
10/07/2022

1

Kemeny’s constant for several families of 
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John George Kemeny

• János György Kemény (1926 - ??)

• Joined Manhattan Project aged 18!

• Invented BASIC programming language
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What is Kemeny’s Constant?

• Undirected graphs
• Random walks
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What is Kemeny’s Constant?

• Undirected graphs
• Random walks

Pr(13) = 1/3
Pr(14) = 1/3
Pr(15) = 1/3

• Mean first passage time
• m13 = 5

• Kemeny’s Constant = mean first passage time 
from a given node to a randomly chosen other 
node
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What is Kemeny’s Constant?

• Kemeny’s Constant = proxy for the robustness of a network
• Hence interest of the Network Architectures and Services group

• How do we increase the robustness of a network?

By increasing Kemeny’s Constant By decreasing Kemeny’s Constant

What is Kemeny’s Constant?

• Kemeny’s Constant = proxy for the robustness of a network
• Hence interest of the Network Architectures and Services group

• How do we increase the robustness of a network?

By decreasing Kemeny’s Constant
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Applications • Efficient testing for COVID in communities

PLOS ONE: 2020

Applications • Detecting bottlenecks in road networks

arXiv: 2022
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Background

• Joint work with Johan Dubbeldam (DIAM) 

Background

• A: adjacency matrix of graph G(N,L)

• : diagonal degree matrix

• P: transition probability matrix

• : steady state probability vector
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Pr(31) = 1/3
Pr(32) = 1/3
Pr(34) = 1/3
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Background

• Q†: Moore-Penrose pseudo inverse of Laplacian 

• Q: Laplacian matrix 𝑄 =  ∆  − 𝐴

• RG: effective graph resistance 𝑅ீ = 𝑁 ෍ 𝜇௜

ேିଵ

௜ୀଵ

𝑅ீ = 𝑁𝑡𝑟𝑎𝑐𝑒(𝑄
†

)

𝑄
†

= (𝑄 +
1

𝑁
𝐽)ିଵ−

1

𝑁
𝐽

Background

mji: mean first passage time

k: eigenvalues of 

: vector with diagonal elements Q†

𝐾 𝑃 = ෍ 𝜋௜𝑚௝௜ − 1

ே

௜ୀଵ

𝐾 𝑃 = ෍
1

1 − 𝜆௞

ே

௞ିଶ

d: degree vector

Wang, Dubbeldam, Van Mieghem (LAA;2017) 
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Overview

• Complete bi-partite graphs and some trees
• Windmill graphs
• Relation with effective graph resistance
• A sharp upper bound
• Real-world networks
• Synergy with BDCS?
• Wrap-up

Complete bi-partite graphs and some trees

1

N1 N2

S1 S2

KN1,N2 𝐾 𝑃 = 𝑁1 + 𝑁2 −
3

2
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Complete bi-partite graphs and some trees

=  
1

2
𝑚ଵௌଵ +

1

2
𝑚ଵௌଶ  − 1𝐾 𝑃 = ෍ 𝜋௜𝑚ଵ௜ − 1

ேଵାேଶ

௜ୀଵ

Mean passage time from node 1 to a specific node in S1

Mean passage time from node 1 to a specific node in S2

Condition on first jump

𝑚ଵௌ =
1

𝑁2
+ (1 −

1

𝑁2
)(2 + 𝑚ଵௌଵ) 𝑚ଵௌଶ =2N2 - 1

Similarly 𝑚ௌଶଵ =2N1 - 1

Mean passage time from specific node in S2 to node 1
𝑚ଵௌଵ = 1 + 𝑚ௌଶଵ = 2𝑁1

Complete bi-partite graphs and some trees

PN

DN

EN,M

M

𝐾 𝑝 =
1

3
𝑁ଶ −

2

3
𝑁 +

1

2
−

2 𝑁 − 3

𝑁 − 1

𝐾 𝑝 =
1

3
𝑁ଶ −

2

3
𝑁 +

1

2

𝐾 𝑝 =
1

3
𝑁ଶ −

2

3
𝑁 +

1

2
−

2(𝑀 𝑁 − 3 − 𝑀 𝑀 − 1 )

𝑁 − 1
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Windmill graphs

• Introduced by Estrada (2016)
•  cliques of order k
• connected through central node

Windmill graphs

Application: Public Transport Networks

• Generalized windmill Type I: W’(,k,l)
•  cliques of order k
• connected through central clique of order l
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Windmill graphs

• K(P) for W’(,k,l) using spectrum of 

Special case: l = 1; windmill graph W(,k) 

Relation with effective graph resistance

• Palacios (2010)
• r-regular graphs on N nodes

• Approximation for non-regular graphs
• Average degree D
• Heterogeneity index H

𝐷 =  
2𝐿

𝑁

• Choose f(N,L) such that K*(P) is exact for KN1,N2
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Relation with effective graph resistance

• for KN1,N2 𝐾 𝑃 = 𝑁1 + 𝑁2 −
3

2

• for KN1,N2
𝑁 = 𝑁1 + 𝑁2 

𝐿 = 𝑁1𝑁2 

Relation with effective graph resistance

• Exact for regular graphs
• Exact for complete bipartite graphs
• Also exact for windmill graphs!
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Relation with effective graph resistance

A sharp upper bound

• K*(P) is not an upper bound

Wang, Dubbeldam, Van Mieghem (LAA;2017) 
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A sharp upper bound

• KU(P) is tight for (generalized) windmill graphs

Real-world networks

• Data from Internet Topology Zoo
• 243 communication networks
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Real-world networks

Real-world networks



10/07/2022

15

Real-world networks

Synergy with BDCS?

• Kemeny’s Constant implemented in NRS

• Use Kemeny’s Constant as a centrality indicator
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Wrap-up

• Explicit expressions for K for some graph families
• An approximation using effective graph resistance
• A sharp upper bound
• Validation on real-world networks
• Kemeny’s constant as robustness metric

Thanks for your attention!

• r.e.kooij@tudelft.nl


