendix B complements the main Theorem 2 in Section 4 and tries to address — unsuccessfully

though — the problem of determining the sign of the components of resistance curvature vector p.

2 Two quasi-eigenvalue equations

We start by deducing two different almost eigenvalues equations (9) and (10). First, we left-multiply
the eigenvalue equation (6) by @,

QQUj = ij’Uj
Fiedler’s block matrix identity (2) leads to
QQ =2pu’ — 21 (8)
Using (8)
piQuj =2 (u'v) p = 2v;
results in, what we call, the first quasi-eigenvalue equation

2 2 (uij)
Q,UA — Vi + —=D 9
! Pj ! Py ( )



Second, the eigenvalue equation Qflvj = pj_lvj combines with Q1 = ﬁp.pT — %Q, another
deduction from Fiedler’s block matrix identity (2) as shown in [12, (5.17)], to a slightly different

quasi-eigenvalue equation than (9),

2 pij
Quj = — . 10
Uj p; Uj ) p ( )

Equating the quasi-eigenvalue equations (9) and (10) indicates that the eigenvalue p; of the effective

resistance matrix €2 equals

ul'v;
=202 11
Py g pT’Uj ( )
while [12, (5.27)] deduces
Rg CTU]
= — 12
J N + uTv; (12)

Clearly, if the last term in (9) or (10) vanishes, then an eigenvalue equation arises. If that last term
is not too large, the quasi-eigenvalue equations and the Laplacian eigenvalue equation (7) also suggest
that u; ~ —p%_ plus some correction. At this point, we mention the beautiful Theorem 1, proved by
Fiedler [7, Corollary 6.2.9] and later by Sun et al. [9]:

Theorem 1 In a connected graph, the eigenvalues p1, p2,...,pn of the effective resistance matrix )

interlace with those of the Laplacian matriz as

2 2 2
p1>0>——2>py>—— 2> > — > pPN-1 > — > PN (13)
M1 2 HUN—2 HUN-1
If (= u%, thus in a “resistance regular” graph, then [12, Theorem 35| states that p; = —l%j for
1 < j < N and the proof indicates that the eigenvector v; = z; for all 1 < j < N. Inspite of the
approzimate nature of p1; ~ —p% in Theorem 1, we show in (41) below the ezact product
= LT 2\ 20N 2
[ =0T (- 2) =20 (-2
m=1 m=1 Pm P m=2 Pm

We will later improve Theorem 1 and derive an exact governing equation in Corollary 2 for the

eigenvalues p1, p1, ..., pn of the effective resistance matrix €.

3 Delft graph metrics

Delft graph metrics, first introduced in my book [12, Section 8.7.3|, are defined as the quotient of
quadratic forms for positive integers k,
uT ARQ ARy

kD =
ul A%kqy

(14)

where the denominator Noj, = u” A%y is the total number of walks in the graph G with 2k hops or
of length 2k. The Delft graph metrics D generalize a few known graph metrics. If £ = 0, then with

u”u = N, the definition (14) leads to the effective graph resistance Rg = %uTQu,



and if k = 1, the definition (14) relates to the Kemeny constant Kg = dzgd in [14] as

~dT0d 4L

! dTd ~ dTd

G

Substituting the spectral decomposition €2 = Z;Vﬂ pjvjva into the definition (14) of a Delft graph
metric and employing Theorem 1 telling that py >0 > p; for 2 < j < N yields?

2 2
N T Ak T Ak
S (oF k) Tk X (oA (o] AFu)?
uT A%ky, = Ul Ak P Z ul AZky, loj| < ~ 2P1

j=2 > i1 (va’%)

Hence, an upper bound for the Kemeny constant K¢ in a graph G is found for k =1 as

Td 2
Kg < (vzllL)m

Since all components of v; are positive (due to the Perron-Frobenius theorem [12, p. 379] for a

kD =

non-negative matrix associated with a connected graph) and 0 < (v1), < 1, it holds that v{d =
ZkN:1 (Ul)k di, < Z}lvzl dy, = 2L. Hence,
Kg < Lpy

Anticipating the approximation (55) for the largest eigenvalue p;, we have

Rqg
KG < L (N + NCTC>

that connects gD and 1D.

4 Eigenvectors of () as linear combination of those of ()

4.1 Explicit expressions

Theorem 2 exactly expresses any eigenvector of the effective resistance matrix €2 in terms of the

eigenvectors and eigenvalues of the Laplacian matrix ) and vice versa:

Theorem 2 In a connected graph G with N nodes, the j-th eigenvector v; of the effective resistance

matriz ) is written as a linear combination of eigenvectors of the Laplacian matriz Q) as

N—=1 py (T
vj = @ (Xz v > 7#22 (€ ) zk> (15)

pj

where )
1 1 1 9 \2 = [ (T
aj  (uTvy) N Pi/ 3\ p T HE

Reversively, the k-th eigenvector zj of the Laplacian matriz is written, for 1 < k < N, as a linear
combination of eigenvectors of eigenvectors of the effective resistance matriz ) as

T

Mo (uj)
o =P ) Py (17)
=1 b THE

#Unfortunately, there is an error in the index in the last formula at [12, p. 292].



where

ol

(€T 21)? 2 4

Before giving two proofs, one proof derived from the first quasi-eigenvalue equation (9) and the
other from the second (10), we compute the scalar product of the resistance curvature vector p and

the normalized eigenvector z; of the Laplacian (). From the definition (3), it follows that

1 U Lk U
Z]z:p = ingC + ZZ:N = ?ZZ;C + Z]Z—'N
Thus, if k = N, then uy =0 and zy = ﬁ resulting in
1
T
i = 19
else, for 1 < k < N,
Hi
ofp = BRaTC (20)

We emphasize that connected graphs [12, Theorem 20, art. 115] are assumed for which the algebraic
connectivity py—1 > 0.
Proof 1: Left-multiplying (9) by 2{ leads to
2 (u"v)) o

2
Z]{Q’Uj = —;ZZ;’UJ' + Tzkp
J J

With the eigenvalue equation Qz; = p;z; in (7) of the symmetric, possibly weighted Laplacian @,
2\ r 2 (u'v) o
ke + > 2 Vj = ———=2. D
( pi) " Pj
leads to the scalar product between eigenvectors of €2 and @
2
Pj T

T T
kv = g (wv) (P =)
o 1k

Invoking the scalar product p’z; in (19) and (20) then leads to

2 Hg
ziv; = p£;+ik (u'vj) (Tzr) for 1<k <N o)
\/% (UTUj) for k=N
We can now compute v; = Z{Ll (ngj) 2 = llf\/:—ll (Z;?Uj) o+ (z]:'\}vj) x
U 9 N-1
Vj (uTv]) (N + p—J Z i j_uk (CTZk) Zk)
k=1 pj

Normalization of the eigenvector, v;‘-F

1 A= AT
o= () % (25 )

k=1

v; = 1, leads, with the orthogonality of eigenvectors z,::zm = Omk,

to

6



from which (15) follows.
The reverse that expresses the Laplacian eigenvector z; = Z;Vﬂ (zgvj) v; as a linear combination
of the eigenvectors v, vs,..., vy of the effective resistance matrix §2 follows, for 1 < k < N, as

1

N
o= (T2 pj WL vs
= T )

After normalization zgzk =1, we obtain

1 2
(MkCTzk _Z< + pii (u vj))

If k=N, then zy = \ﬁ Z L (WTvj) vy = \/LN Hence, (17) and (18) are demonstrated. O

Proof 2: We repeat the same recipe of steps to the second quasi-eigenvalue equation (10). Left-

multiplying (10) by zI the scalar product

T T

P vj)\DP 2
oy 0767
o (e + 2)

Again invoking the scalar product p’ z; in (19) and (20) gives

#(pT”j) (CTZk) forl<k< N

ro =4 (m+2) ¥ B 22
2 Vj = Z (22)
\/% (p%?)pj for k=N
In summary, v; = Zi\;l (21 v}) 2k equals
T N-1 T
(p"v;) () L p
v; = e+ =u (23)

Normalization of the eigenvector, Uijj = 1, indicates that

N-1 2
()5 () g
pTv; e+ 2 N

k=1

which again leads to (15). For 1 < k < N, the reverse (17) follows as

N
Zk__(éTzk)Mk plv; .
- 2 2 7]
20 j=1 Mk‘+g

Finally, equating the quasi-eigenvalue equations (9) and (10) indicates that pv; = %UT’UJ, again

leading to (17). O
The idea of Theorem 2 to deduce a scalar product between eigenvectors of two different matrices
does not apply to the eigenvectors of the adjacency A and Laplacian matrix Q = A — A of a graph

G. Indeed, starting from the eigenvalue equation (7) of the Laplacian,

przr = Qzp = Az, — Az,



left-multiplying with the m-th eigenvector . of the adjacency matrix A,
,ukx%zk = xﬁAzk - xﬁAzk
invoking the eigenvalue equation Ax,, = A\, of the adjacency matrix leads to the scalar product

ozl Az (24)

In contrast to the cases (21) and (22) for the effective resistance matrix 2, the scalar product (24) is of
a different and not-separable form, because x! Az, = Z;Vﬂ dj (zm); (2k); s a single “scalar product”
containing x,, as well as zj, whereas both (21) and (22) are products of scalar products, where each

scalar product only involves either an eigenvector v; of €2 or an eigenvector z;, of the Laplacian Q.

4.2 Resistance regular graphs

Rg
N2
2 < j < N. Moreover, the definition (1) indicates, with the all-one matrix J = u.u’, that

R
Qres. regular — 2 (]\[CSJ - QT>

We briefly discuss the special case of “resistance regular” graphs, where { = u and p; = —M% for

Since (T2, = 0 for 1 < k < N, the k-sum in (15) reduces to

M) Ty
lim L=z lim S———
= 2+ 2702 2y
Pj g k=1 Pj Pj I Pj J
T, .
If we denote the limit §; = lim pj—— 2 %, then the j-th eigenvector (15) belonging to the eigenvalue
Hj E J
pj = _/%' becomes
w g,
v = N i2 <

1 w2\
v+ (ﬁjzj)

which indicates that 3; must be so large? compared to % that the all-one vector disappears, resulting
inv; =z forall 1 <7 <N.

In the sequel, we will further ignore resistance regular graphs. Futhermore, we will confine ourselves
to simple eigenvalues. In other words, for the ease of the exposition, we will omit the consideration of

eigenvalues with multiplicity higher than 1.

2
*1f B; would be finite, then the eigenvalue equation Qu; = —H%vj in (6) for the eigenvector v; = § — f3; %’z]- (without
normalization) has a right-hand side equal to —u%vj = —‘% ~ T8z, while the left-hand side, invoking Qu = CN—&—uRTG

2
in [12, eq. (5.30)], gives Qu; = QRTG% — ﬂj%QZj. Equating the coefficients of the orthogonal vectors u and z; would

_Rg
N

or Qz; = —%zj implying that v; = z;!
J

%
indicate that u% = (which is impossible because any Laplacian eigenvalue p; > 0) and that —8; %’sz = Bjp;z;



4.3 An orthogonal matrix

The N x N matrix V contains in its colums the set of all eigenvector vy, vo, ..., vy of the effective

resistance matrix €2,

V= [ V1 U UN }
Similarly, we define the orthogonal eigenvector matrix of the Laplacian @ as
Z = [ 21 29 ZN ]
The eigenvector (15) can be expressed [12, art.191] as
(21)1 (22), (23 )4
O‘J’%Jl- (€T21) | (21)q O‘j%j- (¢T22) | (22) aj (2v),
V= T3 . S e — . Tt oS .
P, TH1 : o, T H2 : v :
(21) 5 (22) 5 (2n) v
[« ’;—j((Tzl)
%‘Hlfl
J
ajﬁ—?(Cng)
=7 p%-*'m
ay
L VN J
Substitution into the matrix V yields
i a1*(CT21) !XQ*(CTzl) OéN*(CTZl) T
*-Htl 2 5 TH1 pN S—tp
a1*(CTZ2) OéQ*(CTZ2) QN*(CTZQ)
V=27 T+M2 %-th %-ﬁ-uz
Q1 a2 an
L VN VN VN .

Since both V and Z are orthogonal matrices, it holds that the N x N matrix

i 71( 21) az*(CTzl) OéN*(CTzl) T
%+ 52 + e
Q( 22) azf(CT@) aN*(CTzz)
C= ,%+ 22+u2 ot (25)
el Q2 an
L VN VN VN .

is also an orthogonal matrix. Hence, the orthogonal eigenvector matrix V' equals a product of two
orthogonal matrices, whose entire information can be computed from the orthogonal matrix Z and

the eigenvalues pq, po, . .., unx = 0 of the Laplacian matrix @,

V=2C



Since the determinant of orthogonal matrix is det C' = 1, we find that

1 1 1

24p1p1r 24p2p1 77T 24pNma
1 N N-1 1 1 1

— ) (T, 24p1p2  2+4pap2 T 24pNp2
1= HO‘J Hﬂj (C Z]) ) . ) )
VN - - : : . :
J—l ]_1 . . .
1 1 e 1

Orthogonality of a matrix implies double orthogonality [12, art. 248] in its corresponding column and
row vectors, which is proved for the orthogonal matrix C in Appendix A.
5 Governing eigenvalue equations

Although the two proofs of Theorem 2 are similar, the second proof provides us with valuable collo-

raries:

Corollary 1 In a connected, but not a resistance reqular graph G with N nodes, the positive eigen-

values v of the Laplacian matriz Q) satisfy the governing eigenvalue partial fractions

02 _ % (pTUj)2 (26)

j=1 H Py
or
Lo i (uTv;)” (27)
402~ pjlpjn+2)
or N )2
u ’Uj
0= ; 24 o (28)

Proof: We exclude the case that uij = pTUj = 0 that happens in resistance-regular graphs.

T
Similarly, left-multiplying 2, = % Z;V: 1 ulz)« j_vjl v; in proof 2 of Theorem 2, for 1 < k < N, with
+ o

the transpose of the resistance curvature vector p yields

The scalar product z,::p = “—2’“2,?{ in (20) then leads, for 1 < k < N, to (26) or, with pij = %uij,
to (27). Alternatively, from (17) valid for 1 < k < N, we obtain

N 1 (uTU-)2
T Pj J
P S
i + Uk
which leads with zy = —%, due to orthogonality of eigenvectors z%zk =0for 1 <k<N,to (28). O

N

Even if the graph is not resistance regular, numerical evaluations can return very small values of the
fundamental weight uij. However, this weight cannot be zero, unless the Perron eigenvector v; = ﬁ,
which only happens in resistance regular graphs. Moreover, orthogonality of eigenvectors v,ﬂvj = Omj

10



indicates that all fundamentals weights uij for 1 < j < N are zero if one of them is zero. Finally,
the solution of all positive and assumed simple eigenvalues i of the Laplacian requires that uij #0
n (27) and (28). From the fractional expansions (26),(27) and (28), the interlacing Theorem 1 can be
deduced. The partial fractions can be rephrased as a quadratic form using f (Q2) = Zjvzl f(pj) vjv]T
deduced in [12, eq. (A.88)], where f(.) is a function defined for the eigenvalues. For example, the
partial fraction (28)

oS S LU (52 ).
= pyu o 2teim o2t
transforms to the quadratric form
0= T( ! >u—u (24 )~ (29)
24 pf2

The reverse of Corollary 1 is

Corollary 2 In a connected graph G with N nodes, any eigenvalue p of the effective resistance matrix

Q satisfies the governing eigenvalue equation

202
= 30
p 1\N-1 ui(CTzzc)Q_i_i (30)
2 k=1 pgpp+2 N

Another rewriting of (30) with y = % is the partial fraction expansion

1 Nz:l . CTzk 1 (31)
o Mty TNy
while a characteristic polynomial of degree N in y = % 18
N 1 N-1 5 N 1 N-1
H Y+ tm) *?Z#% (CTZk) H (Y + pm) T N2 (Y + tm) (32)
m=1 k=1 m=1;m#k m=1
whose zeros, i.e. solutions of pq (y) = 0, are the inverse eigenvalues /)21 p22, ce plN.

Proof : After computing the scalar product of the (unnormalized) eigenvector v; in (23) with the

resistance curvature vector p in (3), taken into account (19) and (20), we deduce that
N-1 2
_ L (1 SEAGE m)
- 2 2
20 2 1 ME + E N

that can be rewritten as (30), because any eigenvalue p; must satisfy (30), and further as (31) by

N-1
letting y = %. Finally, multiplying each term in k-sum in (31) with H (y + ) leads, after
m=1;m#k
some manipulation, to (32). O

11



6 Characteristic polynomials of the Laplacian matrix ()

N

After multiplying the partial fraction expansions in Corollary 1 by H (2 + pmpt), we obtain the
m=1
following characteristic polynomials for the eigenvalues of the Laplacian matrix Q:

Lemma 3 A characteristic polynomial of the Laplacian eigenvalues of degree N is

N N
W= 070" T @+ pmn) H 2+ pmp) o (33)
j=1 m=1;m#j m=1

while a characteristic polynomial of degree N — 1 is

N

Z uTo)* T @+ pmn) (34)
7j=1

m=1;m#j

whose zeros, i.e. solutions of pg (1) = 0, equal the Laplacian eigenvalues i1, pa, ... pn—1, in = 0,
while the zeros of pg (i) are the positive Laplacian eigenvalues pu, pia, . .. pin—1 > 0.

6.1 General properties of the polynomials pg (1) and pg (1)

The classical definition [12, art. 235] of a characteristic polynomial of a matrix A with eigenvalues
A1, A2,. .., Ay is the determinant c4(\) = det (A — AI), which can be expanded as a polynomial in A

of degree n,
n n

ca) = e =TT (=) (35)
k=0 k=1

[13 77

from which ¢, = (—=1)". We wrote characteristic polynomial in Lemma 3 due to the scaling of the
highest order coefficient ¢,,. Indeed, by the fundamental property of polynomials [12, eq. (B.1) on p.

402], the polynomial (33) can be written as

N N
po () =Y ar (@) p* =an (@) [ (1~ 1m) (36)
k=0 m=1
while (34) as . o
Po () =Y @ (Q)pF =an-1(Q) [ (n— pm) (37)
k=0 m=1

. 2
e (S igond | = S
j=1
that the evaluation for = 0 in (33) and (36) equals
1 1
_ 9N o2 | = 9N T 2\ _
pq (0) =2 52_: (n"v;)" - =2 <2p Qp—a)-()

12



and (36) indicates that

while (34) and (37) show

N
an (Q) = =0 [[ pm (39)
m=1
while for (34), we find
N , N N N )
an—1(Q) = Z (“TUJ) H Pm = H Pm Z - (“TUJ)
j=1 m=1;m#j m=1 j=1 Pj
N
=ul'Q 1ty H Pm

m=1

With uTQ u = 515 (see [12, p. 182]) or from (27) for u = 0, it holds that

202
1N
an-1(Q) = 292 H Pm (40)
m=1
N-1
Since ag (Q) = an—1(Q) H (—tm,), we find that
m=1
N-1 ~ - _
N-1 G0 (@) (=)NT!n2Nt
M’m - (_]‘) ~ - N
e an-1(Q) .
202 H Pm
m=1
N-1
Thus, the complexity £ (G) = % H m of a graph G, the number of all possible spanning trees in that
m=1
graph G, equals
N-1 N 2
1 2%0
£(G) = Nﬂnlﬂm =~ (41)
1T loml
m=1
and N1
_ 2N-

In conclusion, the definitions (36) and (37) show that both polynomials are related by

T an (Q)
po () =an Q) p [ (1= pm) = T ()P (W)

m=1

13



and (39) and (40) lead to
pq (1) = —20" 1pq (1)

(42)

Consequently, after introducing the series in (36) and (37) into (42) and after equating corresponding

powers in p, we find, for 1 < k < N, that the coefficients of the polynomials of the polynomials pg ()

and pg (p) satisfy
ar (Q) = —20" a1 (Q)

6.2 Computation of the coefficients a; () of the polynomial pg (1)

We write (34) as a product
2

N N ’LLU
ZH(2+ﬂmMZ J
7j=1

m=1 2+pj'u

N N (uTU.)2
and expand both H (2 + pmp) and Zj=1 o 22~ in a Taylor series around p = 0. First,

pjtt)
m=1

N N
H (2+pmu):2NH (1+p7mu>:2Ne m=1

m=1
— 9N, Zm 1 log(1+222 1)

00 (_1)7L71
n=1 n

Taylor expansion of log (14 z) =" a™ for |x| < 1 shows that

N N oo n— n 0o _\n—
-1 ) = 33 E (e 5 (U

n=1

1 d'g(p)
n! dun™

with Taylor coefficient g, = . equal to go = 0 and, for n > 0,

n2n Z o,

Invoking our characteristic coefficients s [k, m] in [10], the Taylor series

eI =1 4 i [i % sg[k:,m]] w™

m=1 Lk=1

n=

where the combinatorial form of the characteristic coeflicient

k
89[k7m] = Z ngi

Sk ji=mgi>01=1

N

> p

m=1

)

(43)

(44)

which also satisfies a recursion [11] that allows to compute all characteristic coefficients exactly. Hence,

we arrive at the Taylor series

N 00 m
H 2+ pmp) =2V <1 + Z [lesg[k,m]] ,um>
m=1 m=1 Lk=1
=N Z Z % sqlk, m}] T
m=0 Lk=0




where sy[k,0] = dgo = 1y} and s,4[0,m] = dom = 1{;m—0y and the indicator 1, = 1 if the condition x

is true, else 1, = 0.

Second,
R R N ) MR R R (-24)"
= = — u' v —=
j1(2+pj,u) 2;14—’)23# 2;( ])mZ::O 2

The corresponding Taylor series of the polynomial pg (1) is
2

N oo m
Z pUy . Z mll (TQmH)M

j=1 2+p3'u m=1

The Taylor series of the polynomial pg (1) is found after computing the Cauchy product,

P (n) =2V (Z [Z;lsg[k,m]] um> > (;7,32? (u" Q") p™

m=0 Lk=0 m=0
S SRR Y
N ~ T ym—j
m=0 \ j=0 k=0
Similarly, the Cauchy product leads to
N— N ( 1)m m— 2 m j—1 Jj+1 1
2 (T2 o7 1 L :
po (1) = —2 ( Q“p ,u+2 Z St oty _|_ Qm Jp) Z 75 [k, 7+ 1]
7=0 k=1
Fmally, after equating corresponding powers in y in the above and the polynomial form Zm_[l) am (Q) u™
n (37), we arrive, for 0 < m < N — 1, at
SISty :
~ _ gN-—1 - ul
i (Q) =2V71 ) (uT Z
j=0 k=0

which we rewrite, by splitting-off the j = 0 term and using s,[k, 0] = dxo and s4[0, m] = dorm, as

~ _ 2N—1 (_1)m TQm 2N 1 )m_] TQm ] ! 1 45

am (Q) = S (v ) + Z e ). 715 (45)

7j=1 k=1
Similarly, beside ag (Q) = 0 and a; (Q) = —2V—2 (pTQQp), we find the coefficient a,, (Q) of the
polynomial pg (p) in (36) for 2 <m < N as
(_1)m m—2 (_1)m7_771 Jj+1
j=0 k=1



Invoking a,, (Q) = —20%a,,_1 (Q) in (43) yields that
Pl Q"p = dotuT QM 2y (46)

which holds for any complex number m as follows from the eigenvalue decomposition.

We compute the polynomial coefficient a,, (Q)) for a few values of m. First, if m = 0, then
ag (Q) = N2N-1
If m =1, then
—1 1 N
i (Q) = 27158 () + 2771 (uTu) s, [1,1] = ~2¥1Rg +2¥INE 37,
m=1

and, since Z%:l pm = 0, we find
a1(Q) = —2"""Rg

We can further compute® any other desired value of m symbolically by the recursion of the characterstic

coefficients. As an example, we list

N
a2 (Q) = 2V 3uT Q2 — 2NN Z P2,
m=1

N 2N74 N
a3 (Q) = 2V T Q%u 4 2V Re Z P2, + TN Z 3,
m=1 m=1
N N 2 oN—4 N N
~ _ _9N—5 T4 N—-6, T2 2 N-8 2 3 N-T 4
a4 (Q) = 2" 7w Q*u+2 uQumZ_:lpm—i-Q N(ﬂ;pm> ~- 3 Rgmz_:lpm—2 Nmz_:lpm

7 Characteristic polynomial of the effective resistance matrix (2

By definition [12, art. 291] of a polynomial of degree N, the characteristic polynomial in (32) equals

N N
po ) = ar (@9t =an @) [[ (y - j) (47)
k=0 m

m=1

The first term in pg (y) in (32) is a polynomial of degree N in y = %, while the other terms contain
polynomials of degree N — 1 implying that ay (©2) = 1.

7.1 Basic deductions from (47)

The coefficient ay_1 () of yV 1 is thus

1 2 1
an-1 () = Z Hm — 102 #% (CTZk) ~ No2
m=1 k=1
N
1 /1 1
=D Hm— <4CTQ2C + N)
m=1

"We add that, based on the coefficients @, (Q), that the algebraic connectivity unx—1 can be expressed as a Lagrange
series (which is explicitly listed in [12, (B.68) on p. 459] up to order 5).

16



Relation (51) and 2%21 pm = 2L (see e.g. [12, art. 105]) shows that
T

1(Q)=2L - —-

an-1(Q2) = -2

The Newton identities [12, art. 294] indicates that the coefficient ay_1 (2) = — 22:1 Ym = —2 22:1 p%ﬁ
leading to

S Lo (pr) (1)

m=1 pm
N
N
Furthermore, pg (0) = H <—plm> = — N2 . Recalling that uy = 0, the characteristic polynomial
m [T en!
m=1

n (32) shows that

pa (0) = NO_QHMm

Equating both expressions for pq (0) again leads to the complexity £ (G) formula in (41). The compu-

tation of the coefficient ay (Q) = ’i' d S;’(y) . for k = 1 leads, after equating the two different ways,
y:

to the definition (4) of o2. After tedious manipulations, the computation of the coefficient as () leads

to N
-1
RG

st oN¢T¢ (49)

+2—=

N
> o =4

2
m=1 m=1"m

7.2 Computation of the coefficients ay (§2) of the polynomial pg (v)

We mimic the method of Section 6.2 to compute only the coefficients a,, () = % dw;’; 2 (y)

integer 0 < m < N and write (32) as

N—1 N—1_ 9 /7 \2
B 1 yuz (¢Tz) 1
pa (y) = gl (y + pim) <y 402 ; [k +y No2

N-1 N-1
We expand the product H (y + fim) H m, H ( ui)’ using our characteristic coefficients

m=1 m=1

’ for any
y=0

with

N—-1 00 N—1
—1lo i _ (_1)n 1 n
_lg}__[l<1+um> Z( - Z )y

n
n=1 =1 Pm

into a Taylor series around y = 0 in terms of the complexity & (G J{, H Lo

N-1

m:l

17



The Taylor series of the partial fraction expansion is

1

yMk:CZk) 1 — ro\2 1 n+1
Fy) = *722 (1+ ) " NoZ — 022 ; Czk) 1| Y T N2

k=1 My
Nl ;HU+ 3 (CTC — (CTZN)Q) y? — 4;“2::2 (-1)" (CT (QT)TH C> y"

where the spectral decomposition [12, eq. (4.30)] of the pseudoinverse of the Laplacian Qf = Z e 1 o zkz;{
has been used. Denoted as F (y) = Y .2, Fny", the Taylor coefficients are

RQ
Fo=—gbs Fi=1 F=g5({C-1%)

F= o (e (@)")

Executing the Cauchy product results in

po (y) = NE(G) Y [Z % snlk, m]] vy Fuy”

and for n > 2,

—

Equating corresponding powers in y in the above and (47) finally yields, for 0 < m < N, the general

expression of the coefficients

m J
am () = NEG) | Fnit 3 s ks ] (50)
j=1 k=1

Again, as an example, we list

ap () 1
G o?
al (Q) RG

= N _
€@ TN
@ _ _po 3Re  NCTC 1SS 1
¢(Q) “TUN22 T 402 202 — w2,

N-1

a3 () _ RE SRy (¢ ¢"Q'¢ (N  Rg 1
£(G) 2N+ 12N302 He “ 402 -y 402 * +2N02 zzzl,um 02 Z

8 Eigenvalues

8.1 The eigenvalues of the effective resistance matrix )

For p > 0 and for a 51mplex-a1titude vector ( # au not proportional to the all-one vector u, the

sum S (p) = 3 Zk 11 % > 0 in (30) in Corollary 2 and S (p) decreases monotonically in p

18



towards zero at p — oo, implying that S (0) = 4Zk L (CTzk)2 > S(p) > 0 = lim, .o S (p)
and the eigenvalue equation (30) shows that there exists only one positive eigenvalue p; > 0 at the
crossing of the bisectrice, i.e. the straight line at 45 degrees with the p-axis, and S (p). It follows from

Zk 1 1 zpzl for a positive real m that S (0) = 2¢7TQ%*¢ =% |QC||3. The definition (3) of the

resistance curvature vector p = §QC + & shows that

1 1
T 2 T H2
= Ipl? =~ - 51
pp=lplly =3¢ Q¢+ 5 (51)
The right-hand side of (30) for p = 0 equals, with o2 in (4),

202 202 (TQCH+ 2RG

1 Ek 1 Mk (CTZk>2 + N ||pH2 4CTQ2C + N

Hence, we conclude that the largest eigenvalue satisfies the lower bound

pl>2<u Hz>2 (52)

while an upper bound follows from lim, .o, S (p) = 0, so that (30) becomes
p1 < 202N (53)

The lower bound (52) also follows from the Rayleigh inequality [12, art. 251], stating that %JTTiﬂf <p
for any vector w and that equality only is achieved if w = v, the eigenvector of {2 belonging to
eigenvalue p;. If w = p and recalling, as mentioned in the Introduction (Section 1), that p? Qp = 202,
then the Rayleigh inequality indicates that p; > 2" . Finally, (23) shows that, generally®, p # vy, else
all v; would be zero. Hence, the strict mequahty in (52) is demonstrated for non-resistance regular
graphs, where ¢ # £ S u.

By Taylor expansion of (31) in w = y + p; around w = 0, a tedious computation (neglecting’
O (w) terms) shows that

~1
2
pi<—2 14 s (¢7%)
J 2
; 1 N-1  p2(¢Ta)
Hi 4<U2+Nj>_2k:1;k:;£j T

which improves upon the estimate of Theorem 1.

For p < 0, it is instructive to rewrite eigenvalue equation (31) as the function

N—-1 o /.T 2
P 1 K (C Zk)
f(p):20-2_7_7z 2
N2 et P
Since Nt )
df(p) 1 wi (")
N 5 <0
dp N k=1 (pﬂk + 2)
6Only in resistance regular graphs, where ¢ = 2 u, then p= & = Jlﬁ

TIf we neglect O ( ) then also an analytic result as roots of a quadratic polynomial can be found, which is, however,

unwieldy and omitted.
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the function f (p) is monotonously decreasing for all p. The sum, which equals pS (p), possesses poles
at p = —i—k and the sum S (p) travels from oo to —oo between two poles (at which f(p) has an
asymptote, i.e. vertical line), illustrating that between those poles, there is a zero of the function
f (p), in agreement with the inter-lacing Theorem 1 and implying that there are N — 1 real, negative

zeros (i.e. eigenvalues) of the function f (p).

1

p)
Brts

Largest eigenvalue p; For large p, the Taylor expansion of the function f(p) is, using

Ly (—l>m i valid for

—‘<1f0rany1<k<N—1

pi £=<m=0 K
N-1 o) m
p 1 T N\2 2 1
R R WA I C
N2 mo \ K/
b1 N-1 N-1 )1
2 T T
ZQU—N—§ . (¢ Zk)+Z(C Zk:);
k=1 k=1
0o N-1 T 2
_ _ z 1
m=2 = Mk P
. TPUN T T T T (¢"w)’
Using spectral decomposition, i.e. 3 Zk 1 Mk (( zk) C QC¢, (( ) = (—~x— =

" (70) and, for m > 1, Zk (imZkf =7 (Q )

2 00 -1 m—1 2m—1 T + m—1
ﬂm:—§+a<ﬁ—iHQQ+<Hr—C?));+§:() e

m=2

Invoking the definition (4) of 0% leads to the Taylor series of f (p),

2 ® (1 m—1 2m—1 T + m—1
f(p)=—]@+ivj"2§’+<cTc—(Ij\,G>>;+Z( ) pnf @) ¢ (54)

m=2

Since 0 = f (p1) and py

(54), ignoring the O (%) contribution, is f (p) ~
< o+ 2RG> and leads to the estimate p; ~ 2’% which is rather weak, because the bound p; > 21@

holds [12, (5.33)]. After ignoring =2 QT<+ @) ( ) terms, which are negative for sufficiently large p,

the Taylor expansion (54) becomes

p  2Rg . 1 (Ra\?\1
f(p)g_N—FN?—i_(CC_N(N))p

2RG Rq 2

2 T

p— N p—

PP ( ¢ ¢— ( N )

with roots p+ = RG ++/N¢T¢. The smaller root p_ ~ 3¢ — /N(T( violates the condition p >
but the largest root

MNl

R

PSS+ VNCTC (55)
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T(O1)?
seems an accurate upper bound, sharper than (53). After ignoring w +0 ( ) > 0, we have

2R 1 (Re\?\ 1 207Qf¢
f(P)<—][\)[+NQG+<CTC—N<A?>>p— 2

a lower bound

which translates to a cubic polynomial in p,

P’ - 2§G2 <NCTC (%))MQNCTQTC:O

Cardano’s solution, that is involved and here omitted, can be symbolically computed. Increasing one

order,

N

Fo)> =5+ 5 +
p p? p?

2 T it 4¢T )2
v 2R (cTc—l <RG>>1_2< Ql¢ , 4" (Q1)¢

is again an upper bound, that results in a quartic polynomial in p,

Pt - 2§G3 <N<< ( )2>p2+(2N<TQT<)p—4N<T(Q*)2<=o

the last polynomial whose exact zeros are still generally possible to express in closed form (e.g. by
Mathematica).

Smallest eigenvalue py We aim to find the smallest eigenvalue py < 0 and we consider f (— |p|),

which is strict increasing in |p|,

N-2 9 /.T 2 2 T 2
_ — 952 |p| B 1 K (C zk) - 1#]\[,1 (C ZN_l)
f(=lpl) =207 + 5 )

T 2 ,UN—I—‘%

For large |p|, (54) illustrates that

which leads, for |p| > #N%, to the estimate

2Re 14, (¢"ava1)”

Felph =l 2 1 ;
N Nz 2 HN—1 = 1o

The solution f (—|p|) = 0 then approximates — |py|. Thus the positive zero of

2
lpl | 2Rc 1#%\/71 (¢Tzn-1) o =0
N~ N* 2 pn-qlpl—2

is

HN-1 HN-1 Npun-—1

2 2
e = 2 N (Tav)” + \/(2 — 2+ §Nun— (CTZN—l)Q) + oG
Pl = 9
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Hence, our estimate for the smallest eigenvalue py of the effective resistance matrix € is

1 Re 1 T 9 1 Re 1 2\?  4Rc
~ _ B I Nun D2 - LN N
PN <,MN1 N T Ve 1 (¢ anot) ) \/<MN1 ~N Ve 1(¢T2n-1) > + N

(56)

which is a sharp estimate, slightly upper bounding the exact eigenvalue py (i.e. lower bounding |px|).

Since p1 = — Z;VZQ pj, the upper bound (53) implies that all eigenvalues of € lie in the interval
[—202N , 202N ], but a more precise determination of the interval [py, p1] is obtained with the upper
bound (55) for p; and the accurate (56), although (56) is an upper bound, while a lower bound would

have been “safer”.

8.2 The eigenvalues of the Laplacian matrix @)

2=y (p7v;)’

Similarly as in Section 8.1, we define from o* = =12
rj

in (26) the monotonously increasing

function in pu,

satisfies

Similarly as the transformation of the partial fraction (28) into the quadratic form (29), we find
hp)=o0®—p" (ul +2071) 'p (57)

For example, if g = 0, then (57) simplifies to

1
h(0) = o2 — §pTQp

Since 202 = p’' Qp, we find h (0) = 0 and, indeed, ;= 0 is an eigenvalue of the Laplacian Q. Thus,

we can reform (57) as

KT o
h = —
For large p, it holds that lim, oo h (1) = o2. Without poles on the positive real axis, the function

h (1) increases continuously from 0 to o2. However, at p = —p% for an integer k satisfying 2 < k < N,

the function h (1) has a simple® pole at which h (i) switches from +oo for u = —p% — ¢ to —oo for

W= —p% +e¢ for arbitrary small € > 0. The increasing nature of h (1) indicates that h (x) can only have

one zero in the interval | —2, ——2
Pk Pk+1

=0 until A (u) >0 for p < —p%. At p= —p%, the function h (u) switches from +oo for p = —3—2 —€
2

to —oo for pu = —p% + ¢ and € > 0 is arbitrary small. Hence, h () can only have a zero for p > —

implying that the algebraic connectivity uy_1 > —p%, which is in agreement with the Interlacing

). For example, the function h (u) increases from h (u) = 0 at

Theorem 1.

8Recall that we assume simple eigenvalues.
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8.2.1 Estimate of a Laplacian eigenvalue

We write )
(p"or)” _ (PToks)
h (M) =Tk ( ) - T 2 T 2
K Pk K Pk+1
where
k—1 T 2 N T 2
_ 2 (" v)) _ (" v))
me (i) =0 T2 > T2
j=1 K Pj j=k+2 K Pj
2 2
pop QF (P"ve)” (P vrr1)
P \Tar1)PT z 2
2 p+ Pk p+ Pr+1
is regular at any point u in the interval [—p%, —pkil}. Moreover, 7 (1) is a positive, strict increasing

function in p, so that 0 < rg <—p%) <rp(p) <rg (—ﬁ). The zero u* € (—p%, —mil) satisfies

T, \2 T 2
Tk (B°) — (]i Uk)2 - (p* UH;) =0
¥ o Mo

T, \2 T 2
where — (p* vkg) <0 and rg (p*) — (p*v# > 0 and which is equivalent to
Y T

re (1) (u* + 2) (u* + 2) — (p"or)” <u* + 2) - <u* + ;) (PTvksn)’ =0 (58)

Pk Pk+1 Pk+1

— * 2
Let y=p +pk,then

2 2 2 2 2 2 2
Tk (y— >y <y+—> — (p" v <y+—> —y (p" k1) =0
Pk Pk+1 Pk Pk+1 Pk

After simplification, we find the quadratic equation in y,

2 2 2 2 2 2
Tk <y - ) y2+{7“k (y - > ( - ) - (pTUk)2 - (PTUk+1)2} Z/—(pTvk)2 ( - ) =0
Pk Pk Pk+1 Pk Pk+1 Pk

. 2 . 2 2 . . _ 2 l
Since (y — E) does not contain a zero for y € [O, i + p—k} , we arrive, with d, = e +5- > 0
at the quadratic equation in y

2 (pTUk)2 + (pTUk+1)2 T 2 Ok
y©— 0k + y+ (o) ———< =0 (59)
2 2
" (y—p?> "k (y—p:)

with roots

2
<5k + (pTU’“)2+EpZ”k“)2> + <5k + (pT”k)2+(_PT2%+1)2> _ 4(p<Tv_k)225k
T’“<y Pk) T’“<y Pk) Te\Y Pk)

Y+ = 5
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Since 7 (y — p%) >01in [O, S l}, the discriminant

Pk+1 Pk
o)’ + o)’ 40 )
A:5k+pk D Vk+1 _pkk
n(y—2) n(y—-2)

T 2 T, \2 2 T, \2( T 2
(pTvks1)” — (pTor) n 4 (pTvk)” (pTvk41)

IR

is positive and the quadratic equation has two positive zeros,

= | & +

2
<6k + (pT”k)QJr(pTUkH)z) + <5k + (pTUk+1)2_(pT”k)2> + 4(pTv)* (PTv11)°

ne(v3) ) 2(-2)
B 2
It remains to determine the zero lying in the interval [O,ék = _Pk2+1 + p%} It holds that dp +
T, \2 T 2 T 2 /o1, \2
(r"v) (+(p2vk+1) > dp, but 0 + (CRTSEY gp) o) can be smaller than &g, in which case there are
Te\Y ™ 0p Te\Y 5,

two zeros in the interval, which is not possible. We are certain that the minus sign always lies in

[0,0%]. Hence, we translate back with y = p* + p% to

(pT”k)2+( T”k+1)2 _ (PTvis1)’ = (T vp)* 2 4(pTor)” (P vis1)’
. 2, (5k+ 0 (5k + (1) ) + HO
/’[/ _

Pk 2

which is a kind of self-consistent equation in p*. We now invoke the bounds r <—p%) <r(p) <

T (— 2 ) and arrive at
Pk+1

2
<5k + (pTvk)2+(pTvk+1)2) B <5k N (pT’Uk;+1)2_(pT'Uk)2> N AT o) (P vp 1)
2 2 2
.2 n(-) n(-2) 7(-%)
n < —; + 5 (60)
2

and

2
S + (pT”k)2+<pT”k+1)2 _ 5y, + (PTv11)° (T vp)* + A(pTor)” (PTvp41)’
2 2 2
s -2 T’“(_”kﬂ) ' ’”’“(‘ﬂm) rk <_ ”k“) (61)
Pk

Numerical results indicate that the upper (60) and lower bound (61) are quite tight and improve
the bounds of the Interlacing Theorem 1 A slightly easier, but less accurate estimate of a Laplacian
eigenvalue p* is obtained, for y is small by ignoring 32 in the quadratic equation (59) leading to the

inequality,

(p"vr)” + (P vk41)”

2f-3)

2 1)
y+ (pTvk) S S—— —%2 <0
k Pk

— <0+
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from which )
C)

ne(v=7)

(T o) +(pTvrs1)”
5k -+ 5
Te(Y— 5

Yy < Ok < Ok

8.2.2 Lagrange series for a Laplacian eigenvalue p

We can proceed further to compute any Laplacian eigenvalue p in the interval [—%, _Pk2+1

desired accuracy via Lagrange series. First, the exact Taylor expansion of 7 () around py, different

} to any

from a simple pole, is

0o N T 2
e (1) =i (o) + > (1) > 2(j)m+1 (1 — po) (62)
m=1 j=LjA k1) <,7j + Mo)

that converges for | — po| < mini<j<ny ‘ (% + ,uo) | Second, we introduce the Taylor series (62) into
the quadratic equation (58), which results in a new Taylor series 7, (1*) = > 7 o (7% (10)),, (" — po)™
with Taylor coefficients (7 (po)),,, of the function 7y (©*) = w. The Lagrange series for the inverse
function p* = (7,) " (w) around g can be computed symbolically to any finite desired order via our
characteristic coefficients [11], [12, p. 459]. The Laplacian eigenvalue p is a zero of 7 (1) = 0 = w
and the Lagrange series for inverse function p = (?k)fl (0) around pp converges around g, provided
that ug lies sufficiently close to ux. The art lies in finding an expansion point pg that lies sufficiently
close to a Laplacian eigenvalue uyg, so that the Lagrange series converges fast enough. Since the lower
(61) and upper (60) bound are numerically close the zero p, by choosing expansion point py equal to
the lower bound for (61), we expected a fast converge of the Lagrange series. We have not further

explored this route because the method is numerical.

9 Sum of quadratric forms and the trace of matrix

We insert here an intermezzo. It follows from p = Zszl (pTvk) vy, that pTp = Zjvzl (pij)Q. Using
(72) in Appendix B leads to

Comparison with (48) indicates that the number of links in the graph G equals
| N
L= B Z 'UJTQU]' (64)
j=1

Since L = %Zj\le d;, where d; is the degree of node j, it might be suggestive to propose that
d; = vaij, which is unfortunately not true. However, if [z] denotes “rounding up to the nearest
integer”, we found numerically that [U{Q’Ul] = 0, while {v;prvj} for 2 < j < N is close to a degree in

the graph G within an error of +1.
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We now show that formula (64) is an instance of a more general property of the trace of a matrix.

Indeed, we rewrite

v;‘»Fij = trace (VTQV)

M-

7=1
and we apply the cyclic permutation property of the trace-operator [12, eq, (4,15)],

trace (VTQV) = trace (QVVT)

Since V is an orthogonal matrix that satisfies VV7 = I, we obtain trace(VTQV) = trace(Q). The

general relation between a sum of quadratric forms and the trace is

Theorem 4 Let X = [ 1 Ty - XN ] be an n x n orthogonal matriz, which satisfies X7 X =
XXT =T and let the n x 1 vector x; contain as components the column j elements of the matriz X .

Then, for any n X n square matrix M it holds that

n
Zx]Tij = trace (X" MX) = trace (M) (65)
j=1

where the quadratic form is x?ij =D 1 2oy g (), (x5),-

Another direct proof of (65) follows from the second orthogonality relation Y7 (), (z;); = On
in [12, eq. (A.126)].

Example If the orthogonal matrix X is the eigenvector matrix of an n x n symmetric matrix A
and x; is the normalized eigenvector belonging to eigenvalue \;, then (65) reduces to the well-known
eigenvalue formula [12, eq. (A.99)]

n
Z Aj = trace (A) (66)

j=1
Example Another example of Theorem 4 than (64) applies to R—]\f = N trace (QT) as
N-1
Rg=N Z :BJTQij
j=1

If we choose x; = z;, for which zTQsz = i we find the known instance of (66), Rg = N .7
If z; = vj, then we find Rg = NZ] 1 UTQT’UJ

.]1#]

Example For any set {z;}, <j<n of eigenvectors of a symmetric Laplacian matrix, and not only
for the Laplacian @ associated to the graph G, (65) becomes 37 z; TMz; =trace(M). Since the
eigenvector z, = ﬁ belonging to eigenvalue p, = 0 for any n X n symmetric Laplacian matrix, we
find that

n—1

uT
M
trace (M) — Y= Z zTsz (67)

where u’ Mu = ZZ 12 _, m;j equals the sum of all elements in the matrix M. For example, if M
is the effective res15tance matrix €2, whose trace(2) = 0, then (67) reduces, with the effective graph

resistance Rg = TQu to

— =— 210z, (68)



If we choose for {z;}, <j<n the Laplacian set of eigenvectors of the cycle graph, whose orthogonal
matrix is the Fourier matrix [12, p. 196], then (68) provides a discrete Fourier type of expansion of the
effective graph resistance, where z; belongs to the k-th largest eigenvalue ui, which can be associated
to a frequency” of a signal. We refer further to the graph signal processing community for these kind
of expansions of signals. Similar for the adjacency matrix A¥, whose trace (Ak) = W}, is the number
of closed walks with k hops and u” A*u = N}, is the number of walks with k hops, (67) simplifies to a

spectral decomposition in the basis of Laplacian eigenvalues of any other graph on N nodes

which simplifies for k = 1 to the average degree

97, N-1
7=1

For the Laplacian @ of the graph G, for which trace(Q) = 2L and Qu = 0, (67) gives us

N-1
2= 50

j=1

where {Z;}, <j<n AT€ the Laplacian eigenvectors of a graph G. Only if G = C:’, then %;FQZ]- = 1, which
reduces to an instant of (66), see e.g. [12, Eq. (4.7)].

10 Conclusion

Given the spectrum (i.e. eigenvalues and eigenvectors) of either the effective resistance matrix € or the
Laplacian matrix @ of a graph G allows the computation of the spectrum of the other matrix. Hence,
there is a nice one-to-one relation, which is, unfortunately, not existent for the adjacency matrix and
the Laplacian. Several new formulae, e.g. those in Theorem 2 and 4, Corollary 2 and 1 and several
bounds on eigenvalues in Section 8, are derived from the one-to-one correspondence between €2 and

Q. Finally, we improve the Interlacing Theorem 1.
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A Double orthogonality of the row and column vectors of the or-

thogonal matrix C in (25)

Orthogonality of a matrix implies double orthogonality [12, art. 248] in its corresponding column

vectors, which applied to the matrix C in (25) implies that

N-1
T (k5 (¢ ZJ)) 1
Vjy U, = QpQ + | =0
B "\ S @+ peng) @+ pmpg) - N "
and for the row vectors
N o2
T T J
g (Ch2k) o (C 2 = Opm for m # N
(€ s (o) 2 G gy~
T N 2
“’“CZ’“Z —Ofork#N
+pjﬂk

Jj=1

In the sequel, we prove both orthogonality relations. First, for the columns of the orthogonal matrix

C, partial fraction expansion yields

w‘?

L ty
BT o) Bt )~ (o= ) @ p52) | (o= ) @+ ped) (69)
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so, for k # m,

pk N-1 2 Pm Nl

/’LJCZ]

PIRCI TR
(2 + prpy) Pk_,om = (2+ pmpi;) N

v,{vm = Qi

M

pk - pm =1

Each eigenvalue p,, obeys the eigenvalue partial fraction (31)

T
pm ,"[’] C z] 2 pm
=20° —
Z Pmptj + 2 N

Jj=1

showing that U,::vm = 0.
Similarly, for the rows of the orthogonal matrix C, partial fraction expansion

Hi Hm
1 2 2

@+ o) @+ i) (i — i) @+ p157)  Cton — 1) 2 i)

yields

N 2 u

D

= 2+ pjux) (2+pj#m) (Mk_ﬂm

Hm N a2

N
2 i
; 2+ukpg ) ; 2+ fimp;)

and the eigenvalue partial fraction (28) shows that the right-hand side equals zero.

B The resistance curvature vector p

It seems interesting!® to determine the sign of the components of the resistance curvature vector

p = (p1,p2,...,pn). We derive several decompositions of the vector p, apart from
1= u
= — T _
P=3 g_l (i€ 2i) 21 + N

which directly follows from the definition p = Q¢ + & in (3) and spectral decomposition Q =
PN

B.1 Signs of scalar products

T,
(a) We use pTv; = 202% in (11) into p = Zjvzl (pij) vj, then

p =20

uT’L)1 N UTU'
= 2072 v — 202 Z J v
P1 =2 |95
Thus, only if j = 1, the sign(pTvl) = sign(uTvl) > 0 else sign(pij) = - sign(uij). Introducing

the definition p = Q¢ + % in (3) shows that

_ Lo,
— 5¢"Qu

0Private communication with Karel Devriendt.
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and (11) then indicates that

2 1
s (1)

The upper bound 21%2 > % in (53) illustrates that sign(CTQvl) > (), while sign (CTQ’U]') = — sign (uij)
for 2 < j < N.

(b) Combining 7% p’v; = u’v; in (11) and (pj — —) uTv; = N¢Tvj in (12) shows that
Lite 27 S Y
<Pj - N) pj =20 Npij

We deduce for any 1 < 5 < N that sign(Cij) = sign(pij)

also equals

’U::O

The solution of the quadratic equation is

Rg Rg CT
==\ (o) 2PN
Pi= 9N \/<2N> pTo;
CT

Since pTZJ: > 0, only for j = 1 we must choose the positive sign, while for j > 2, the negative sign.
J

Rg Rg\® o CT1
1= 2N+\/<2]\7> + 20 NpTvl

R¢g To;
L = 292N J =
& \/(2N) * pTv; +3 N

B.2 Decomposition of p in the basis of eigenvectors of ()

Hence,

and, for 2 <j < N,

We further derive expressions for the scalar product v,{p. Left-multiplying the first quasi-eigenvalue
equation (9) by v}
2 2 (u'v;
Vi Quj = ——vlv; + uv,{p
Pj Pj

leads, after invoking orthogonality of eigenvectors vgvj = Ogj = Lyp—j}, to

oTp— PI% QU | L)
k 2(whvj)  ulv;

Thus, if k£ = j, then the scalar product is

1. .7
T 2PV Quj +1
=223 7 70
vj p T, (70)
else
pivE Qu;
vip =S (71)

2 (uTvj)
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Either after using (11) in (71) and (71) or after left-multiplying the second quasi-eigenvalue equa-
tion (10) by vf, that leads to

2 1
T T T
v Quj = ——vi v+ —5 (07 v;) (v p)
Pj g

we obtain, for k = j,

(70" = o* (vF Qo+ 2 ) (72

j
else

1
Q= 5 (57 (o) (73

Equation (73) determines the sign of pij and p’v, in relation to that of v,{ij.

The positive semi-definiteness [12, art. 102] of the Laplacian Q states that 27 Qz = 3", (2+ — z-)? >
0 for any vector z. Thus, the quadratic form UJTQUJ' > 0 is non-negative for any eigenvector v; of the
effective resistance matrix 2. We know [12, p. 181-182] that the resistance curvature vector p is the

eigenvector of the matrix Q€2 belonging to the zero eigenvalue.

Lemma 5 The resistance curvature vector p is not an eigenvector of the effective resistance matrix

Q of a non-resistance reqular graph.

Proof: The condition vap = 0 for a certain integer k implies, by orthogonality of the eigenvectors
vavj = 0y;, that the vector p must be an eigenvector of the effective resistance matrix 2 belonging
to an eigenvalue j # k. It suffices to show that vap = 0 is not possible in a non-resistance regular

graph. For a non-resistance regular graph, the condition that v]Tp = 0 in (70) or (72) implies that

pj = —%QU < 0, which is only positive if j > 1, because then the eigenvalues p; < 0. It also means
J J
that UjTQUj = —p%. = UJTQUJ‘; which is only possible in “resistance regular graphs”. Alternatively,
T . . . . . T _ . . _ _
vpp = 0in (71) is only possible if v, Quv; = 0, which means that either v;, = \/LN or vj = \/“—N The
latter is, again, only possible in “resistance regular graphs”. O

Since the vector p can be written as a linear combination of the eigenvectors of the effective

resistance matrix €,

N N
T T T
p=>_ (To)ve = (0] p)v;+ D> (p"or) vk
k=1 k=1;k#£j
we obtain, for any integer 1 < j < N, the decomposition of the resistance curvature vector p in the
basis of eigenvectors v1,vs,...,VN,
1, .7 N
5pv; Quj + 1
p= » T, vj + T Z Uk QUJ (74)
u' vj (uT'vy) Tt
Since p1 > 0 > pa, it is convenient to choose j = 1 and (74) becomes
pP=\"77F——|U1T5 7 Vg, V1) U
ul'vy 2 (uTvy) = K

S %plva'Ul‘i‘l

where the prefactor o and y are positive, because the Perron-Frobenius Theorem [12,

P1
2(uTvy
art. 269] of non-negative matrices states the components of the principal eigenvector v, are all positive

in a connected graph G.
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We end with the computation of we vZanvj for any positive real [ with (15),

1+l CTZk)

Qv =«
’ jz 24 pjte

2 HE

Then, with vl z, = 4»2—

- (uTvm) (¢T'21) from (21), we find that!!

Pm

- ; N-—1 2+l (CT )
'y = (o) s 3 G

N-1 lu‘k(C Zk)2 > 0 bCC&USC (’U,TUJ) o = aj > 0 a,Ild that Wlth (64)

"For m = j, it follows that v] Qu; = (uTv]) E=1 o)
Pk

N N-1

N 2
=3 e =350 " ) ()

j=1 2+pjnu’k?)

32



