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Lq dq dexqgdqw dprxqw ri uhfhqw duwlfohv rq qhwzrunlqj/
dxwkruv ihho wkh qhfhvvlw| wr xvh ru wr lqwurgxfh wkh frq0
fhsw ri Txdolw| ri Vhuylfh +TrV, dv d mxvwl�fdwlrq iru wkhlu
zrun1 Dq|erg| idploldu zlwk qhwzrunlqj nqrzv krz lqwul0
fdwh TrV sureohpv duh dqg krz ihz sursrvdov uhdoo| frq0
wulexwh wr wkhlu vroxwlrqv1 Vlqfh wkh lqwurgxfwlrq ri TrV lq
DWP derxw whq |hduv djr/ wkh TrV sureohp vhhpv wr kdyh
vkliwhg wr dqg shqhwudwhg lq wkh Lqwhuqhw/ zkhuh/ lqlwldoo|/
wkh pxowlsoh sdudphwhu TrV sureohp zdv devhqw1 Wklv du0
wlfohv dlpv wr hqkdqfh wkh xqghuvwdqglqj ri wkh hqg0wr0hqg
yduldwlrqv lq TrV txdol�huv vxfk dv ghod|/ mlwwhu dqg sdfnhw
orvv1 Wkhvh TrV txdol�huv fdq eh dujxhg dv ghshqghqw
rq wkh qxpehu ri urxwhuv wudyhuvhg vlqfh prvw ri wkh TrV
ghjudgdwlrq rffxuv lq urxwhuv +dsduw iurp preloh qhwzrunv
wkdw vx�hu iurp dqrpdolhv ri wkh wudqvplvvlrq phglxp vxfk
dv idglqj/ uh�hfwlrqv/ hwf1,1 Khqfh/ zh frqvlghu d jrrg xq0
ghuvwdqglqj ri wkh glvwulexwlrq ri wkh krsfrxqw/ gh�qhg dv
wkh qxpehu ri wudyhuvhg urxwhuv dorqj wkh vkruwhvw sdwk eh0
wzhhq d vrxufh dqg ghvwlqdwlrq/ dv d �uvw vwhs wr hvwlpdwh
hqg0wr0hqg TrV ehkdylru1
Shukdsv wkh ghwhuplqdwlrq ri wkh krsfrxqw lq wkh Lqwhu0

qhw fdq eh uhjdughg dv rqh ri wkh vlpsohvw phdvxuhphqwv
gxh wr wkh odujh dydlodelolw| lq xql{0nhuqhov ri wkh wudfh0

urxwh xwlolw|1 Xqiruwxqdwho|/ dv vkrzq lq ^6`/ suhflvh dqg
uholdeoh ghwhuplqdwlrq ri wkh krsfrxqw vhhpv ohvv reylrxv1
Lq dgglwlrq/ xs wloo qrz/ qr xqghuo|lqj wkhruhwlfdo prgho iru
wkh glvwulexwlrq ri wkh krsfrxqw lv nqrzq1 Khuh zh suhvhqw
d prgho iru wkh krsfrxqw dqg ghprqvwudwh wkh dssolfdelo0
lw| ri wkdw prgho wr wkh Lqwhuqhw e| looxvwudwlqj wkdw wkh
glvwulexwlrq +4, srvvhvvhv wkh uhpdundeoh surshuw| ri do0
prvw vxuh ehkdylru1 Wkh odwwhu lpsolhv wkdw +4, ihdwxuhv d
kljk ghjuhh ri urexvwqhvv1
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Suhylrxvo| lq ^9` dqg ^:`/ zh kdyh suhvhqwhg dq dv|ps0
wrwlf h{suhvvlrq +4, iru wkh suredelolw| ghqvlw| ixqfwlrq
+sgi, ri wkh krsfrxqw ri wkh vkruwhvw sdwk ghulyhg iurp
udqgrp judskv +vhh h1j1 ^5` dqg ^8`, ri wkh fodvv Js+Q,
zlwk h{srqhqwldoo| ru xqlirupo| glvwulexwhg olqn zhljkwv1
Wkh fodvv ri udqgrp judskv Js+Q, frqvlvwv ri doo judskv
zlwk Q qrghv lq zklfk wkh olqnv duh fkrvhq lqghshqghqwo|

dqg zlwk suredelolw| s1 Khqfh/ s @ 5H^O`
Q+Q�4, lv olqn ghqvlw|

zkhuh O lv wkh +yduldeoh, qxpehu ri olqnv dqg s+Q � 4, lv
wkh dyhudjh qxpehu ri olqnv shu qrgh1 Lq rughu wr frpsxwh
wkh vkruwhvw sdwk ehwzhhq wzr qrghv/ wkh zhljkw ri hdfk
olqn pxvw eh vshfl�hg dqg h{srqhqwldoo| glvwulexwhg olqn
zhljkwv +zlwk phdq 4, kdyh ehhq fkrvhq lqlwldoo|1 Xqghu
wkhvh prgho dvvxpswlrqv/ zh kdyh vkrzq wkdw wkh glvwul0
exwlrq ri wkh krsfrxqw fdq eh zhoo uhsuhvhqwhg e| wkh glv0
wulexwlrq ri wkh ghswk lq d xqlirup uhfxuvlyh wuhh dqg wkdw
lw lv jlyhq/ iru odujh Q> e|

Su^kQ @ n` @
+4 . r+4,,

Q

n[
p@3

fp.4
oqn�pQ

+n �p,$
> +4,

zkhuh fp duh wkh Wd|oru frh�flhqwv ri 4
�+}, olvwhg lq ^4/

914167`1
Zh suhvhqw d eulhi h{sodqdwlrq ri wklv edvlf uhvxow1 Zh

kdyh ghprqvwudwhg lq ^:` wkdw wkh vkruwhvw sdwk sureohp lq
wkh frpsohwh judsk NQ +wkh fdvh zkhuh s @ 4 lq Js+Q,,
zlwk h{srqhqwldoo| glvwulexwhg olqn zhljkwv fdq eh h{dfwo|
uhirupxodwhg lqwr d Pdunry glvfryhu| surfhvv1 Wkh krs0
frxqw ri wkh vkruwhvw sdwk/ ghgxfhg iurp wkh Pdunry glv0
fryhu| surfhvv/ lv suhflvho| htxdo wr wkh ghswk ri d qrgh lq
d xqlirup uhfxuvlyh wuhh +vhh Iljxuh 5, urrwhg dw wkh vrxufh1

Ghqrwh e| [
+n,
Q wkh qxpehu ri qrghv zlwk krsfrxqw n lq

wkh xqlirup wuhh ri vl}h Q dqg e| |Q wkh krsfrxqw ri d
udqgrpo| fkrvhq qrgh/ srvvleo| htxdo wr wkh urrw1 Ghqrwh

e| s
+n,
Q wkh suredelolw| wkdw d udqgrpo| fkrvhq qrgh kdv

krsfrxqw n/ wkhq

Su^|Q @ n` @ s
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Q @

H
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[
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l
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= +5,

Zh suryh lq ^:` wkdw/ iru Q � 4 dqg 4 � n � Q � 4/ wkh

suredelolw| s
+n,
Q vdwlv�hv wkh uhfxuvlrq

s
+n,
Q @
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Q
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s+n�4,p

dqg wkdw wkh fruuhvsrqglqj jhqhudwlqj ixqfwlrq htxdov
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Iurp wklv jhqhudwlqj ixqfwlrq/ wkh suredelolw| wkdw d xql0
irupo| fkrvhq qrgh lq wkdw wuhh kdv krsfrxqw n fdq eh
zulwwhq dv

s
+n,
Q @

+�4,Q�4�nV+n.4,Q

Q $
+6,

zkhuh V
+n,
Q ghqrwhv wkh Vwluolqj qxpehu ri wkh �uvw nlqg

^4/ 571416`1 Ilqdoo|/ zh duh lqwhuhvwhg lq wkh krsfrxqw |Q
h{foxglqj wkh hyhqw |Q @ 3/ zklfk phdqv wkdw/ iru n � 4/
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H{sdqglqj *Q +{, lq d Wd|oru vhulhv durxqg { @ 3/ �qdoo|
ohdgv/ iru odujh Q / wr wkh dv|pswrwlf odz +4,1
Lq ^9` dqg ^:`/ zh kdyh h{whqghg wklv uhvxow rewdlqhg iru

wkh frpsohwh judsk wr doprvw doo frqqhfwhg judskv ri wkh
fodvv Js+Q,1 Lq sduwlfxodu/ zh kdyh vkrzq wkdw/ iru odujh
Q / wkh krsfrxqw lv lqghshqghqw ri wkh olqn ghqvlw| s/ lq0
vhqvlwlyh wr wkh suhflvh ghwdlov ri wkh wrsrorj| +dv wkh uh0
vxowv dovr krog iru Zd{pdq judskv/ dqrwkhu fodvv ri udqgrp
judskv, exw lw ydulhv zlwk wkh olqn zhljkw glvwulexwlrq1 Eh0
vlghv xqlirup dqg h{srqhqwldoo| glvwulexwhg olqn zhljkwv/
wkh dv|pswrwlf odz fdq eh h{whqghg wr sro|qrpldoo| glv0
wulexwhg olqn zhljkwv1 Ixuwkhupruh/ wkh prgho kdv ehhq
h{whqghg wr pxowlsoh sdudphwhu urxwlqj zklfk lv wkh edvlv
iru TrV urxwlqj/ kdyh ehhq rewdlqhg1 Lq wkh odwwhu/ hyhu|
olqn lv vshfl�hg e| d olqn zhljkw yhfwru zlwk vhyhudo frp0
srqhqwv/ hdfk lqghshqghqw dqg xqlirupo| glvwulexwhg1
Wkh ghjuhh +ru qxpehu ri qhljkeruv, shu qrgh lq wkh Lq0

whuqhw lv yhu| orz +derxw 6 wr 8 rq dyhudjh,1 Wkh h{whqvlrq
ri wkh dv|pswrwlf odz +4, lq ^9` wr doprvw hyhu| frqqhfwhg
judsk ri Js+Q, kdv ehhq uljrurxvo| suryhg xqghu wkh uh0

vwulfwlrq wkdw QsQ
orj6Q

$ 4/ zkhuh s @ sQ ghshqgv rq wkh

qxpehu ri qrghv Q 1 Wklv frqglwlrq vwloo lpsolhv wkdw/ lq wkh
olplwQ $4/ wkh dyhudjh qxpehu ri qhljkeruv QsQ jurzv
xqerxqghgo|1 Zkloh wklv uhvxow lv dssduhqwo| qrw uhdolvwlf/
zh qrwh wkdw li QsQ � orjQ / wkh dyhudjh ghjuhh shu qrgh
uhwxuqv *uhdolvwlf* qxpehuv durxqg 43 iru wkh fxuuhqwo| hv0
wlpdwhg vl}h ri wkh Lqwhuqhw +Q � 438,1 E| vlpxodwlrq lq
^:`/ zh kdyh vkrzq wkdw wkh dv|pswrwlf odz +4, vwloo krogv
li wkh dyhudjh ghjuhh lv ixuwkhu sxvkhg grzq= QsQ $ �/
zlwk � d odujh frqvwdqw1 Vlqfh wkh qxpehu ri urxwhu sruwv lv
olplwhg hyhq li wkh qxpehu ri urxwhuv +qrghv, Q lqfuhdvhv/
wkh dv|pswrwlf odz +4, zlwk frqvwdqw � fdq vhuyh wr prgho

vkruwhvw sdwkv ehwzhhq vrxufh dqg duelwudu| ghvwlqdwlrq lq
wkh Lqwhuqhw1 Ilqdoo|/ wkh dv|pswrwlf h{suhvvlrq +4, kdv
ehhq frpsduhg zlwk Lqwhuqhw phdvxuhphqwv lq ^:` dqg lq
^6`1 Wkh djuhhphqw zdv vxusulvlqjo| jrrg1
Dowkrxjk wkh Lqwhuqhw lv qrw d udqgrp judsk ri wkh fodvv

Js+Q,/ wkh uhvxowv ghgxfhg lq wkh zd| suhvhqwhg khuh fdq
eh xqghuvwrrg dv iroorzv1 Iluvw ri doo/ dq| judsk lv d vxe0
judsk ri wkh frpsohwh judsk/ dovr wkh judsk ri wkh Lqwhuqhw1
Qh{w/ zh kdyh udqgrpo| wklqqhg wkh frpsohwh judsk lq wzr
gl�huhqw zd|v= e| dowhulqj wkh vwuxfwxuh yld s dqg e| vxshu0
lpsrvlqj zhljkwv rq wkh olqnv1 Dq| judsk zkhuh frppxql0
fdwlrq wdnhv sodfh ehwzhhq duelwudu| qrghv xvlqj d vkruw0
hvw sdwk dojrulwkp fdq eh rewdlqhg lq wklv zd|/ e| hudvlqj
iurp wkh frpsohwh judsk wkh dssursuldwh olqnv wkdw duh qrw
suhvhqw lq wkh uhdo judsk/ dqg sxwwlqj wkh uljkw zhljkwv rq
wkh dydlodeoh olqnv1 Qh{w/ wkh irfxv rq wkh vkruwhvw sdwkv
vwduwlqj iurp d ghvwlqdwlrq qrgh D wrzdugv dq duelwudu|
qrgh E lq wkh qhwzrun ohdgv xv wr frqvlghu d vkruwhvw sdwk
wuhh1 Rqo| olqnv ri wklv vkruwhvw sdwk wuhh pdwwhu iru wkh
krsfrxqw dqg d odujh qxpehu ri olqnv lq wkh wrsrorj| vhhpv
vxshu�xrxv1 Wkxv/ e| frq�qlqj wr wkh vkruwhvw sdwk/ zh
�owhu wkh dfwxdo wrsrorj| wr d wuhh urrwhg dw D wkdw lv gh0
shqghqw rq wkh olqn zhljkwv1 Wklv h{sodlqv wkh dssduhqw
qhjoljleoh lq�xhqfh rq wkh ghwdlov ri wkh wrsrorj| dqg xq0
ghuolqhv wkh lpsruwdqfh ri wkh olqn zhljkw glvwulexwlrq1 Lw
dovr vkrzv wkdw lqirupdwlrq derxw wkh krsfrxqw dorqh lv lq0
vx�flhqw wr frqvwuxfw wkh Lqwhuqhw wrsrorj|= qrw wkh qxp0
ehu ri olqnv iurp d jlyhq qrgh pdwwhuv exw wkh qxpehu ri
olqnv zlwk vpdoo zhljkwv1
Lq ^;`/ zh kdyh sursrvhg d jhqhudo wkhru| wr frpsxwh wkh

h�flhqf| ri pxowlfdvw ryhu xqlfdvw/ gh�qhg dv wkh qxpehu
ri olqnv lq d vkruwhvw sdwk wuhh wr p pxowlfdvw jurxs php0
ehuv1 Djdlq iru udqgrp judskv/ h{dfw irupxodv iru wkh hi0
�flhqf| zhuh ghulyhg1 Frpsdulvrq zlwk Lqwhuqhw phdvxuh0
phqwv kdyh vkrzq wkdw vkruwhvw sdwk wuhhv frpsxwhg yld
udqgrp judskv duh txlwh dffxudwh1 Wklv fdq eh uhjdughg dv
dqrwkhu/ lqghshqghqw yhul�fdwlrq ri wkh txdolw| ri vkruwhvw
sdwk uhvxow edvhg rq udqgrp judsk prghov1
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Wkh uhpdundeoh djuhhphqw zlwk Lqwhuqhw phdvxuhphqwv
lv vxusulvlqj dv h{sodlqhg ehorz/ qrw ehfdxvh wkh prgho
zrxog eh vshfxodwlyh/ exw/ ehfdxvh lw vxjjhvwv dq dgglwlrqdo
surshuw| ri wkh krsfrxqw lq Lqwhuqhw/ qdpho|/ doprvw vxuh
ehkdylru1 Wkhuh duh wzr gl�huhqw dssurdfkhv wr frpsxwh
wkh suredelolw| glvwulexwlrq ixqfwlrq +sgi, ri wkh krsfrxqw
ri d sdwk iurp D wr E1 Hlwkhu zh �{ wkh wrsrorj| dqg
ydu| wkh vrxufh dqg ghvwlqdwlrq ryhu doo srvvleoh frxsohv/
ru zh fkrrvh d sduwlfxodu vrxufh dqg ghvwlqdwlrq/ dqg ohw
wkh wrsrorj| fkdqjh ryhu doo srvvleoh judskv +h1j1 doo judskv
lq Js+Q,,1 Wkh �uvw dssurdfk vx�huv iurp wkh idfw wkdw
wkh sdwkv duh qrw lqghshqghqw ehfdxvh ri ryhuods1 Vlqfh
wkh lq�xhqfh ri wkh fruuhodwlrq vwuxfwxuh ri wklv ryhuods rq
wkh krsfrxqw lv d sulrul gl�fxow wr hvwlpdwh/ lq vlpxodwlrqv
dqg frpsxwdwlrq/ wkh vhfrqg dssurdfk kdg ehhq iroorzhg1
Krzhyhu/ wkh h{shulphqwdo wudfh0urxwh phdvxuhphqwv ^6`

duh doo shuiruphg rq rqh �{hg judsk +wkh Lqwhuqhw judsk,
vwduwlqj iurp rqh vrxufh +dw Ghoiw Xqlyhuvlw| ri Whfkqro0
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rj|, wr d �qlwh qxpehu ri udqgrpo| fkrvhq ghvwlqdwlrqv
+derxw 533,1 Wkh jrrg djuhhphqw ehwzhhq wkh prgho dqg
wkh phdvxuhphqwv srlqwv wrzdugv doprvw vxuh ehkdylru1 Do0
prvw vxuh ehkdylru phdqv wkdw/ iru vx�flhqwo| odujh Q / wkh
glvwulexwlrq ri wkh krsfrxqw ghgxfhg iurp d vrxufh wr d
vhw ri ghvwlqdwlrqv lq dq| udqgrp judsk ri wkh fodvv Js+Q,
zlwk h{srqhqwldoo| +ru xqlirupo|, glvwulexwhg zhljkwv lv wkh
vdph1

D1 Vlpxodwlrqv1

Lq rughu wr prwlydwh wkh wkhruhwlfdo uhvxowv lq wkh qh{w
vhfwlrq/ zh suhvhqw khuh vlpxodwlrq uhvxowv ri wkh doprvw
vxuh ehkdylru1 Lq hdfk ri wkh udqgrpo| jhqhudwhg judskv
ri wkh fodvv Js+Q, zlwk h{srqhqwldoo| glvwulexwhg olqn
zhljkwv/ wkh glvwulexwlrq ri wkh krsfrxqw iurp dq duelwudu0
lo| fkrvhq vrxufh wr hdfk rwkhu qrgh lq wkdw vdph judsk
kdv ehhq frpsxwhg1
Lq Iljxuh 4/ wkh sgi ri wkh krsfrxqw iru wkuhh udqgrp

judskv kdv ehhq sorwwhg iru Q @ 438/ zklfk lv hvwlpdwhg
dv urxjko| wkh vl}h ri wkh fxuuhqw Lqwhuqhw1 Wkh ixoo olqh
ghslfwv wkh wkhruhwlfdo odz +4,1 Wkh fruuhvsrqghqfh ri hdfk
glvwulexwlrq zlwk wkh dv|pswrwlf odz +4, lv frqylqflqj1

E1 Wkhru|1

Zh zloo frq�qh rxuvhoyhv wr dqdo|}lqj wkh doprvw vxuh eh0
kdylru lq wkh frpsohwh judsk zlwk h{srqhqwldo zhljkwv1 Zh
h{shfw wkdw wkh doprvw vxuh ehkdylru wkhq fdq eh h{whqghg
lq vlplodu zd| dv rxwolqhg deryh wr doprvw doo frqqhfwhg
judskv ri wkh fodvv Js+Q,1
Dv dq hvwlpdwru iru wkh dyhudjh qxpehu ri qrghv dw n

krsv iurp wkh vrxufh/ zh xvh

as
+n,
Q @

[
+n,
Q

Q
=

Fohduo| zlwk +5,/ wkh phdq ri wklv hvwlpdwru lv H
k
as
+n,
Q

l
@

s
+n,
Q vr wkdw wkh hvwlpdwru lv xqeldvhg1 Iurp +6, ru +4,/

zh revhuyh wkdw/ iru dq| n/ s
+n,
Q $ 3/ li Q $ 41 Doprvw

vxuh ehkdylru zrxog iroorz li/ iru odujh Q / wkh yduldqfh

ri wkh hvwlpdwru as
+n,
Q / H

��
as
+n,
Q

�5�
�
�
s
+n,
Q

�5
whqgv wr }hur

pruh udslgo| wkdq
�
s
+n,
Q

�5
1 Htxlydohqwo|/ wkh frqglwlrq iru

doprvw vxuh ehkdylru lv ydu

�
as
+n,
Q

s
+n,
Q

�
@ r+4, vr wkdw

olp
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Dv looxvwudwhg lq Iljxuh 5/ zh jurz xqlirup uhfxuvlyh
wuhhv e| vwduwlqj zlwk d vlqjoh qrgh +wkh urrw,1 Gxulqj
wkh frqvwuxfwlrq surfhgxuh/ hdfk qhz +l1h1 qrw |hw sodfhg,
qrgh ri wkh vhw ri Q � 4 qrghv/ kdv htxdo suredelolw| wr
eh frqqhfwhg wr dq| ri wkh douhdg| dwwdfkhg qrghv1 Zh
revhuyh wkdw wkh foxvwhu frqqhfwhg wr wkh urrw +yld qrgh D
lq Iljxuh 5, lv djdlq d xqlirup uhfxuvlyh wuhh ri vl}h Q41
Wklv vl}h Q4 lv d xqlirup udqgrp yduldeoh lq 4> � � � >Q � 41
Pruhryhu/ dovr wkh wuhh frqqhfwhg wr wkh urrw rewdlqhg e|
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s
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ghprqvwudwhg doprvw vxuh ehkdylru iru doo n @ r +orjQ,1
Wkh uhpdlqlqj uhjlrq +iurp n @ r+orjQ, wr n @ orjQ .
f
s
orjQ, lv h{shfwhg wr reh| wkh frqglwlrq iru doprvw vxuh

ehkdylru1 Vlpxodwlrqv xs wr Q @ 4333 duh frq�uplqj wkh
wuhqg/ exw d uljrurxv surri lv vwloo odfnlqj1

YX� �NAW,�t�NA�

D prgho iru wkh qxpehu ri wudyhuvhg urxwhuv lq wkh Lq0
whuqhw kdv ehhq uhylhzhg1 Wkh jrrg djuhhphqw zlwk ydu0
lrxv phdvxuhphqw ri wkh krsfrxqw kdv vxjjhvwhg wkdw wkh
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dv|pswrwlf suredelolw| ghqvlw| ixqfwlrq ri wkh krsfrxqw
+4, lv olnho| wr srvvhvv wkh uhpdundeoh surshuw| ri doprvw
vxuh ehkdylru1 Vxfk ehkdylru lpsolhv wkdw dq| krsfrxqw
glvwulexwlrq lq wkh Lqwhuqhw ghgxfhg e| phdvxuhphqw iurp
d vrxufh wr ydulrxv ghvwlqdwlrqv zloo vdwlvi| +4, forvho|1 Lq
wklv vhqvh/ wkh dv|pswrwlf odz fdq eh uhjdughg dv urexvw
djdlqvw vpdoo fkdqjhv lq wkh prgho dvvxpswlrqv1
Wkh pdmru frqwulexwlrq ri wklv duwlfoh olhv lq wkh wkh0

ruhwlfdo ghprqvwudwlrq wkdw wkh suredelolw| glvwulexwlrq
ri wkh krsfrxqw lqghhg srvvhvvhv wkh surshuw| ri doprvw
vxuh ehkdylru1 Wkh uhvxow kdv ehhq vkrzq iru krsfrxqwv
n @ r+orjQ,1 Lq dgglwlrq/ doprvw vxuh ehkdylru kdv rqo|
ehhq ghprqvwudwhg iru wkh frpsohwh judsk zlwk h{srqhq0
wldoo| glvwulexwhg olqn zhljkwv/ exw zh fodlp wkdw wkh uhvxowv
dovr krogv iru doprvw doo frqqhfwhg udqgrp judskv ri wkh
fodvv Js+Q, dqg wkdw e| d vlplodu frxsolqj dujxphqw lq ^9`
wkh fodlp lv yhu| olnho| wr eh suryhg1
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